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PREFACE 

Since the advent of modem theoretical chemistry, based upon 
equilibrium and thermodynamics, it has become increasingly 
apparent that a chemist must have at least a -working knowledge 
of mathematics. Not only must he be able to employ mathe- 
matical formulations and to conduct numerical operations, but 
also he must have the ability to interpret numerical results. 
The correlation of computation with interpretation appears to 
lie in a hazy domain between the functions of the teachers of 
mathematics and those of the teachers of the natural sciences. 
As a result, many students in elementary chemistry courses can 
solve with alacrity an abstract equation like 

2r — !•= 5 

but when confronted with an equation such as 

0.1 ^ 

they often find both the solution and the interpretation difficult 
or impossible. How many figures should be retained in the answer? 
Of what importance is the source of the data in the problem; who 
determined them, and how? These and similar questions arise. 

This book is intended for undergraduate students specializing 
in chemistry. It may be used either as a textbook for a course on 
chemical computations and errors or as a supplementary textbook 
in any one of several courses in a regular chemical curriculum, e.g., 
quantitative analysis or physical chemistry. In fact, use of the 
book might extend over a period of two or three years, the material 
in the early chapters being taken up in the student’s second year 
and the later (and more advanced) chapters introduced in the third 
and fourth years. Furthermore, many graduate students in chem- 
istry might profit by a study of much that is presented in this 
book. Indeed, it is quite possible that its contents (or the equiva- 
lent) might be considered a desirable minimum requirement in 
mathematics for graduate degrees in chemistry. 
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It 13 hoped that, the book will also prove 'useful for home 
study to many chemistry students who do not have an opportumty 
to t^e formal courses on the topics presented, or who will use it' 
as a reference book to review and to correlate material covered m 
their courses in mathematics, chemistry, and physics. • With this 
in view, many illustrative examples are worked out in detail and 
the descriptive sections have been made as full as possible in a 
book of this scope. For instance, Chapter VII, “Classification of 
Errors,” is an attempt to bring together and to discuss represen- 
tative types of errors, their sources, magnitudes, and corrections 
that are encountered in the ordinary methods of making quanti- 
tative chemical measurements. Even such elementary topics 
as exponential numbers, logs, the slide rule, significant figures, 
and rules for computation are treated in the introductory chapters 
for the benefit of those students who need further drill on these 
subjects. . _ 

The book is not intended to replace the advanced textbooks and 
treatises 'on the various subjects presented.. For those who want 
to extend their studies on certain phases of the work, a select and 
classified bibliography will be found in the ’Appendix. We have 
striven to produce a discussion of measurement and errors pre- 
sented from the viewpoint of the' chemist rather than that of a 
statistical mathematician. Such a presentation has necessitated 
a sacrifice of some mathematical rigor. Beh’eving-that many 
students of chemistry are graduated with an improper apprecia-' 
tion of the subject of measurement we have attempted an inter- 
pretation, not hesitating to point out some of the difficulties which 
beset quantitative. measurements. We feel that these difficulties- 
are often so little emphasized os to lead to false impressions and 
over-simplification in the minds of students. 

Any claim to merit for this book will be' based chiefly on the 
selection of material for the illustrative examples and exercises. 
Wherever possible, data of chemical measurements have been 
employed to illustrate both the mathematical methods and the 
applications of the principles of elementary theoretical chemistry. ' 
References to original sources are given in an attempt to help 
familiarize the student with the Kterature of chemistry. 

The recommendations of the'National Bureau of Standards ' 
in regard to the spelling and abbreviation of units have been 
* AfuceUanwua Publieaiion M121, 1936. 
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adopted, vrith one exception. We have not substituted cm® for cc, 
since we consider the latter to be simpler and so universally used 
os not to warrant a change. 

Acknowledgment is made to the following companies for per- 
mission to use the quotations at the chapter headings indicated: 

Chapter II, Comte (translated by Gillespie): PAtVosop/iy of 
Malhemaiics, p. 36, Harper and Brothers, New York, 1858. 

Chapters IV and XI, Campbell: ilffosurcmcrif and Calculation, 
p. 1 and p. 186, Longmans, Green and Co., London, 1028. 

Chapter V, Lends and Randall: Thcrmodt/natnics,.p. 8, Mc- 
Graw-Hill Book Co., New York, 1923. 

Chapter VI, Sullivan: Gatlio, p. 67, E. P. Dutton and Co., 
New York, 1928. 

Chapter VIII, Whitehead: The Orffanizalton of Thouffhi, p. 16, 
J. B. Lippincott and Co., Philadelphia, 1017. 

The quotation in the frontispiece is from ICcyscr: "Matlic- 
matical Philosophy,” p. 120, E. P. Dutton and Co., New York, 
1922. The electro for Figure 2 was furnished by KculTcl and Esser 
Co., and permission to use Figure 8 was granted by the Clarlc 
University Press. This cooperation is appreciated. 

Our thanks are due Professor F. L. Brown, School of Physics, 
University of Virginia, and Dr. J. C. Elgin, professor of chemical 
engineering, Princeton University, who read tlio completed manu- 
script and made helpful suggestions. Professor W. S. Weedon, 
School of Plulosophy, University of Virginia, read the manuscript 
for Chapters VI to XI and made valuable’ criticisms for which wo 
are very grateful. 

To Professor E. J. Oglesby, professor of engineering mntfio- 
matics, University of Virginia, we owe a special acknowledgment 
of appreciation, not only for reading the entire manuscript and 
offering mvaluable suggestions, but also for his inspiring lectures 
which served as a model for tho presentation of much of tlio 
material in this book. 

We are indebted to Mr. E. G. Ballard, Department of English, 
^^^g^nia ^lilitary Institute, for his rendition of a quotation from 
The Pearl, and to.Mr. K. L. McIntosh, Department of Chemistry, 
Tulane University, whose unselfish labor in connection with tho 
preparation of the table of answers has contributed greatly 
towards insuring its accuracy. 
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CHEMICAL COMPUTATIONS AND ERRORS 


CHAPTER I 

COMPUTATION METHODS 

When you can measure what you are speab'ng about and express 
it in numbers, you know something about it, and when you -can- 
not measure it, when you cannot express it in numbers, your 
knowledge is of a meagre and unsatisfactory kind. It may be 
the beginning of knowledge, but you have scarcely in your 
thought advanced to the stage of a science. 

—Lord Kelvin. 

A physical quantity is measured in terms of an arbitrarily 
chosen standard unit. The measurement is expressed as the ratio 
of the magnitude of the quantity to the magnitude of the standard 
unit. It is interesting and often lughly entertaining to choose at 
random 'several commonly used units of measurement and trace 
their formulation, as well as the et3rinology of their names. (See 
Chapter "VI for some examples.) It is only in this way that one 
can grasp the role that fate or chance has played in fixing for us 
our scientific heritage that must serve os the unconsciously per- 
ceived background of all scientific thought and action. 

The conception of number to express a ratio is very old com- 
pared with our civilization. The system of numerical symbols 
which we use was taken from the Arabs. The early Arabic 
mathematicians had formulated rules for combining these numeri- 
cal symbols to obtain quickly and easily other ratios that could 
have been apprehended by the senses through the tedious proc- 
esses of counting with the fingers and toes. Meanwhile, our less 
sopliisticated ancestors w’crc fumbling with the awkward and 
inadequate set of Roman numerals that hinder even the simplest 
addition or subtraction. The rules for . combining numbers to 
deduce other ratios have been reduced to concise form and were 
taught to us in grammar school under the name of arithmetic. 
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Whereas the statements of the rules have become part and parcel 
of our mental processes, it is sometimes a painful operation to' 
■translate from John’s apples or Mr. B’s. acres into gram-ionic 
weights or coulombs of electricity. Most of the computations of 
eveiyday life can be handled by the processes of mental arithmetic; 
for example, the cost -of a we^-cnd trip or the trade-in value of a 
radio ■which' depreciates ten per cent annually. For ' scientific 
computations the simple methods will not always s^ce. It will 
be -well, therefore, to consider some of the aspects of what might 
be termed scientific arithmetic. 

It should be recognized that while arithmetic is the simplest 
branch of mathematics, all applications of mathematics to scien- 
tific problems, however complex, lead up to arithmetic as the final 
operation. Regardless of the symbols, and of the reasoning proc-' 
esses by wMch the symbols ate manipulated to produce a scien- 
tific formula, the usefulness of that formula is in computing results. 
Just as soon as specific numerical values replace the symbols in a 
formula, then the rest is' arithmetic. 

EXPONENTIAL NUMBERS 

Most measurements in phyacal science result in either very 
large or very .small values, and special methods of handling these 
numbers must be considered. The accepted value for the number 
of molecules in a gram-molecular w’cight of any 'substance is 
606,000,000,000,000,000,000,000. To perform even the simplest 
multiplication or division with such a number would require more 
patience than skill. On the other band, the weight of .lead chromate 
dissolved by a liter of water at 20® C is 0.000043 gram, a value too 
small to handle conveniently. The familiar method of counting 
out units, tens, hundreds, thousands, etc., suggests that these very 
large and very small numbers could be stated as the product of two 
factors one of which expresses the significant digits and the other 
the magnitude. The amplest and the most generally used system . 
takes advantage of the properties of exponential numbers. The 
number 220 may bo analyzed into 2.2 X 100; but 100 is the 
square of 10, or 10^. Hence, we may expre^’220 os 2.2 X 10 • 
The first part (2.2) is called the digit factoff and, for convenience, 
it is alwajrs given with one digit to the left of the decimal point. The 
second part (10*) is called the exponential factor, and it is always a 
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whole-number power of ten. Let us review the values of powers of 
ten compared mth our usual- numbers. 

million 1,000,000. « 10* one-tenth 0.1 = 10“* 

hundred thousand . 100,000. = 10* one-hundredth 0.01 = 10“* 

ten thousand 10,000. » 10* onc-thousandth 0.001 10“* 

thousand 1,000. =10* one-ten-thousandth 0 0001 = 10“* 

hundred -100. = 10* one-hundred-tbousandth.O 00001 = 10“* 

ten 10. = 10* one-millionth 0.000001 = 10“® 

one 1. = 10® 

The value 2,200,000 is 2.2 times one million, or 2.2 X 10®. It may 
bo seen that-the power of ten in the exponential factor is equal to 
the number of places the decimal point must be moved to derive 
the dipt factor (remembering the definition of the digit factor). 
This rule also appUes to the very small numbers. Thus, the solu- 
bility of lead chromate would be given as 4.3 X lO”® gram per 
liter. Here the power of ten is negative. The complete rule is: 
the power of ten in the exponential factor is given by the number 
of places the decimal point must be moved to derive the digit 
factor counting positive to the left and negative to the right. Accord- 
ingly, the numlDcr of molecules in a gram-molecular weight is 
6.06 X 10^^ Count and see for yourself. 

By the use of exponential numbers the time and labor of count- 
ing figures to the right' or left of the decimal point can be elimi- 
nated. Moreover, exponential numbers require less space and 
have an advantage in that the exponent gives an immediate insight 
into the magnitude of the number. Many of the data in chemical 
science (equilibrium constants, reaction velocities, solubilities, the 
sizes of molecules, etc.) are either very large or very small v^ues, 
and these arc seldom obtained with a precision extending to the 
fourth significant figure. 

PROBLEM SET I 

1. Change the following ordinary numbers to exponential numbers: 
(o) 67,600.; (6)341.; (c) 9,652,170,000,000.; (d) 0.0000000007; (e) 0.003026; 
(/) 0 . 0201 . 

2. Convert these exponential numbers to ordinary numbers: (a) 4 X 10**; 

(6) 3.67 X 10-*; (c) 4.028 X 10"*; (d) 1,4 X 10*; (e) 3.9 X 10°; {/) 7.314S 
X 10*. - . 

3. Convert to exponential numbers: (a) 0.0000230; (6) 765.2; (c) 8.93; 
(d) 74,000,000.; (c) 0.0001001; CO 0.05. 

4. Convert to ordmary numbers: (a) 1.28 X 10”*; (6) 4.0 X 10“*; 

(c) 8.6031 X 10*; (d) 2 X lO"*®; («)3.l2 X 10’*; (/) 1.03 X 10®. 
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Multiplication iid Division of Exponential Numbers. In 
multiplication or division with exponential numbers, the digit fac- 
tors are manipulated according to the rules of ordinary arithme- 
tic. The exponential factors, however, must be treated according 
to the law of algehraic summaiion of exponents. This simply means 
that exponents are added taking cognizance of the signs. A few 
examples will illustrate. 

(1) 10® X 10^ = 10®+2 = 10’’ 

(2) 10“^ X 

(3) ' . . 10® X 10“'^ = = 10“2 


It must also be remembered that a negative exponent indicates 
a reciprocal, or 

10-= = -^ 


Conversely, 


10^* 


10 ^ 

1 

10 “^ 


Taking now an example of multiph'eation of two exponen- 
tial numbers: 

. 2.0 X 10-^ X 1.8 X 10^ 

first collect digit factors and then exponential factors 
2.0 X 1.8 X 10“^ X 10^ 

Next perform the operations separately 
2.0 X 1.8 = 3.6 
10":^ X 10^ = 10® 

and combine the results into an exponential number, 3.6 X 10®. 
In division, a similar routine may be followed: 


4.8 X 10-® 
1.2 X 10® 




4.8 , ^ • 

- 1.2 “ *- 

:o~® X io“® ^ io~“- 

and the answer is 4.0 X 10“'\ 
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Frequently the answer will not be in the form of a correctly 
expressed exponential number as we have defined its meaning. 
For example : 

^ X 10-‘“ X 10° = 0.90 X 10-3 
3.0 X 10"° 3.0 

Here the digit factor is not in the correct form, and the whole - 
number m\^t be translated. This operation must be carried out 
in detail to avoid error.^ First determine what must be done to 
the digit factor to pve it the correct form, and then perform the 
reverse operation on the eeponential factor. In the above case the 
decimal point must be moved one place to the right to give a digit 
factor with one digit to the left of the decimal point. This necessi- 
tates multipljdng the digit factor by 10. 

0.90 X 10 = 9.0 


In order to restore the former value to the exponential number, 
the exponential factor must be divided by 10: 

10—3 

■ — = I0-® X 10“* - 10“^ 

and the answer properly expressed is 0.0 X 10“^. The net result 
of the two operations is to multiply the exponential number by 

“ , which does not change its value. Two additional examples are: 

(1) 26.3 X 10^ = X 10^ X 10 = 2.63 X 10® 

(2) 0.071 X 10*^ =■ 0.071 X 100 X ^ = 7.1 X 10^^ 


PROBLEM SET II 


1. Solve: 

(a) 3.7 X 10-3 X 2.7 X 10-*; 
(c) 7.0 X 10' X 1.2 X lO'l; 
Ce) 1.5 X 10-”> X 4.3 X 10“; 


(« 4.1 X 10’* X 5.0 X lO-’i 
(4) 1.25 X 10-" X 3.10 X 10-’; 
0) 6.2 X 10“ X 1.3 X 10’. 


2. Solve: 

63 X 10-" 7.2 X 10“ . 1.21 X IQ-* 

2.1 X 10‘ ■ ™ 1.2 X 10“ ■ ''' 1.10 X 10’_ ■ 

’ The student is cautioned strongly against both short-cut methods and 
rules for the performance of this particular operation. 
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, „ 8.1 X 10-*^ 
™ 0.0 X 10-=' ' 




0.9 X 10* 
3.3 X 10-=' 


, . 1.62 X 10*' X 6.80 X 10-* 
8.10 X 10'* 


’ 3. Translate to correctly expressed exponential numbers: 

(o) 162 X 10'; ' (6) 216.2 X 10-'; (c) 31.13 X'10'»; 

(d) 0.42 X 10-'; (e) 0.0010 X 10"; ' Cf) 0.026 X 10”. 


4.. Solve; ’ ' - 

r - 2.1 X 10» X 7.0 X 10-^= ' 16.4 X 3.2 X IQ-^ 

.3,5 X 10"^ 4.0 X lO"® X 0.32 ' 

. ■ "1200 X 0.0075 X 3.6 X 10^ '' 

16 X 6 . 0 X 10 *»^ 


-Powers and Roots' of Exponential Numbers. The processes 
of raising to powers (evolution) or taking roots (involution) of 
exponential numbers represent merely an extension of the princi- 
ples just considered. To raise an exponential number to a given 
power, the two factors are operated on separately.- For instance: 

(2.0 X 10®)* (2.0)* X (10®)* 

The digit factor is squared in the usual way. The exponential fac- 
tor may be written; 

(10®)* = 10® X 10® = l6®+® = 10*® 

The result is simply a multiplication of the exponent by the power 
to which the factor is raised. The answer is; 


Likewise : 


4.0 X'lO'® 

(3.0 X 10-^)* = (3.0)® X (lO-O® - 


The digit factor is cubed in the usual fashion, the result, of course, 
being 27. The exponential factor may bo written; 

ao-y = 10-' X 10-' X 10-' = = 10-" 

The answer, translated into a correctly expressed exponential num- 
ber, is 2.7 X 10-“. - _ - 

In taking roots of exponential numbers it is necessary to 
that taking the square root is the same as raising to the one-ha 
power and taking the cube root is equivalent to raising to the one- 
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third power. Proceed then as in the previous case, performing the 
operations separately on the two factors. ’ 

Vo.b X 10® -= (9.0 X 10®)** = (9.0)** X (10®)** = 3.0 X 10^ 
And: 

•^8.0 X 10^^ - (8.0 X lO'-'^*)** 

= (8.0)** X (10-*2jM ^ 2 0 X 10-* 

In many instances, the product of the exponent and the frac- 
tional power is not a whole number, in which case the answer would 
be incomprehensible. It is only necessary to reverse the procedure 
for translating improperly expressed numbers to correctly expressed 
exponential numbers. Simply transform the number so that the 
exponent when multiplied by the fractional power gives a whole 
number (merely another way of saying that the exponent must be 
divisible by the number expressing the root). For example, 
•^2.7 X 10*® could be solved in either of two ways: 

(2.7 X 10*®)** »= (27 X 10*2)** 

or 

(2.7 X 10*®)** = (0.027 X 10*®)** 

By the first transformation 

(27)** X (10*2)** ^ 3 0 X 10* 
and by the second transformation 

(0.027)** X (10*®)** = 0.30 X 10® - - 

= 3.0 X 10* . ' 

which is exactly the same answer as given in the first case. , 
Addition and Subtraction of Exponential Numbers. Cases of 
addition and subtraction of exponential numbers are less frequent, 
but it is necessary to consider them. It is obvious that 10®^ — 10~** 
would have no significance. The rcsult would be comparable 
to the effect of removing one grain of sand from the shores of 
the Atlantic Ocean upon the remaining number of ^ains. The 
cases which are of significance are those in which addition or sub- 
traction is performed upon exponential numbers of approximately 
the same magnitude, i.e., exponents approximately the same. 
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When the exponents are the same the operation is very simple. 
For example, 

. ' 3.6 X 10“^ - 2.1 X 10“^ 

may be factored and rearranged into 

(3.6 - 2.Tl) X 10“* = 1.S X 10-^ 

Similarly, 

8.5 X 10’ + 1.3 X 10’ = (8.6 + 1.3) X 10’ = 9.8 X lO’ 

In case the exponents are not the same, the exponential numbers 
must be transformed so that all will be of the same magnitude. 
FormsW, - 1.25 x 10» + 2.50 X 10= 
must be transformed to . 

1,25 X 10® -}- 0,25 X 10® ^ (1.25 + 0.25) X 10® = 1.50 X 10® 
This same transformation' is required for subtraction. 

PROBLEM SET UI 

1. Solve: (fl) (6.0 X 10-<)*; (&) (1.2 X ‘ (c) (2.0 X 10”)*; 

(rf) (0.0006)’. 

2. Solve: (o) V6.4 X 10““; (6) “^6.4 X 10*®; (c) Vg.l X lO’^j 

(d) (3.6 X 

3. Solve: (a) 1.5 X lO--* 4-2.8 X lO"*; (6) 4.2 X 10® + 2.4 X 10*^' 

(c) 1.6 X 10”’ 4- 3.2 X 10“^ - 2.4 X W’ - 1.3 X 10“'; (d) 7.8 X 10“ 

4- 2.0 X 10“^ 4- 0.8 X 10^, ' 

4. Solve: (a) (1. 7 X 10® 4- 8-0 X 10® ~ 2.0 X 10®)®; 

(6) V9.6 X 16“‘* 4- 2 0 X 10“” - 4.9 X lO"”; 

(c) (3.0 X 10“^ X 5.0 X 10” “ 1.6 X lO"’ X 4.0 X 10®)«. 

LOGS aOGARITHMS) 

The complexity of the computations involved in astronomy 
and trigonometry as they had developed by the close of the six-* 
teenth century had led mathematicians to search for simplifica- 
tions of the arithmetical processes involving very large numbers. 
The most notable advance was made by John Napier (1550-1617), 
Laird of Aferchiston, who announced the invention of logarithms * 
in his Mirifici Logarithnwrum Canonis DescHptio printed in 1614. 

It may be remarked that Napier's "invention” was probably not 
* Eneydopsedia Britannivi, ilth Edition, Cambridge University Press, 1011. 
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entirely original since the method ^ms to have been known to 
Euclid and Arcliimedes, but Napier invented the practical applica- 
tion and calculated the first tables of logarithms of trigonometric 
functions. Napier’s * announcement caused little response among 
the scientists of Europe. One of the first to recognize the impor- 
tance and practical value of the new system was Henry Briggs 
(155&-1631). Briggs also recognized the inconvenience of Napier’s 
“radix,” which has a peculiar value, ^ and therefore adopted what 
in modem notation amounts to the base 10. The tables of loga- 
rithms of numbers published by Briggs in 1617 were responsible for 
the immediate and widespread adoption of logarithms as a com- 
putation aid. The tables of Briggs and Vlacq, Arithmetica Log- 
arithmica (J6S8), are substantially the same as those used today. 
Their work was so carefully done that no significant improvements 
have been effected. Logarithms have fittingly been termed the 
only great contribution to arithmetic in modem times. 

In 1915, Chappel* proposed the abridgment of the lengthy 
and awkward word “ logarithm ” to log ndth plural logs. His 
proposal boro no intention of introducing slang into the vocabu- 
lary of mathematics. Justification for the change arises from a 
consideration of the etymology of the name, which comes from 
the Greek words -f- meaning “ the ratio of the 

numbers.” Napier had demonstrated his principles by means of 
what he called the ratio between a geometric and an arithmetic 
scries. The so-called ratio characterizes a relation between the 
series and not between the numbers, hence the full name does not 
cany the true import. Rather than attempt to adopt a new name, 
the abridgment seems more practicable. Hence the authors urge 

*Ball: A Short IIi$(ory of Mathematics, Macmillan, New York, ISOSj" and 
CojorirA Hifloryof Malhemaiics, Second Edition, Macmillan, New York, 1919. 

* The original logarithms of Napier were related to the natural numbers 
they represented by the expression 

whereas the modem Napierian logarithm fa given by 

If 

Though <(2.71828) fa the present base of Napierian logarithms, it fa Incorrect 
to state that Napier originally used It as "radix." Ills "radix" was actuallv 
/ 1 

1 1 ” ^1 I which nearly equals e~\ 

•Chappcl: Five-Ftfurc Mathanaiieal TaUcs, p. Iv, W. and R. Chambers. 
Ltd., London, 1915. 
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the adoption of Chappel's suggestion, and throughout the remain- 
der of this book the terms log and logs i^ill be used. 

, Computations with logs represent merely a further extension 
of the foregoing law of summation of exponents. Recalling that: 

10 = 10 ’ 

'■ 3.162 = Vio 

2.154 = = 10“” 

1 = 10 “ 

it can readily be -seen that numbers between 10 and 1 can be 
expressed as exponential factors in which the exponents have values 
between 1 and 0. Given a means of determining what fractional 
exponent of 10 gives an exponential number equivalent to a digit 
factor, the process of multiplication of dipt factors becomes simply 
an addition of the fractional exponents. Likewise, division of one 
digit factor by another becomes mere subtraction of exponents. 
We have already seen that multiplication and division of ordinary 
exponential factors involve only addition and subtraction, respec- 
tively, of the exponents. Further, since any number may be 
expressed as an exponential number of two factors, all multiplica- 
tion may be reduced to adding exponents and all division to sub-, 
tracting exponents. Values of fractional exponents corresponding 
to values'of digit factors are given in Table I in the Appendix, 
let us first express a number as an exponential factor. From the 
"table, '7.30=10““““ • 

K we take an exponential number such as 7.30 X 10®, this 
could be written 

■ 7.30 X 10» - 10 ®®3^ X 10® 

Adding the two exponents together wc get a composite exponential 
factor which represents both the factors of the exponential number 

7.30 X 10* = 10*-®“3 

This composite exponent is the log of the exponential number 
7.30 X 10*. The log consists of two parts: the mantissa (.8633), 
which is the fractional exponent-corresponding to the digit factor; 
and the characteristic (5.), which expresses the ma^tude. The 
follo^vmg table will impress these definitions. 
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Number 

1 Exponential 
Number 

Composite 

Exponential 

Factor 

Log 

7.30 

7,30 X 10' 

jQfl.883J 

0.8633 

73.0 

7,30 X 10> j 

Iq\ SSS) 

1.8633 

730. 

- 7.30 X J02 1 

JQ2.863} 

2.8633 

7.300. 

7,30 X 10> 

IQi 8633 ' 

3.8633 


7,30 X 10* 

J04 8MJ 

- 4.8633 

730,000. 

7.30 X 10* 

jqS 8633 

5.8633 


When a number less than 1 is expressed as an exponential num- 
ber, the exponent, of course, has a negative value. In this instance, 
0.0730 = 7.30 X 10“^ which may be rewritten X 10"^ 

To express this as a composite exponential factor, in order to pre- 
serve the significance of the characteristic as negative and of the 
mantissa as positive, we write the negative sign above the 2 as a 
superbar, thus 2 . This convention allows us then to write J.8633 
as the log of 0.0730. But it must be kept constantly in mind that 
this value 2.8633 is an artificial numerical expression and not the 
same thing as either —2.8633 or +2.8633. . 

The manipulation of logs as presented in elementary mathe- 
matics courses involves the statement of a log as the difference of 
two terms. Giving the log of 0.0730 as 8.8633 — 10 shows a posi- 
tive mantissa, and a characteristic which equals 8 — 10, or —2. 
Therefore, no new principle is being introduced, only a different 
notation. - It has been our experience that the traditional presen- 
tation of logs leads to greater possibility of error in chemical com- 
putations than the system being presented here. 

Let us examine the following table, which is similar to the one 
at the top of this page. 


Number l 

1 

Exponential 

Number 

Composite 

Exponential 

Factor 

Log 

0.730 1 

7.30 X 10-* 

IqI 8633 

T,8633 

0 0730 

7.30 X 10-* 

2(^.8633 

2,8633 

0 00730 

7,30 X 10-' 

|f)S.8633 

3.8633 

0 000730 

7.30 X 10*^ 

I0<86M 

4.8633 
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Multiplication by Use of Logs. A few examples of multiplica- 
tion by the use of logs ^ill demonstrate the process. 

• Example 1. 652. X 127. = 6.52 X 10’ X 1.27 X 10’ 

6.52 X 10’ «= 10-«« X 10’ =» lO’-®^*’ 

1.27 X 10’ « 10-ww X 10’ = lO’-i®’® ■ 

The operation then becomes: 

The sum of the logs is: log 652 =» 2.8142 
log 127 « 2.1038 

log (652 X 127) = 4.91S0 

In order to interpret the sum of the logs we can write: 

652 X 127 « ^ X 10* 

From the table of logs we find that the fractional exponent corresponds to 
ft digit factor (reversing the previous process of reading the table) equal 
to 8.28. The answer then is 8.28 X 10*, or 82,800. Actual multiplication 
gives 82,804. 

Example S. 3.21 X 0.00295 = 3.21 X 10® X 2.95 X lO’* 

3.21 X 10® = 10®-*®®^ 

2.95X10“’ =10’**®® 

The sum of the logs is 0.5065 
3.4698 


Then, 


3.9763 

10’-”” = 10'«’«’ X 10-’ = 9.47 X 10“* 


or ■ . , 

0.00W7, Actual multiplication gives 0.0094695. 

' Example S. 63.9 X 690. X 0.763 = 6.39 X 10* X 6.90 X 10’ X 7.63 
X 10-> = lO "*' X 10* X 10 “” X 10’ X lO ”'’ X 107' ■“ ID* ’*** 

X lO’ ”’" X lO*-'”' • ' 

The sum of the logs is 1.7316 

2.8388 
1.8708 


4.4472 * 

The answer is 10* «*” = 10 «” X 10* •» 2.80 X 10* = 28,000. Actual 
multiplication gives 28,005. 


In the three preceding examples, comparison of the answers by 
logs with the answers by longlmnd computation shows slight but 
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still noticeable differences. It is now time to point out that the 
values for the mantissas given in tables of logs are only approxi- 
mate. In the language of mathematics, the mantissas are irra- 
tional numbers. The complete expression of such an irrational 
number would require an infinite number of figures to the right 
of the decimal point. From the practical standpoint it is obvious 
that a limit to the number of 'figures must be set, and experience 
has shown that four or five figures in the mantissa are sufficient for 
the general purposes of the chemist. The great advantage in com- 
puting by logs is that, after some experience has been obtained, 
the steps become almost automatic and much time is saved. 

Consider these slightly more complicated examples of multipli- 
cation. 

Framp?e4. 392 X 1.67 X 72.8 X 0.00294 =» 3.92 X 10®.X 1.67 X 10® 
X 7.28 X 10‘ X 2.94 X 10“* 

log 392 « 2.5033 
log 1.67 » 0.2227 
log 72.8 » 1.8621 
log 0.00294 ^ 5.4683 

2.1464 

Referring to the log table it is seen that the mantissa corresponds to a 
value between 1.40 and 1,41. The difference between the values .1461 
0003 3 

and .1492 is .0031. Our mantissa falls ** 31 between 

1.40 and 1.41. The fraction ^®r Is approximately -riy; therefore the correct 
answer is 1.401 X 10®. This method by which intermediate values are 
found is called xnterpolalion. A full discussion of interpolation wdll be 
found in Chapter V. 

Example 5. 4.16 X 9.81 X 0.528 X 86.2 = 4.16 X 10® X 9.81 X 10® 
X 5.28 X 10-‘ X 8.C2 X 10® 

log 4.16 « 0.6191 
log 9.81 = 0.9917 
log 0.528 = 1.7226 
log 86.2 »= 1.9355 

3.2G89 

Again it is found that the mantissa falls between two values in the table 
The difference between the values .2672 and .2695 is .0023. Our value is 
.2689 - .2672 .0017 17 . . 

^0023 ^ of the way between 1.85and l.SG. The frac- 
tion approximately equals •^. The correct answer is therefore 
1.857 X 10* « 1,857. 
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DiTision by Use of Logs. Ui di^^sion with logs, the artificial 
numerical character of logsmust be kept in mind while subtracting. 
The law^ upon which all this is based, it will be remembered, is the 
law of algebraic summation of ejcponents. Regard for the sign 
must of necesatj' always be foremost. A few examples carefully 
followed through will illustrate. 


' Example 1. 


145 ^ 1.45 X 10^ ^ . 

25,0 2.50 X 10' ‘ 

’ • log 145 = 2.1614 

-log 25.0 *-1.3979 


0.7635 ' 

Since in this case both the characteristic and mantissa are positive, placing 
the negative sign before the log makes both parts negative. Kefemng to 
the log table, our mantissa is found to fall between two \'alues. The proc* 
, . , , . -7635 - .7634 .0001 ‘1 „n. ^ x- * 

esa of interpolation g,v«: ' :6o68 "" S;- 

nearer fhan The answer is therefore 5.601 X^IO® =® 5.801. 


Example 8. 


0.00136 

38.9 


1.36 X 10~» ^ 10^ ”» 
3.89 X 10* “ 10* ®® 


log 0.00136 «« 3.1335 
-Iog38.9=- 1.6899 


The answer is 3.497 X 10~®. 


5.5436 


Example S. 


69.5 6.95X10* 

0.0528 5.28 X 10”* 


log 69.5* 1.8420 

-Jog 0.0528 =-2.7226 


3.1194 


The answer is 1,316.' In this case the second log has a negative diart 
acteristic and a positive mantissa. Placing the negative sign before the 
log reverses the signs of the two parts, and the result is a positive char- 
acteristic and a negative mantissa. Algebraic summation gives the result 
shown. 

Example 4- Choosing some logs at random, the results of subtraction 

2.8039 4.3874 0.0531 14.9542 

-1.5378 - 0.9047 -2.9557 -6.5707 


3.3261 


5.4827 


3.0974 ' 20.3835 
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' Operations Involving Both Multiplication and Division. ' In an 
operation involving both multiplication and division, it is best to 
sum first the logs of all factors in the numerator and then sum the 
logs of all factors in the denominator. The division is then 
performed by subtracting the second log from the first, just as in 
the previous section on dividon.* Examples are : 

„ , , 23.1 X 0.317 2.31 X 10^ X 3.17 X 10~» 

i^xample 1. ^ ^ ^ ^ ^ ^ ^2 ^ 

log 23.1 = 1.3636 log 0.0116 » 2.0645 

log 0.317 « 1.5011 . log 0.472 = T.6739 

log numerator » 0.8G47 log denominator = 3.7384 

log numerator = 0.8C47 
—log denominator = — S.7384 

log answer *=. 3.1263 
The answer is 1.338 X 10*. • 

Example £. Stripping a computation by logs to its bare essentials: 


312 X 74.8 

2.4942 

‘ 2.2765 

4.3681 

0.0189 X 6.73 X 9.26 

1.8739 

0.8280 

-0.0711 

— ■ — . 

0.9666 


The answer is 1.981 X 10*. 

4.3681 

0.0711 

4.2970 


Raising a Number to a Power by Use of Logs. Raising a 
number to a pow'er by logs requires only three steps; (1) find the 
log of the number; (2) multiply the log by the power; (3) find the 
answer corresponding to the resultant log. Just as before, remem- 
ber that the mantissa is always positive and the characteristic may 
be cither positive or negative, and cany out the algebraic product 
accordingly. 

Example 1. (21.7)* = (2.17 X 10*)« = (10*-**“)» 

1.33G5 

3 

4.0095 


The answer is 1.022 X 10^ 



Example S, (0.0205)2 = ( 2^05 ^ (ios-ans)* 

2 ^ 118 - 

2 

4.6236 

The answer is 4.204 X 10'^. 

Example S. (0.341)’ *= (3.41 X lO"*)’ <= (10^-«2S)< 

1.5328 

3 

15984 

The answer is 3.967 X 10“2. 

Extracting the Root of a Number by Use of Logs. ' Extraclmg 
the root of a number when the characteristic is positive pr^enta no 
new problem. When the root is expressed as a fractional power, 
the log of the number is multiplied by the fraction, or, to say it 
another way, the log is divided by the integer expressing the root. 

Example t. VUs « (6.25 X 10»)« = (10>-””)« « 

es 

The answer is 7.907. 

Example «. = ( 100 -«os)M= iQi-tmn = io».«is 

The answer is 1.598. 

Extraction of the root of a number when the characteristic is 
negative does introduce new aspects of the law of algebraic sum- 
mation of exponents. There is one simple case which we shall 
consider first. If the negative characteristic happens to be a simple 
multiple of the integer representing the root desired, then the oper- 
ation is much like that in Examples 1 and 2. 

Example S. -^^000000431 = (4^31 X lO*^)^ » 

es J0«.<3«/l js JqT.SU6 

Ihe answer is 1.627 X 10“’. 

Negative Logs. When the ne^tive characteristic is not a 
simple multiple of the integer expressing the root, we must convert 
the log from its artificial character to a pure negative number (or a 



LOGS (LOGARITHMS) 


17 


negative log). The transformation is accomplished by a simple 
algebraic summation of the two parts of the log thus: 

Example 1. 5.4000 = -3.0000 + 0.4000 = -2.6000, 

Example 2. 3.6500 = -4.0000 + 0.6500 = -3.3500, 

Example 3. 2.1826 = -2.0000 + 0.1826 = -1.8174. 

A negative log so obtained may be di%'ided by the integer rep- 
resenting the root. The result is a negative log. We must now 
reverse the transformation process to express the log in its artificial 
form ns originally defined. This step is perhaps the most diflicult 
one in the mastery of logs, and it must always be performed with 
great caution. The procedure is to add 1 to the mantissa and sub- 
tract 1 from the characteristic of the negatu’c log. Such manipu- 
lation does not alter the value. The folloning examples will 
illustrate. 

Example 4, -4,7000 » -4 - 1 + 1.0000 - 0.7000 = (- 4 - 1) 

+ (l.OOOO - 0.7000) = 5.3000. 

Example S. -2.4000 » (-2 -1) + (1.0000 - 0.4C00) -= 3.5400. 

Example C. -7.2372 = (-7 -1) + (1.0000 - 0.2372) = g.7628. 

Now to perform the complete operation of c.xtracting the root 
of a number, the log of which lias a negative characteristic: 

Example 7. » (4.38 X 10“*)^‘ •= (lO"^ *”*)^* 

ea _ JQ-« 4SM ea Jq7 HTJ 

Tlic answer is 3.625 X 10~‘. 

Example 8. VO.OOSIO = (10» '”*)» 10'» owm » iQ-i-w* 

Tlic answer is 0.00 X 10“’ “ 0.0900. 

The necessity for converting to ncgati\*D logs is not by any 
means confined to tlic case just di^cus-^cd. In many of the formulas 
of physical chemistry’, the log of some factor must be multiplied by 
other numbers. It is readily apparent that a log with negative 
cliaractcrinic could not be set in the formula in its artificial form. 
Tlie result would be meaningless. Conversion of the log to a 
negali\’o log is arithmetically imperatiTC. 
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Exam-pie 9. Almost any standarditextbook of elementary ph)-6ical 
chemistry will give the following formula for the calculation of the mini- 
mum applied emf required to beg^n electrodeposition of copper from a 
Bolution of a copper salt of concentration Ccu** at 25° C: 

JJ = 0.344 + 5^1ogCcu** 

For a solution containing 0.225 gram ion per liter of Cu++ ion, the 
minimum cmf would be; — - 

= 0.344 + 5:^ log 0.225 

log 0.225 = 1.352 =.-0.W8 

= 0.344 + 2:— (-0.048) 

= 0.344 ■- 0.0102 = 0.325 volt 


Example 10. The pH of a solution, which gives directly a measure of 
the H**" ion concentration and indirectly of the OH“ ion concentration' 
(since 14 — pH * pOH), is defined as the log of the reciprocal of the H'*' 
ion concentration expressed in gram ions per liter. That is, 

pn^ioggL 

To find the value of Cn ♦ when the pH is given involves the use of ne^tiw 
logs. For example, suppose the pH of a solution to be 9.35, TThatisthe 
H"*" ion concentration? 


But 

Therefore,. • 
or 


9.35 = log ~ = log 1 - log Ch* 
t/H* 

^ logl ^ 0 
9.35 *=- log Cir+ 


log Cu* “ 9.35 , ' . 

Transforming the negative log to a log expressed in the usual artificial 

fashion: 

. (-9 -1) 4- (1.00 ~ 0.35) « 10.65 

and 


Ch*“4.6X10->» 


The student pursuing advanced courses in chemistry will find 
the use of logs a necessity. It may be pointed out that log tables 
giving mantissas to five figures permit greater accuracy in compu- 
tation than is possible with four-pliu« tables, and simplify greatly 
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the process of interpolation. Furthermore, it must be noted that 
log tables are rarely given with all the decimal points; as is the case 
in Table I (Appendix). This omission is merely a tj’pographical 
conTCnience; it is universally underetood that values of N are to 
be interpreted as properly expressed digit factors, and the man- 
tissas are imderstood to be dedmal fractions. Realizing this, one 
should find no difficulty in reading any log table. The student 
interested in pursuing the subject of logs further is ad\’ised to pur- 
chase a book of five-place log tables. ' He will find, in addition to 
trigonometric tables, tables of cologs Oogs of reciprocals of num- 
ber) which make dirision by a number a multiphcation with the 
redprocal of the number and eliminate subtraction of logs, and 
tables of antilogs (tables of numbers corresponding to values of 
mimtissas) which simplify the translation of the resultant log to 
answers expressed as digit factors.* 

Natural (Napierian) Logs. The integration of many of the 
differential equations of theoretical chemistry results in terms 
involving natural or Napierian logs. One such integrated term 
which often appears is 

RT]nK 

The sjinbol fn has received widespread adoption among chemists* 
to represent natural log. The mathematidans use 

log, K 

It is posable to derive a log sj’stem with any base; the general 
sjTnbol 

log, X ‘ ' 

means the log to base a of X. Since in chemical computations only 
two bases, c and 10, are ever used, we can state the equivalence of 
our symbols to those of the mathematicians as follows: 

Chemical Maihemaiical 
log X = logic X 
In X = log, X 


* See footnote 5 on page 9. 
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To eliminate the necessity for two separate log tables, we make 
use of the relations 


and 


In X = 2.3026 log X 


log X = 0.43429 In X 


Whenever an integrated expression contmns a natural log we 
make the substitution 

RT\nK = 2M2&TiT\ogk 

to permit computation Tnth common logs. On the other hand, if 
an expression containing a Briggaan (or common) log is to be dif- 
ferentiated, we make the substitution 

m log X = 0.43429 m In X 

An example of this latter substitution will be observed on page 61. 


PROBLEM SET IV 


1. It is suggested that the student repeat I, 2, and 4 in Problem Set H 
and 1, 2, and 4 in Problem Set III, using lo^ 

• 2. Repress the following H”*" ion concentrations as pH: (o) 3.2 X 
(ft) 7.9 X 10-“; (c) 4 32 X lO*^. 

• 3. ConvertthefoUowingvaluesofpHtoOH-ionconcentrations: (a)13.6; 
(6) 9.4; (c) 6.3. 

4. The symbol p as in pH has received acceptance as an operator (see p. 69), 
Bignifying the log of the reciprocal of whatever function it prefixes. 

(а) Hjp. of Fe(OH)3 » 1.1 X 10”^. Calculate pK* p . 

(б) I^dnstato.) of Ag(NH|)^ 6.8 X 10~*. Calculate pEr((ast»aj- 
(c) N(ton) of HCN “ 7 X I0~“. Calculate pK^Iltt). 

B. &Ive: 


0.0591, 0.250 


(6) Find Ca. when 0.0529 


0.0521 log 




THE SLIDE^RULE 

The slide rule is frequently called “a mechanical log table.” 
This conception is amply justified by a study of the history of its 
conception and invention. Historians ’ of mathematics now seem 
agreed that the first slide rule was constructed by William Oughtred 

^Cajori: A History of the Slide RuUt Engineering News Publishing Co.,' 
New York, 1009. 
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(1574-1660) by putting together two Gunter’s rules, and that the 
account of his invention was first published in 1632. The rule of 
E. Gunter (1581-1626) was a mechanically inscribed Briggsian log 
table on which multiplications and divisions were performed with 
dividers. Oughtred also invented the circular slide rule. Various 
mechanical improvements on Oughtrcd’s device resulted, but the 
only notable advances were made by J. Robertson who in 1778 
constructed a slide rule with a runner, by P. M. Roget who in 1815 
invented the log-log scale, and by A. Mannheim (1831-1906) who 
about 1850 devised the slide rule that with only slight modifica- 
tions is in use today. 

To reproduce Oughtred’s invention crudely, and at the same 
tiiUe perform an enlightening and instructive experiment, each 
student should execute the following exercise: 

(а) Procure a sheet of graph paper, and cut from it a 
strip 10 divisions (cm) long and 2 divisions (cm) wide. 

(б) Lengthwise draw a line along the middle. 

(c) Along the top and along the bottom from left to right 
number the divisions (cm) from 0 to 1 at intervals of a tenth. 

(d) From the tabic of logs pven in the Appendix obtain 
the values of the logs corresponding to the integers from 1 to 10. 

(c) Make a mark across the center lino at the location of 
the log corresponding to each of the integers, and at each end 
of the mark write the integer. The strip should now look like 
Fig. 1. 

(/) Cut the strip along the center line. 

(ff) To distinguish the strips and simidtaneously conform to 
slide-rule convention, label the upper strip C and the lower D. 



Fia. 1 ; 


Let us now multiply 2 by 3. To do this move C along D until 
1 on the C scale (called the left index) coincides with 2 on the D 
scale. Then look along the C scale to 3, and note that it coincides 
\Nith 6 on the D scale. The net effect is to add mechanically the 
scale length of the log of 2 to the scale length of the log of 3. Since 
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the digit factor corresponding to the scale length represented by 
the sum of the logs is on the D scale the product of the numbers is 
read directly. Now try 3'X 3; 2 X 4; 2 X 5. By the same steps 
multiply 4 by 6. The answer in this case lies beyond the right end 
of the D scale, and the interpretation is that the sum of the logs of 
4 and 5 is greater than 1. To surmount this difficulty, curl strip D 
into a cylinder .with the right and left indexes just touching, and 
grasp between the thumb and index finger of the left hand. Treat . 
strip C in the same way, and hold with the right hand/ 'Now, just 
M before, move C above D until the index of C is above 4 of D. 
Look along C to 5, and it mil be found to coincide with 2 oh the 
D scale. Obviously the answer must bo 20. Tina is consistent 
with computations by logs because only the mantissas are being 
taken into account and as will be subsequently seen the character- 
istic must be cared for in another way. Now flatten out the two 
strips, and perform the same multiplication in this way. Set 10 
on the C scale' (called the right index) above 4 on D; then under 
6 on C will be found 2 on D in perfect agreement with the previous 
case. The effect then of reverdng the direction of the slide is to 
double the scale around on itself like a snake swaUowing its tail, 
thereby producing a continuation of the scale.. 

Pivjsion is simply a complete reversal of the process of multi- 
plication. To divide 6 by 3, above 6 on D set 3 on C, and under 
the left index of C will be found on D the answer 2. This is merely 
a subtraction of the scale length of the log of 3 from the scale length 
of the log of 6. Try 8 -5- 2. ‘ Now try 4 -i- 5. The left index of C 
is off -the scale, but the right index is above 8 on the D scale. The- 
answer must be 0.8, and, as in a previous instance, this may be 
interpreted as a continuation of the scale by the same process of 
doubliiig back on itself. 

Now that this little scene from mathematical history has been 
re-enacted, let us examine a modem slide rule of the "Duplex” 
type ® (Fig. 2). Except for more graduations, more scales, and 

• A slide rule with the linear log scale (L), In addition to the K, A, B, C, 
and D scales, Is by far the most useful type the chemist or chemical engi- 
'neer. Each student is strongly urged to purchase a slide rule. Not only 
will a alide rule be helpful in subsequent exercises in this book, but also it 
will prove an eiScient aid to’ computations throughout your professional 
career. The authors do not recommend the ^‘chemical” slide rule to students 
of cbemistiy. 




Front 


Fio. 2t Slide Rule. 
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revmte it thus: 

9 X 10^ X 5 X 10° X 1 X 10~^ 
9 X 10^ X 3 X 10”^ 


The slide rule gives 208, and by the rough calculation it is apparent 
that the decimal must be placed to pve 0.208 as the ansv’er. 

Powers and Roots, ^uaring and cubing numbers can be 
accomplished on the slide rule with the use of only the runner, 
leaving the slide in ita normal position. Compatc the A scale 
with D. It is apparent that the A scale is made up of two com- 
■ plete scales from 1 to 10 each identical to the other. The length 
from 1 to 10 on the A scale is the same as from 1 to 3.162 10) 

on the D scale and the same as from 0 to 0.5 on the linear log 
scale 'L. The lofe scale corresponding to scale A (only the log 
scale of D is ever shown) must therefore bo equivalent to twice 
the L scale corresponding to D. If the hairline of the runner is 
placed on a number on the D scale, the number pven by the hair- 
hne on A must be the square of the number on D Oog log N), 
Similarly the K scale is seen to correspond to an' unshown log 
scale that Is three times the log scale L. A setting of the runner 
on the D scale gives the cube of the number by reading the 
K scale. 

Square roots are obtained by reversing the above procedure. 
Set the runner on the number on the A scale, and its square root 
is found on D. A rough computation according to page 7, taking 
account of odd and even exponents, will show on which half of 
the A scale to set the ninner. For instance; 

V 4.0 X 10* = V40 X 10* = Vio X 10 

If the runner were set on the first 4 on A, the hairline would show 
2 on D. The square root of 40 is between 6 and 7 ; therefore the 
second 4 must be the setting on A. The answer is 6.33 X 10 = 
63.3, This treatment can be extended to the problem, of magni-.. 
tude in taking cube roots. 

The cube root is obtained by setting the runner on the number 
on K and reading the cube root on D. 


X lO'J 


. 9X5X1 
9X3 
4.5 

= — X 10 ^ = 0.2 (approx.) 
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. Logs. In solving expresaons resulting 'from - substituting 
numerical values in the Ner^t equation for the emf of a galvauio 
cell, such terms arise as: ' ' . - 


0.0591 

2 


log 0.225 


It is best to find first the value of the log term by setting the run- 
ner at 2.25 on the D scale and reacfing the mantissa on the L scale. 
The mantissa is 0.352, and the complete Jog-is 1.352. Expressed 
as a negative log, this is -0.648. Now the term becomes 


' Q'Q591 (-0,648) 
2 


5.91 X 6.48 
2 


X 10“® « -0.0192 


Compare with Example 9 on page 18. 

■ The following e.xercises will ^ve additional practice in slide-rule 
manipulation, but it must be remembered that only, practice 
(and a great deal of it) can make perfect. Many operations, other 
than the ones described, can be performed on the various types of 
elide rules. Their use is so infrequently required by the chemist 
. that no attempt will be made here to describe them. Manuals sup' 
plied by the manufactiners describe the more complex operations 
in a manner that will be clear to one who has already mastered the 
more elementary operations. 

PROBLEM SET V 


1. Solve the following with the slide nde; (c) 42,6 + 0.204; (t) 14.7 X 6.38; 
(e) 72.9-'J^- 




2. Compute with the slide rule values of y for the given values of * from 
the eauation: 

(iaSxY 


(o) X = 0.870; (b) I = 3.67; (c) x - 8.25; {d) x ~ IS.B. 

3. Solve vfith the elide rule: (a) V26.9; (b) (c) V^4.36 X 1.93; 

(J) J^loge.7St.' 

71.4 X 478 (3.29)‘ X 14.9 . 

4. Solvewithlheeliderule: (.) W 8.20 log 4.18 ’ 




1.85 X 10~‘ X 0.525 


: m 


feisv^T-. 

16.7 X 22.2 


0.817 
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SUPPLEMENTARYIPROBLEMS 

1. The average coefDcient of expansion of gases is 1/273 per degree Centi- 
grade. Express this value as an exponential number. 

2. The " average speed ” of the hydrogen molecule, under standard 
conditions, is 184,000 cm per sec; that of the oxygen molecule is 46,000 
cm per sec. Express these speeds exponentially. 

3. The volume of the hydrogen molecule has been calculated to bo 
4.8 X 10“” cubic centimeter. Express the volume as a decimal fraction. 

4. The number of molecules of gas per liter at S.T.P. has been determined 
by several rchablc methods and found to be 2.70 X 10”, with a probable 
error of less than one per cent. Write this value as an ordinary number. 

6. Since the number of molecules in 1 cc of a gas is 2.70 X 10^®, by taking 
the cube root of this we obtain the number in one linear centimeter. Make 
this computa'tion. IMiat is the average apacing of moleculea, i.e., the average 
distance apart from center to center? The actual distance apart of any two 
molecules varies and is constantly changing. 

6. The mean fret path in gaaea is the average distance molecules travel 
between collisions. This must not be confused with the average spacing of 
molecules (calculated in Problem 6). The rocan'frce path for any gas under 

S.T.P. was first calculated by James Clerk Maxwell (1860) and is not far from 
0.00001 cm. Express this in the exponenUa! form. How many of its neigh- 
bors will a molecule pass before finally colliding with one? Hint: The average 
spacing of molecules was computed in Problem 5. 

7. At room temperature, a hydrogen molecule collides with'other hydrogen 
molecules about 10,000,000,000 times per second 1 Write this value as an 
exponential number. 

8. Millikan’s value for the electronic charge, e, is 4.774 X 10”*® electro- 
static unit. Express this as a decimal fraction. Several years ago Millikan’s 
value of e was corrected, upon the basis of new measurements of the viscosity 
of air. 'The revised value is 4.78 X 10“**. Express the correction as an 
exponential number. 

0. Planck’s univciwl constant, h, has a value of 6.65 X 10”” crg-second. 
How many xcros would bo required to write this number a a decimal frac- 
tion? 

10. A micron (v) is 0 001 mm, and a millimicron (mii) Is O.OOOOOl mm. 
Express these units exponentially. 

11. 'The mean wave length of the two yellow lines of sodium is 
6803 X 10“’ mm. Express this value in AngstrSm units. The An^trom 
unit (A) is 10“* cm. 

12. Tlie ionix.ation constant, Ki, of acetic acid is 0 000018 at room tem- 
perature. Express exponentially. 

13. The solubility-product constant, of silver iodide is 1.5 X 10”**. 

Ilowmf""- I* — • t« 

14. , ^ • 

the silv . 

value as an exponential number. 
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16. The hydrolysis constact, ^QtyiL)> arnfflonium chloride is ' 
0.00000000057 

Express this value exponentially, 

16. Tie oxidation-reductioii constant, Kta-nci. for the reaction: 5Fe++ + 
MnOr + 8H+ Kt 5Fe+’ + Ma-H- + 4BjO, is 3.2 X 10“. How many teros 
are required to write out this value of fr{<a.r«i)7 

17. Solve; 

(n) 4.9 X lO* X 8.1 X 10’} (d) 2.3 X 10’ X 7.1 X 10'’; ■ 

(b) 1.7 X 10’ X 3.5 X 10'; fe) 9.4 X lO-f X 6.6 X 16'; 

■ (c) 9.8 X 10' X 6.4 X 10’; (/) 4.7 X lO'” X 8,3 X 10'“. , 

18. Solve; , ■ 

M.2i2Zi‘'. S.7 X 10” T.4 X in’ . . 7.4 X lO'” 

1.0 X 10' ' . 3.1 X 10“ ' 9.3 X 10"“ ' ™ 4,6 X 10"“ ' 

2.8 X 10’ X 8 5 X 10"’ . 9.6 X 10“ X 5,1 X 10"’* 

4.2 X 10' ’ 3.2 X 10->‘ X 7.4 X 10“' 


19. Convert to correctly expressed exponential numbers; 


(o) 391 X 10’; 

(d) 0.05 X 10-’; 

20. Solve; 

(a) (5,1 X lO'l^; 
(d) (0.00072)’; 

'21. Solve; • 

(n) V9.4 X 10'; 
(d) ■\?'3.0 X lO'”; 


(» 852.7 X 10-'; 
(e) 0.00034 X 10"; 


(b> (1.3 X 10-’)’; 
<e) (347 X lO*)’; 


0) e/4.8 X 10-’; 
(e) (7.2 X ID’)"; 


(e) 16.49 X 10”; 
(J) 0.0074 X 10-“. 


(c) (8.6X10*)’; 

(/) (0.061 X 10-*)’. 


(c) ■’5'TJ X 10‘’i 
0) (2.8 X 10-“)>*. 


23. Solre: 

(o)~7. 6 X 10* X 3.2 K 10^ ~ 1.3~ X 10^» ^ 

(h) Vs.^ X 10-“ + 6.91 X 10"” - 2.83 

(c) (4.1 X 10-* X 9.0 X 10'* - 6.3 X 10« X 1.7 X 


23. Express the following H+ ioa'coacentratioos in terms of pH: 

(o) 7.3 X^IO-*/ ' (h) 4 6 X 10“^; (c) 9.5 X lO-**. 

24. The A’cton) of NHiOH /s 1.75 X 10“®. Calculate the pKffoah 
26. The ir.p of BaSOiis 1.2 X 10~*®. Calculate the pK,p.. 

26. The instability constant of HgBrr is 2.2 X lO"*®. Calculate the 

Pf^OnfUb). __ Ift ..i. I a a al 

2T. The hydrolysis constant of NH*C1 is 6.7 X lO" . Calculate the 

P/Tfliydj. 
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28. The ojodation^reduction constant, 7r{os-red)» for the reaction CI 2 + 
21“ 7^ 2C1” + Ij, is 6 3 X lO^L Calculate the pK(oi-rrt ). 

29. The ;:,p. of MgNH^POi is 2.5 X 10"“ Calculate the Mg++ ion 
concentration in a saturated aqueous solution of MBNH 4 PO 4 . Hint: Kt,p. 

X Ckuj X Cpoj-*- InasaturatedsolutioD.C'Ms** “ CnhJ * C'poj-*. 

, 30. Solve with the slide rule: 

(o) <'4,07 X 10-> X 2.47 X 10= 


I/ini: The sixth root is equivalent to the cube root of the square root, or 
vice ccraa. 

(b) 10* “ (1.71 X 4.53)*. ■ 



CHAPTEB H , ■ . ■ 

SIGNEFICAHT FIGURES 

In all^our researches, indeed, on whatever subject, our bSject is 
to arrive at numbers, at Quantities, though o/ten in a very imper- 
fect manner and by very uncertain methods. 

— ArotrsTE Coam:. 

The statement " a chain is no stronger than its weakest link 
has become a trite expresaon. We might paraphrase for bur 
present purpose to a computed result is no more'accurate than 
the least accurate number entering the computation.” In mea- 
suring physical quantities, usually the experimenter knows how 
finely the scale of the instrument is graduated and what pains 
have. been taken to elimbate likely sources of error. Hence he 
knows tho degrte oj exactness of the measurement. In statmg the 
value of the measured quantity he wants to be honest, and neither 
exaggerate nor underestimate the exactness. Moreover, the value 
should be given m such a manner that others' can easily obtain 
that same estimate of -the care observed in the experiment. It is 
therefore necessary to follow a conventional method of statbg the 
result an’d of carrying out the computations. Beginners in science 
often needlessly waste both time and energy m makmg computa-- 
tioDS. This unnecessary waste can be attributed to. the practice 
of carrying superfluous figures b longhand computations or to the 
use of five-place logs when only three-place logs are reqmred. 

The conventional sysfem that has been universally adopted 
(but which is often not as universally observed) is incorporated 
b tho-foUowbg set of rules for significant figures. First let us 
exambe some definitions. .Digits such as 0, 1, 2, 3, 4* • *, 0, some- 
times called figures, are combbed to give numbers, as 12,6 or 0.74._ 
In a number tho significant 'digits are those which express as 
exactly as possible the knomi magnitudes. To illustrate these 
definitions; In the number 32.47 (a burette readbg) the <figit 3 
gives the tens, the digit 2 gives the units, the digit 4 gives tho 
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tenths' and the digit 7 gives the hundredths. From the gradua- 
tions on a burette it is easily seen that it is impossible to know the 
thousandths of a milliliter because the smallest graduation is one- 
tenth and the value for hundredths is estimated by mentally 
dividing the smallest division into ten equal parts. In making the 
above burette rca{^ng other observers might have obtained 32.46 
or 32.48, but it is highly probable that all observers would report a 
reading in the range 32.46 to 32.48. The last digit is liable to 
variation by 1 in either direction and is therefore uncertain, 
whereas the preceding digits arc known with certainty. In any 
statement of a quantity, the known digits are given and only one 
uncertain dipt is kept. The figures thus written are all significant. 
The digit 0 requires more conrideration since it may or may not be 
significant. In a burette reading of 30.05 both zeros are signifi- 
cant, and in the weight of a precipitate obtained by the analytical 
balance, 1.2010 grams, both zeros are significant. If W’C say that 
the cost of a battleship is $50,000,000, none of the zeros is. sig- 
nificant. Likewise, in the value 0.0015, which is the solubility of 
silver chloride in grams per liter of water at 20® C, the zeros merely 
locate the decimal point. One way of avoiding this difficulty is 
to state the numbers as exponential numbers, giving all the sig- 
nificant figures in the digit factor. Thus, the cost of a battleship 
is 5 X 10^ dollars, and the solubility of silver chloride is 1.5 X 10"^ 
gram per Utcr at 20®. Another way is to choose a larger or smaller 
unit. Thus 2,500 cm may be expressed as 25 meters, 6,000 pounds 
may be given as 3 tons, and 0.0251 gram may be written 25.1 mg. 

To sum up: the interpretation which should be placed on the 
statement of a measured quantity is that the last figure given is 
uncert.'iin by ±1. Hence, 1,207 means a value between 1,208 and 
1,206; and 6.06 X 10^^ denotes a value between 6.07 X 10^^ and 
6.05 X 10^^ 

Rules for Computation : ' 

1. 2n staling the numerical value of a measured quantity keep 

only one uncertain figure. 

• The rules are, in the main, based upon the discussion of computation rules 
Riven by Itolman: Computalion Rules and Logarithms, pp. xii-rv, Macmillan, 
New York, 1890. Goodwin: Precision of Measurements, Second Edition, 
pp. 21-25, McGraw-Hill, New York, 1920, gives in brief form substantially 
the rules of Holman. 
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2. Interpret the uncertainiy of the last figure as ±1, unless 'a 

more precise statement can he given. ^ , 

3. In dropping superfluous figures, increase the last retained 
figure by 1 if the first dropped figure {i.e., adjacent to the last 
retained figure) is 6 or greater. To round off the value 27.0265 
to four sigmficant figures the result would be 27.03. 

4. In addition and subfradton keep only os many dedrmls as 

are given in the number having fewest decimals. To illustrate, 
find the sum of 13.65 + 0.0082 + 1.632. As 13.65 has only 
two decimals, only two need be kept in the other terms. The 
sum is: . • ' , 

13.65 is retted as 13.65 
' - 0.0082 " 0.01 ' 

1.632 “ « “ 1.63 

' 15.29 * “ . 

To prove that this is the only possible logical answer, let us take 
the sum carrying all the decimals and place an x where decimals 
are unknown. ' ’ . • 

13.65wr 
0.0082 
1.6322: ‘ 


15.29x2: 

To show this in another way let us take the sums of the maxi- 
mum values and of the minimum values according to rule 2. 

Minimum ' 

13.64 
O.OOSl 
1.631 


' 15.3013 15.2791 

The sum of the values as stated is: 

- 13.65 
0.0082 
1.632 


hlaximuin 
13.66 
0.0083 . 
1.633 


15.2902 
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The sum 15.29 obtained three waj's is seen to fall in the range 
15.301 to 15.279, and hence the simplest method of addition 
gives a result that complies \rith our criteria. 

5. In multiplicaiion and division retain a numher of figures 
that vnll -produce in each factor a percentage uncertainty no greater 
than that in the factor with fewest significant figures. For exam- 
ple, the' product of the three numbers: 13.65 X 0.0082 X 1.632, 
should be rewritten 13.7 X 0.0082 X 1.63. The middle factor 
0.0082 has only two signiEcant Egures, hence the other factors 
must retain two or, perhaps, three. The uncertainty of this 
factor is 1 part in 82, roughly 1 in 100 or 1 per cent. Therefore, 
in order to introduce no greater uncertainty than 1 per cent, 
three figures must be retained in the other factors. The answer 
must be stated with such a number of significant figures that 
the uncertainty in the answer will be no greater than that in 
the least certain factor entering the computation. Thus, 
13.7 X 0.0082 X 1.63 == 0.183. In another example: 

1.627 X 0.0148 
2.3026 

the factors should be rounded oft to 
1.63 X 0.0148 
2.30 

in accordance nith all the rules. 

6. In muUipUcalions and divisions where accuracy no greater 
than 0.25 per cent is required, (he tO^nch slide rule can he used. 
Stated roughly, this means that computations involving only 
three rignificant figures may usually be performed mth a 10- 
inch slide rule. Note, however, that in this multiplication 

0.958 X 9.86 

the uncertainty is about 1 in 1,000, or 0.1 per cent. 

7. For an acairacy greater than 0.25 per cent, longhand 
methods or logs must be used in computations. 

8. 7n compiiiing with Jogs, retain in the mantissa of the log 
only the number of figures that Itwre are significant digits in the 
digit factors of the numbers entering the computation. The char- 
acteristic denoting, as it docs, merely the magnitude cannot be 
reckoned as significant. 
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, . A problem that must be especially noted is calculatmg pH 
or, related functions which are logarithmic expressions. The 
number of significant figures in the value for the ion con- 
centration will dictate the number of decimal places carried out 
in the pH calculation. 

9. If four or more values are averaged together, an extra figure 
may he carried in (he average. 

"10. In a precision measure, retain only two significant figures. 


The reasons for rules 9 and 10 need not now concern the reader. 
The' discussion of precision measures and averages in Chapter X 
will clarify them. It is only for convenience in later reference that 
rules 9 and 10 are included at this point. 

More Complex Cases. Examples often arise in which several 
arithmetical processes are involved and a single computation rule 
will not suflBce. . In the solution of ' , ■ 




0.427(72.6 + 4.38) 1== 
-323.7 - 319.3 J 


addition, subtraction, multiplication, division, and evolution must 
be performed. It will be best to carry out the addition and sub- 
. traction'first, according to rule 4, The value 4.38 will be rounded 
to 4.4, and the expression becomes 

, /0A27 X 77.0V 

. 4.4 

Before performing the multiplication and division, all the values 
will be rounded to two' figures, according to rule 6. Then 

/0.43 X 77 y 
4.4 / 

Slide-rule computation gives 

fc = 67 , 

Solving this example has required the successive application of 
rules 4, 3, 5, 3, and 6. 

PROBLEM SET VI 

1; Restate these values in more convenient units to e limin ate non-significant 
digits: * ' - 

(a) 275,000 grams; (6) 0.271 meter; (c) 0.02 dollar; (d) 0.0064 liter; 
(e) 17,000 milligram?. 
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2. Round off these nximbers to three figures: 

(o) 1.0751; (i) 0.86249; (c) 27.052; (d) 8.971 X lO'"; (e) 3.14159. 

3. ^Ire: 

0.00819 + (4.8 X 2.12 X 10"^) - 0.00052008 

Should slide rule or logs be used? 

4. Solve: 

48.C9 X 1.86 ^j l4.7 + 10.3 

™ 95.6 X 0.050947 ’ \29^ - 23.5 

6. Given the following atomic weights; calculate the grains of HC:HaOj 
contained in a hter of '0.2313/ solution: H = 1.0081; C *= 12.010; 
0 » 16.0000. 

6i Analysis of a glass sand gave the following values for the pcicentage of 
FesOj: 0.077, 0.070, 0 079, O.OSO, 0.072. Compute the average percentage of 
FejOa according to rule 9. 

7. The energy (expressed in etgs) of a quantum of radiation is given by 
E s= Ai>; where h is Planck's universal constant with a value of 6.55 X 10“*^ 
erg second, and v is the frequency of the radiation. The frequency is given by 
the velocity of light, equal to 3.0 X 10** cm per sec, divided by the wave length 
expressed in centimeters. The wave length of a certain blue line in the cad« 
mium spectrum is 4800 A (1 A « 10*® cm). Calculate the energy of a 
quantum of this blue light. 

8. The American inch equals 2.53998 centiineters. Express 15.0 cm as 
inches to the nearest 1 /32 of an inch. 

9. Archimedes (287-212 b.c.) proved geometrically that the value 

of ir lay between SKand Ludolph van Ceulen (1639-1610) devoted 

practically his entire hfo to the calculation of v and obtained the result, 
3.14159265358979323846204338327950288.® If you bad measured the diam- 
eter of a circle, which was exactly 1 inch, with a meter stick graduated to 
millimeters, whose value of t would you use to calculate the area of the circle? 
(a) Perform the calculation. (5) Express the uncertainty of van Ceulen’s 
value of T as an exponential number. 

10. The solubility of BaCNOj)* is 0.33 mol per liter at 18® C. Calculate 
the solubility in grama per 100 ml of water, given the atomic weights: 
Ba = 137.36; N * 14.008; O « 16.0000. 

* Ball: History of Mathematies, Second Edition, p. 239, Macmillan, London, 
1893. It will be noted that Ludolph van Ceulen computed ir to thirty-five 
decimals. In Germany even today x is often called “Ludolph’s ratio " The 
champion of the x-computers is William Shanks, who in 1873 published 

(Proc. Roy. Soc. (London), 21, 318) a value carried to 707 decimal places. His 
accuracy cannot be vouched for, since no successor has arisen with sufficient 
patience to check his computations. However, Shanks does mention that 
Richter found x to 500 decimals in the year 1853— all of which agree with his. 
published early in the same year. 
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ALGEBRAIC SOLUTION OF NUMERICAL EQUATIONS 

Measurement today usually signifies' a set of operations per- ' 
formed with measuring rods or other instruments upon a given set 
of entities to render possible their approximate identification 
with the set of number-values constituting the scientific object, 
which in turn can be substituted for the variables in an equation. 
This is accomplished in proportion as qualitative determinations 
can be reduced to quantitative ones. 

— Lewis M. Hamuond. 


LINEAR EQUATIONS 

• The simplest form of numerical equation the chemist is called 
upon to solve is the linear equation. The simplest linear equation 
is one in which a single variable occurs only to the first power, A 
linear equation in general form is - ' 

mx — b ( 1 ) 


The solution of this equation is 

h 

a; W — 
m 


Or, if 
Then 


2x^6 



3 


( 2 ) 


Stoichiometrical Computations. If for a given chemical 
reaction it is possible to write a balanced chemical equation, the 
implicitly stated numerical information can be made the basis of 
stoichiometrical computations. In writing the equation 


MnOa + 4HC1> MnCIg + Ch > 2 H 2 O 

wc are explicitly stating that one mol (gram-molecular-weight) of 
manganese dioxide reacts with four mols of hydrochloric acid to ' 
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produce one mol of manganous chloride, one mol of elementary 
chlorine, and two mols of water. At the same time we are irpplic- 
itly stating that 86.93 g of MnOs will completely react with 
145.86 g of HCI to form 125.85 g of MnCIj, 70.91 g of CI 2 , and 
36.03 g of H 2 O. Since the sum of the weights of the reactants 
equals the sum of the weights of the products, another implicit 
statement is being made to the effect that the law of conservation 
of mass is obeyed. 

It is customary to indicate the weights of the substances 
involved in the reaction in terms of the molecular weights, thus: 

8093 4X3040S 12585 7091 2X1S016 

MnOa + 4HCI = UnCh + CI 2 + 2 H 2 O 

Suppose that it is desired to compute the weight of CI 2 that would 
be formed by 8.693 g of MnOj. One mol of Mn02 yields one mol 
of CI 2 . It is readily seen that 8,693 g is one-tenth of a mol of 
Mn02. Hence one-tenth of a mol of CI 2 would be formed. In 
detail the computation would be 

8.693 _ X 
86.93 “ 70.91 

from which 

8.693 

In equation (3) the equality between the ratios is an equality 
between the numbcrs.of mols. The mol or a simple, integral mul- 
tiple of a mol is the unit of matter participating in a chemical reac- 
tion; hence the computation is simplest when reduced to an equality 
between corresponding basic -units. 

In fruit commerce, the bushel is the usual unit for measuring 
goods. A hj^pothctical trade transaction comparable to the above 
reaction can be imagined as follows; if a bushel of apples consists 
of 125 apples and a bushel of peaches consists of 200 peaches, sup- 
pose that a dealer exchanges 25 apples for an equal measure of 
peaches. The result will be 

125 200 


25 _ 

' — X 200 = 40 
12o 


from which 


( 4 ) 
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By the exchange, which can be likened to" the chemical reaction, 
25 apples yield 40 peaches. 

. Returning to the chemical reaction of MnOj with HCl, we see 
that one mol of Mn02 yields two mols of H^O. The'unit of water 
in this reaction is not a ‘smgle mol but two mols. Hence the weight 
of water yielded by 8.693 g of MnOj is given by 

8.693 _ X ' . ' ‘ 

86.93 “2X18.016- 
from which ' . . 

• 8.693 ' ‘ 

« = r— X 2 X 18.016 * 3.603 

ob.yj 

The preceding calculations might have been performed as readily 
by employing ratio and proportion. In the case just considered 
the expression 

8.693 : 86.93 :: x : 2 X 1S.016_ (6) 

might have been written. The same answer would be obtained, 
but the simplicity .of the statement of the reasoning would be lost. 
In stoichiometrical computations, the process involving the more 
straightforward line of reasoning from a chemical standpoint is to 
be preferred. In statmg-the equality of ratios as compared with 
stating a proportion, the mathematical processes are equivalent, 
but the former method is usually preferred by the thoughtful 
chemist. 

Simultaneous Linear Equations.' A linear equation may 
contain more than one unknown as long as the equation is of first 
degree. The degree of an equation is obtained from a term-by- 
term examination of the equation. In each term the exponents 
of all variables are summed algebraically. The term having the 
greatest “ exponent sum dictates the degree. Thus; 


• 2x4-ay + S = 0 - 

and " • , . 

' ' . ' I* + 3i = 4 

are both equations of second degree. 

If we have two” linear equations each involving the same two 
unknowns, they are simultaneous provided that the two equa- 
tions express different relationships or are independent. 
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For example, ' 

a; - 3y = — 1 
4® + 2y = 10 
are simultaneous; whereas 

- 2x — 3y = 3 
4x — 6y = 6 
or 

3a “ y = 5 

4y + 2 =2 

are not simultaneous pmrs of equations. Equations (8) -are not 
simultaneous because they are not independent; the second equa- 
tion of the pair is .proportional to the first. Neither are equations 
(9) simultaneous because they do not involve the same ' two 
unknowns. 

Two simultaneous equations as (7) can yield a unique value of 
X and a unique value of y as solutions. In general terms, n inde- 
pendent linear equations each of which* involves the same n 
unknowns are 'simultaneous and they ’can yield unique values for 
the n unknowns. 

Elimination. The solution of a set of n simultaneous equations 
consists in the successive steps of eliminating all but one of the 
unknowns. The result is the production of n new equations each 
of wluch is a linear equation in a single variable. Equations (7) 

X — 3y = — 1 
4x -I- 2y = 10 

can be solved by the following steps: (1) Multiply all the terms of 
the first equation by the coefficient of y in the second equation. 
(2) Multiply all the terms of the second equation by'the negative 
of the coefficient of y in the first equation. (3) Add the equations. 
The result is 

2x “ 6y =— 2 
12x + 6y = 30 


(7) 

( 8 ) 
(9) 


14x . = 28 (10) 

(4) Multiply all the terms of the first equation by the negative of 
the coefficient of x in the second equation. (5) Multiply all the 
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terms of the second equation by the coefficient of i in the first 
equation. (6) Add the two equations. The result is 

43:-12y=-4 
-ix- 2y=-W 


.( 11 ) , 

Equations (10) and (11) constitute the two new equations each of 
which involves a single unknown. These two simple linear equa- 
tions . , . 

' Ux = 28 

-14y=-14 

yield the solutions 

' fP e= ^ =5 2 

14 


- I4y =-14 


-14 

-14 


= 1 


The operation of solwng a pair of simultaneous linear equa- 
tions may be interpreted in terms of coordinate geometry. The 
two linear equations represent two straight lines in the z, y plane. 
The solution of the equations is a determination of the coordinates 
of the point at which the two lines intersect. 

General Method of Elimination. To display the process of 
elimination more clearly, we should consider a pair of generalized 
-simultaneous equations, that is, literal equations. Such a pair of 
equations is , y t 

, aix + hiij = «i ^2) 

02^ * 1 * bzy — ^*2 

The six steps in the process of elimination having been performed 
successively, the results are 

' 01622; -f 6162*/ = 62^1 

— 02612 ; — h^2y = — 6|fc3 


and 


(0162 — 0261)2; =* 62^1 — bik ^ 
— 01022; — 0261^ = —Ogki 

aiozz 4 - Cibzy ~ 01^*2 


(0162 — a 2 &j)y = “• ^ 2^1 



From which 
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hgfci ” hil'2 
0162 “* <I2&1 


(13) 


y = 


01^2 < 1^1 


(14) 


In these two new equations (13) and (14) we note immediately 
that the denominators of the two expressions are identical. The 
terms of this common denominator are written in correct alpha- 
betical order. When the subscripts arc in correct numerical order, 
the sign of the term is positive, but where the subscripts are out 
of correct numerical order, the sign of the term is negative. 


DETERMINANTS 

The regularities just noted in the general process of elimination 
can be made the basis of a new notation by means of wiuch simul- 
taneous equations can be solved quickly and readily. The com- 
mon denominator of equations (13) and (14) can be written 

^;| (16) 

provided that wo define a set of operational rules such that equa- 
tion (15) is a true equality. 

•This new notation is called a determinant. It is always a 
square array of numbers enclosed by two vertical bars. We denote 
the vertical lines of numbers ns columns and the horizontal 
lines as rotes. Each number in the array is called an element. The 
number of rows (or columns) gives the order of the determinant. 
Titus the determinant 

I Oi 61 1 

^2 I 

b of second order. The operational rules by which the numerical 
value of a second-order determinant is found arc: 

(1) Form all the possible product terms in which there are 
no duplic.'itions of cither letters or subscripts, always arranging 
the letters in alphabetical order. 

(2) If the subscripts of a term arc in correct numerical 
order, the sign of the term is positive; if the subscripts are in 
inverted order, the sign of the term is negative. 
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terms of the second equation by the coefficient of x m the first 
equation. (6) Add the two equations. • The result is 

4x — I2y = — 4 


-14y = -14 (U) 

Equations (10) and (11) constitute the two new equations each of 
which involves a single unknown. These two simple linear equa- 

. - 14x = 28 

-My =-14 

yield the solutions 

* = - = 2 
-M l' 

- ; ■ *' = zi4 = > 

The operation of solving a pair of simultaneous linear equa- 
tions may be interpreted in terms of coordinate geometry. The 
two linear equations represent two straight lines in the z, y plane. 
The solution of the equations is a determination of the coorefinates ■ 
of the point at which the two lines intersect. 

General Method of Elinunation. To display the process of 
elimination more clearly, we should consider a pair of generalized 
-simultaneous equations, that is, literal equations. Such a pair of 

equations is , r t 

_ oiz + hiv = *1 Q2) 

azZ + hzV ~ ^2 


The six steps in the process of elimination having been performed 
successively, the results are 

' a{f)2X -f- h^bzV *= &2^i 

— hihaV = — 61^2 


and 


(ajbz — a^i)z = ^2^1 — hikz 
•^aiCzx -- a^iy — — 02^1 

01O2X 4- ujhsy ui^‘2 


(Ul&2 O^liy “ 01^2 *” Ozki 
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62^1 " 61^2 

X = — 7 — 

(13) 

O1&2 *” O2O1 

Olb2 ■” 02^1 

(14) 


In these two new equations (13) and (14) we note immediately 
that the denonunators of the two expressions are identical. The 
terms of this common denominator are written in correct alpha- 
betical order. When the subscripts are in correct numerical order, 
the sign of the term is positive, but where the subscripts are out 
of correct numerical order, the sign of the term is negative. 

DETERMINAMTS 

The regularities just noted in the general process of elimination 
can be made the basis of a new notation by means of which simul- 
taneous equations can be solved quickly and readily. The com- 
mon denominator of equations (13) and (14) can be written 

= y (15) 

provided that we define a set of operational rules such that equa- 
tion (15) is ft true equality. 

This new notation is called a determinant. It is always a 
square array of numbers enclosed by two vertical bars. We denote 
the vertical lines of numbers as columns and the horizontal 
lines as rows. Each number in the array is called an dement. The 
number of rows (or columns) gives the order of the determinant. 
Thus the determinant 

Ui 6i[ 

I ®2 ^2 1 

is of second order. The operational rules by which the numerical 
value of a second-order determinant k found are: 

(1) Form all the possible product terms in which there are 
no duplications of either letters or subscripts, always arranging 
the letters in alphabetical order. 

(2) If the subscripts of a term are in correct numerical 
order, the sign of the term is positive; if the subscripts are in 
inverted order, the sign of the term is negative. 
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Expanding the above determinant , . ’ 

ftiid 

are possible products, while 

oiht, aia 2 , 02^2 and bibg 

cannot ' be terms since there are duplications of either letters or 
subscripts. Applying rule 2, ^162 is positive while 0261 is negative. 
Hence ■ 


Compare equation (16) with equation (15). The two are identi- 
cal. Therefore we have established that the prescribed opera- 
. tional rules make a true equality between a second-order deter- 
minant and its expanded form. * ‘ \ 

It'is possible to reduce the expansion of second-order deter- 
minants .to a simple mechanical- 
t.2-.4(-3) process. In any determinant of 
second order, the expansion can 
be indicated - by arrows. The , 
product denoted by the heavy arrow (sloping downward) is 
positive, and the product 
denoted by the light arrow 
^sloping upward) is negative. 

Let us now convert 
equations (13) and (14) to * = 

' determinant notation. - 
' • In the common denomi- 
nator, the determinant is 
made up of the coefficients 
of X and y in the order in 
which they occur in the 
simultaneous equations {12). 

The two numerator deier- 
nunants differ from the de- 
nominator determinant only 
in that the column of co- 
efficients of the unknown, 
being solved for in each 
case is ' replaced by the 
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column of known numbers from the right-hand side of the 
^equations. 

Solving Simple Simultaneous Equations by Determinants. 
For comparison let us solve equations (7) by means of determinants. 

i — 3y = — i 

4x + 2y^ 10 

The solution for unique values of x and y is 


-I -3 
10 2 
1 -3 ' 

4 2 


1 

-1 

4 

10 

1 

-3 

4 

2 


(-1)2 ~ 10(-3) 28 

1.2-4(-3) 14 


l-10-4(-l) ^14 
1.2-4(-3) 14 


The answers agree perfectly with those obtained previously by the 
method of elimination. 

Determinants of Higher Order. The general process of 
elimination applied to three simple simultaneous equations results 
in a general method for solution of the three equations by means 
of third-order determinants such as 


Ol Cl 

Q2 62 C2 
<13 ^3 C3 

The operational rules for third- (and higher-) order determinants, 
except for a generalization of rule 2; are the same as for those of 
second order. Thus: 

(1) Form all the possible product terms in which there are no 
duplications of either letters or subscripts, always arranging the 
letters in alphabetical order. 

(2) If the number of inversions of the subscripts of a term is 
zero or even, the sign of the term is positi\’e; if the number of 
inversions is odd, the sign of the term is negative. By the phrase 
number of inversions is meant the number of exchanges of adjacent 
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subscripts that would be required to transform the subscripts to 
correct numerical order. For example, the term 02 ^ 1^3 requires 
the exchange of 2 and 1. The number of inversions is one, an odd 
number, hence the term has a negative sign. Further, the term 
03 ^ 1^2 would require the exchange of 3 and 1 to give ai 63 C 2 which 
requires the exchange of 3 and 2 to give normal order. The num- 
ber of invemions is two, an even number, hence the sign of the 
term is positive. ' 

In the expansion of the above determinant of third order the 
following products are possible terms 

®i& 2 C 3 , o,^\C 2 i U 362 Ci> U 2 & 1 C 3 , and 0163^2 

while none of the other 78 posmble products ' can be terms of the 
expansion according to rule 1. Counting the number of inversions 
in the six terms of the expansion, the results in tabular form ore 


' Tbiui 
QihCi 
■ azhci 
aibiCi 

CzhzCi 

•aibiu 

aihzcz 

Therefore 


Noubbu or iNvsnsioNS Siox 

0 + 

• 2 ■ + ‘ 

. 2 + 

3 

1 

1 . - 


oi bi Cl 

Qz bz ^2 

03 &3 ^3 


= CibzCs -f a3hj<^ + Ozhci — a^bzCi — fl2biC3 — aib^Cz 


The process of finding the possible terms from a determinant of 
third order and coimting the inversions is a cumbersome method of 
expansion. The expansion of any third-order determinant such as 

2 14 

4 5-2 

-2 3 1 


can be reduced to a mechanical process by the following steps: 

(1) Write the determinant omitting the vertical bars. 

(2) Repeat columns 1 and 2 follo^ng column 3. 

* See Problem 7, C3mpter IX. 
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(3) Take the three downward diagonal products (heavy arrows) 
as positive. 

(4) Take the three upward diagonal products (light arrows) 
as negative. The result is 


NXx:/ 

VxW 


i 


5 


3 


The terms are 


2.5'l+l(“2)(-2)+4-4-3-(-2)5*4-3(-2)2-l-4. 1 = 110 

Exactly the same result is obtained by repeating rows instead 
of columns to give 



An alternative method of expanding a third-order determinant 
depends upon the memorization of a pattern of arrows. This 
method is quicker and it po^sses the advantage of direct opera- 
tion on the determinant. If the elements are represented by cir- 
cles, the arrows denote the products in the following diagram. 
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subscripts that would be required to transform the subscripts to 
correct numerical order. For example, the term aj&ica requires 
the exchange of 2 and 1.' The number of inversions is one, an odd 
number, hence the term has a negative sign. Further, the term 
azhiC2 would require the exchange of S and 1 to give aib^Cz which 
requires the exchange of 3 and 2 to give normal order. The num- 
ber of inversions is two, an even number, hence the sign of the 
term is positive. ' 

In the expansion of the above determinant of third order the 
following products are possible terms 

flihgCs, UshiCsi nghaCx, <1362^1, ^26103, and oib^c^ , 

while none of the other 78 possible products ^ can be terms of the 
expansion according to rule 1 . CJounting the number of inversions 
in the six terms of the expansion, the results in tabular form are 

' Term Nru^DEii or Inversions Sion 

oiftjcj 0 . . 

C361CJ 2 4 * 

C2&3CJ . 2 + 

'GjftlCj '1 ” 

1 ‘ “ 

Therefore 

02 12 C2 — aj 62 C ’3 + Osbic^ + a 2 b 3 Ci — — 02^1^2 — 

. 03 63 C3 

The process of finding the possible terms from a determinant of 
third order and counting the Inversions is a cumbersome method of 
expansion. The expansion of any third-order deteniiinant such as 

2 14 

4 5-2 

-2 3 1 

can be reduced to a mccham'cal process by the foliowing steps.* 

( 1 ) Write the determinant omitting the vertical bars. 

(2) Repeat columns 1 and 2 follomng column 3 . 

* See Problem 7, Chapter IX. 
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(3) Take the three downward diagonal products (heavy arrows) 
as positive. 

(4) Take the three upward diagonal products (light arrows) 
os negative. The result is 




The terms arc 


2-5'1+1(-2)(-2)+4.4-3-(-2)5-4-3(-2)2-1.4-1-110 

Exactly the same result is obtained by repeating rows instead 
of columns to pve 



An alternative method of expanding a third-order determinant 
depends upon the memorization of a pattern of arrows. This 
method is quicker and it possesses the advantage of direct opera- 
tion on the determinant. If the elements are represented by cir- 
cles, the arrows denote the products in the following diagram. 
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The heavy arrows denote positive products and the light arrows 
denote negative products. Using the same numerical determinant 
as in the preceding paragraphs . 

'■ ■ ■■ ' ' ■ ■ 

V*=2'S-1+1{-2)(-2)+4*3>4-(-2)5*4-4.1*1-2(-2)3 

None of these three mechanical methods of expansion can be ■ 
applied to determinants of order higher than third. In fact, no 
practicable mechanical procedures are possible for determinants 
of fourth, fifth, etc., orders. The expansion of thew higher-order 
determinants is best performed by the method of minors, advan- 
tage being taken at the same time of some general properties of 
determinants to simplify the given determinant. In cbenucal 
computations it is hardly ever necessary to deal with more than 
three ‘simultaneous equations. Therefore we shall not attempt 
any consideration of these higher-order determinants. Interested ' 
students may consult Fine or Sokolnikoff (see bibliography in the 
Appendix) or any other of the standard textbooks of algebra. 

Solution of Three Simple Simultaneous Equations by Deter- 
minants. ' For the sake of simplicity we shall illustrate with an 
abstract example. . 

3z — y — 2 = ^ 

X — ~ = — 9 

4x + y + 2z = 15 

The general pattern of the determinants is the same os in the 
second-order case. 

S -1 -1 
-9 -2 -3 
15 1 2 

3 -1 -1 
1 -2 -3 

4 1' 2 


~8 -h 45 + 9 - 30 - 18 + 6 _ 4 
-12 -fl2-l-8-f-2 + 9 ^2 



X *= 


2 
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3 2 -1 

‘1 -9 -3 
li 15 2 


-54 -24 - 15- 36 - 4 + 135 
2 



3-1 2 

1 -2 -5 
4 1 15 


-90 + 36 + 2+ 16 + 15 + 27 6 „ 

_ _ _ _ 3 


Simultaneous Stoichiometrical Equations. In many instances 
a sample for quantitative analysis mil contain several constituents 
which are very similar in chemical behavior and hence are not 
readily separable for individual determination. Recourse is often 
had to an indirect method of analysis which involves n simultane- 
ous equations when there are n of the similar constituents. The 
resulting simultaneous equations may be solved readily by means 
of determinants. 


Example. A mixture of AgC! and AgBr weighed 8.1525 g, and the 
weight of pure Ag obtamed from the mixture was 2.0314 g. \^at were 
the weights of the AgCl and AgBr in the mixture? 

First, two equations must be formulated. Let 


Also: 


and 


Therefore: 


* weight of AgCl , 
y « " " AgBr 

« + y « 3.1525 

X = weight of Ag from x g of AgCl ’ 

107.8S „ 

y jgfgQ ” weight of Ag from y g of AgBr 


Which becomes: 


107.88 107.88 

® 143.34 ^ 187.80 


= 2.0314 


0.75262 X + 0.57444;y « 2.0314 
» +I . y “ 3.1525 


2.0314 

0,57444 

0.75262 

2‘.0314 

3.1525 

1 

1 

3.1525 

0.76262 

0,57444 ’ 

0.75262 

0.57444 


1 

1 

, 1 
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^ 2.0314 X 1 - 3.1525 X 0.57444 

* ■ 0.7S262 X 1 -.1 X 0.57444 
^ 0.75262 X 3.1525 - 1 X 2.0314 

- ■ “ 0.75262 X 1 - 1 X 0.57444 

2.0314 - 1.8109 0.2205’ 

* 0.75262 - 0.57444 0.17818 

2.3727 - 2.0314 ■ 0.3413' 

^ " 0,75262 - 0.57444 ^ 0.17818 

■ The sum of the calculated weights of the salts (3.1530) does not 
agree with the observed weight (3.1525). This is another anomaly 
often observed in evaluating the significance of figures. The result 
of subtracting two five-figure terms leaves a four-figure term, 
thereby detracting from the significance of the fourth figure in the 
result. It is customary, however, to carry five figures throughout 
the calculation and to regard the error as inherent in the computa- 
tion of results from indirect methods of chemical analysis. 


= 1.2375 
1.9155 


QUADRATIC EQUATIONS 

An equation is termed a quadratic in a single viiriable when it 
contains a single unknown rmsed to a power not higher than second. 
In other words, the unknown may be present both squared and to 
the first power. Any quadratic equation in a single variable s 
may be reduced to the form 

■i'bx + c = 0 

and from the equation in just this form, the coefficients a, b, and c 
are obtained for substitution in the formula we shall derive. 
Rearrangement of the preceding equation gives 

car* + 6x =* — c 


how multiply through by 4a 

4a*a^ + 4abz *= — 4ac 
and add 5* to each side 

4oV + 4a5ar + 6® = 5^ - 4ae 
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Inspection reveals that the left side of the equation is a perfect 
square, or: 

(2flX + b)* = 6® — 4ac 


Taking the square root of each side: 

2ax + 6 = ± — 4ac 

Solving for x gives . 

— 6 ± "Vb* — 4ae 


(17) 


This formula shows that therc*are two possible roots or values of x. 
To obtain the two roots, separate the equation into the two possi- 
ble combinations of signs, thus: 




— b 4- Vb^ 4ac 
2a 


^2 


— b — Vb^ — 4ac 
2a 


In chemical computations: (1) roots involving the square root 
of a negative number, i.e., when the term (b* — 4ac) has a nega- 
tive value, could have no signihcance, and (2) inspection of two 
real values will usually show immediately which is a possible value 
and which is an impossible one. 


Example. Formic acid ionizes according to the equation: 
HCfIOi^H+ + CHO:- 
and the ionization constant is ^ven by 

Ktio.1 “ » 2.14 X 10-< 

v/ncnoi 

What is the 11^ ion concentration in a 00120 M solution of formic acid? 
Let X " Cii* ■■ Cenoj"* Then 


2.14 X 10** • 


0 0120 - X 

Expressed in the con\*cntional quadratic form 

1* 4 2.14 X lO^x - 00120 X 2.14 X 10-< - 0 
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■ b = 2.14 X lO-* - . - ' , 

•c 0.0120 X 2.14 X I0-< 2.S7 X 10-‘ 

^6 ± Vi® — iac 
- * “ 2a . 

X = ^ V(2.14 X 10-‘)® - 4 X l(-2.57 iTIo^) 

— 2X1 ^ ^ 

J. _ -2.14 X 30-^ ± V4.58 X 10~‘,+ 10.27 X 1Q-* 

2 ■ , . 

-2.14 X I0~< ± V 10.32 X 10-‘ 

a; as — 

2, 

■ ' -2.14 X 10-* ± 3.21 X 10-» 

* 2 

Si « 1.50 X 10-* 

- =-1.71X10-* - , ■ ' ' ■ • 

Obviously.a negative value for the H+ ion concentration is meanipgleas. 
The correct answer is therefore: 

Cr* 1.50 X 10“*gramic>aperUter 


This method of solving the quadratic in a single variable is 
perfectly general. The student of chemistry need have no mis- 
givings if terms under the square root radical give a negative value. 
In such cases the answers would be imaginary numbers and the 
proper conclusion (in a chemical problem) is that he had better 
check the preceding work, since only real values are answers to the 
problems that chemists now solve. 


• EQUATIONS OP HIGHER DEGREE 

Several general methods of solving the cubic equation have been 
worked out, and these may be found in almost any advanced text- 
book of algebra.* Algebraic solutions of equations of higher degree 
than fourth have not been evolved exwpt in certain rare instances. 
For equations of higher degree than the quadratic, the chemist 

* Mony methods have been proposed for the solution of the general cubic 
ec^uatioo, the classical one being that of Cardan. An excellent method is that 
of Oglesby, Am. A/c/A. JUontJily, 53, 321-323|1923). 
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almost invariably resorts to one of several approximation methods 
that are capable of yielding answers correct to the desired number 
of significant figures. Several of the most useful of these approxi- 
mation methods will be presented in the next chapter. 


PROBLEM SET VH* ' 


1. From the reaction expressed by the following equation 
Co(CHiCOO)j=CaCOj + (CH,)jCX) 


calculate the weight of (a) calcium carbonate and (b) acetone yielded by 10.435 g 
of calcium acetate. 

2. Solrc for x in the following: 

(a) 2.39Z +.1.42 - 0.698x - 0.0236. 


(b) 


0.5000 


299.8 3G0.5 • 

(c) + 3.68 - 0.629X* « 

' (<f) 3.47ic - 8.180 - 0. 


3. A solution contained only NH4CI and KCl. Upon precipitation with 
chloroplatioie acid, the precipitate of (NIDsPtCU and KsPtCU weighed 
0.2141 g. After ignition, the residue of Pt and KCl weighed 0.1433 g. Com- 
pute by means of detenninanU the weights of the two chlorides in the original 
solution. Ilini: The reactions involved in the ignition are: 

CNHOiPlCl, -2mi,* +2nCTl +2Cl3^ +Pt 
K:PlCU - 2Ka + 2Cl3^ + Pt 


4. Solve by means of determinants: 

2i + y-4 

6r + v - 0 

6. Solve by means of determinants: 

z+2y-4x-8 
3z +j, + r « 12 
X + y — 5r - 2 

6 . A mixture rontalning only CaCOj and MgCOi weighed 0.8739 g. After 
ignition the resulting mixture of CaO and MgO weighed 0.4510 g. By means 
of determinants solve for the percentage of the two substances in the original 
mixture. 

7. In the method of Roberts* for the simultaneous estimation of nitrates 
and nitrites, the following reactions occur: - 

2nNOi + cna + ^tnal - 2 No + sCTj + 4H,o + mdOj 
2HNO, + 2na + Mnas - 2NO + Qj + 2n:0 + MnQi 


• Additional uses for determinants will be found in Chapter XI. 
•An. J. Sd., 13) 45, 231 (1693). 
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The liberated chlorine is passed through a solution of potassium iodide, and 
the iodine set free is determined by titration. The Tolume of nitric oxide is 
measured and its weight computed. 

The resulting simultaneous equations are; 


3Ia • Ii 

*2HNOj -‘'sHNOj 


= weight of Is 


NO NO 
■®HN03‘^*'hN02 


weight of NO 


where x is the weight of nitric acid and y is the weight of nitrous acid originally 
present. In one experiment, a solution containing a mixture of the two acidc 
produced 0.3903 g of iodine and 0.0607 g of nitric oxide. Solve by means of 
determinants for the weights of nitric and m'trous acids present. 

’ 8. In the anali^is of gaseous mixtures of C^i, CsHj, and C«Hj, the 

foUowing equations * must be solved. -The values a, 6, and e are gas burette 
readings. 

x+y-^-g « c 
2r + 3y + 6r s* 6 
4- 2.5y + 2,5r = e 

By means of determinants, solve for x, y, and t. 

9. Solve for s in the following quadratic equations: 

(o) 1 . 23 ? - a: - 1.2 » 0. 


(6) + 2® = - 30. 

(c) - 6.08670r + L125 X 10“^ = 0. 


10. For the secondaty ionization of sulfuric acid, 


Eton 


Ch* X Cbo~ 
CnsoT 


3X10-* 


Calculate the pH of a 0.01 M solution of NaHS04. Assume the salt to be 
completely dissociated into Na'*"ions and HSO4” ions. Hinix To obtain t e 
value of Ch* it is necessary to solve for x in the quadratic, 


x-x 

O.OI - x 


3 X 10-* 


* Roscoe and Schorlemmer, Treaiiae on Chtmulry, First Edition, Yob !» 
•p. 704, Macmillan, London, 1878. 



CHAPTER IV 


APPROXIMATE METHODS OF SOLVING EQUATIONS 

Approximation is sometimes defended on the ground that it 
provides the only knowledge that can be obtained; that the 
choice is between the approximate knowledge and none at all; 
and that some knowledge is always better than none. 

— N. R. Campbell. 


Very often, in the solution of chemical problems, the number of 
significant figures in the original data does not warrant the labor 
required for an exact algebraic solution. Then, too, equations are 
often encountered which are too complex to be solved by the 
majority of chemists, and there are even equations that the mathe- 
matician cannot solve. Resort must then be made to appronmate 
methods. 

Method of Neglecting Small Added or Subtracted Quantities. 
In problems invol\ing applications of the law of mass action, 
expressions of tlus type often arise: 



m — « 


in which x is small compared with m. If we assume that x is so 
small that m — a; is approximately equal to m, then the expression 
may be written 


- = K 


m 


or 



Example 1. For purposes of comparison, let us solve the example on 
ionization equilibirum used to illustrate the solution of the quadratic 
equation (page 49). Upon substituting the known values in the general 
expression we obtamed; 


2.14 X 10-^ 


2* 

0.0120 - 2 
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If we assume s negligible in comparison .with 0.0120, the expreaion 
becomes 


and 


X = ^0.0120 X 2.14 X 10-* = V2.67 X 10'» 
X = 1.60 X 10-> 


The answer obtained by the quadratic solution was 1.50 X 10”*. The 
approximate method yields an answer which agrees within 6.7 per cent. ' 


1.60 - 1.50 


XlOO 


6.7% 


Method of Successive Appronmations. If a higher degree of 
accuracy is desired than can be obtained by the preceding method, 
an extension of the method may be applied. By substituting in 
the expression the approjdmate value found by neglecting the 
small added or subtracted quantity, a closer appro-ximation can be 
secured. Repetition of the process will eventually produce ah 
answer that agrees exactly with the value from the preceding 
approximation to the desired number of figures. -This answer will 
be the correct one, and no further manipulation will chan^ the 
result. 


Example la. To continue with the example of the last aection, let us 
denote the answer 1.60 X 10“* as zi or the first approximation. Then - 

4 


from which 


2.14 X 10 ‘ - 1, “ 0.0120 - 0.00160 

xl = 2.14 X 10-* X 0.0104 
Ii = V2J!3 X 10-« 


l2 = 1.49 X 10-' 
For the third approximation; 

2.14 X 10-* * 


0.0120 - 0.00149 
x] = 2.14 X 10~* X 0.0105 
X, = V2.25 X 10-* 
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As a fourth approximation: ^ 

2 1 d V 1 ss 

^.i‘± A lu - 0.00150 

3^ = 2.14 X 10-* X 0.0105 
X, = V2^5 X 10-' 
xt = 1.50 X 10-> 

-The third and fourth approximations pve the same answer, and it is also 
seen at once that this is the correct answ-er according to the exact quadratic 
method of solving. 


Often an expression is in sucli.a form that inspection will show 
whether the first approximation is too large or too small. An 
according adjustment of the approximate value before solving for 
the next approximation may save several steps in securing two 
successive answers that agree. In the foregoing example, in mak- 
ing the first approximation ■ ' 

2.14 X 10*^. = 

0.0120 - X 


by neglecting the subtracted x, the answer is obviously too large. 
It is readily apparent that, if we had diminished the value 
1.60 X 10“^ to 1.55 X 10“^ or 1.50 X 10"®, fewer steps would 
have been necessary to secure the correct answer. 

Method of Graphical Approximation. Graphical treatments of 
data are, roughly speaking, about as accurate as 10-inch slide-rule 
computations. When it is desired to solve an equation within this 
degree of correctness, the equation can be transposed to a general 
form such os; 


( 1 ) 


OX” + 5x -h c = 0 


(2) c log X = 0 

or, stated more generally, 

/(x) = 0 

which means simply that x is the variable in an equation. We can 
also state . 

y = /(*) 

meaning that, when a value of x is substituted in the equation, it 
will become equal to something which we call y. By definition; x 
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is the independent variable and yis the dependent variable, because 
the value of y depends upon the random choice of a value of x. 
Combining all these postulates into one statement, we have: 

y=f(x)j=o 

If in the equation a value of a: is substituted such that y = 0, that 
value of a: is a correct solution of the equation. TVe can make a 
graph of the relation y = f(x) by taking successive values of x and 
solving for corresponding values of y. It is convenient to tabulate 
the results in a form of this sort: 


X 

y 

Xi 

/fe) 


/(ij) 

xz . 

/to) 


Then the graph is prepared by plotting values of y as ordinates and 
corresponding values of a; as abscissas on rectangular (Cartesian) 
coordinate paper. When the best possible smooth curve is drawn 
through the points, the' roots of the equation arc found by locating 
the values of x at which the curve cuts the z axis. This agrees 
with the previous statement of the problem because, along the 
z axis, y = 0. The chief advantage of this method -is that simple 
integral values of z may be chosen to make the computations much 
less tedious. Usually a general knowledge of the physical quan- 
tity involved will dictate the proper range of values of x to be 
chosen. 

Example S. The behavior of gases is closely approximated by van der 
Waals’ equation: 

For nitrogen the values of the constants a and h are 1.26 X 10* and 47, 
respectively, when pressure is expressed in atmospheres and volume m , 
cubic centimeters. Let us compute the volume occupied by 1 mol ot 
Nj at 27“ C (300“ A) and 80 atmospheres pressure. 

First rearrange the equation to the form of a polynomial io»F. 

\p / p p 

Substituting the known values of a, b, p, T, and R (82.07 cc— atm per 
degree) there is obtamed; 

r = p« _ 355|7X + I5,760r - 740,250 
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For a first approximation let us find what volume the Nj would occupy 
if it were a perfect gas. We can (»lculate from the ideal gas law; 
vV = nT ■ ■ 


82.07 X 300 
80 


308 cc 


As Vi we shall take 300 and solve for 7. 

Yi = (300)3 _ 355 (300)2 ^ 15^750 (300) _ 740,250 ' 

7i= -965,250 
Next tiy 305 as Fa 

Yi = (305)3 - 355 (305)3 ^ 15^50 (305) - 740,250 • 

Yi =-587,750 

Taking successive values at intervals of 5, one obtains the following table: 


V 

7 

300 

-065,250 

305 

-587,750 

310 

-182,250 

315 

+251,000 

320 

+711,750 


A graph may now be prepared on rectangular coordmate paper; we shall 
'plot V as abscissas because it b the independent variable, and Y as 
ordinates because Y depends upon the value of V chosen. By Cartesian 
convention, positive values of Y will fall above the V axis and negative 
values below. Fig. 3 shows the plot of the points and the best smooth 



^rve drawn through the .'points. The curve cuts the V axis at 312.1. 
Hence, when V — 312.1, 7 = 0, within the accuracy of plotting. 
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is the iodepeadciit variable and p is the dependent variable, because 
the value of y depends upon the random choice of a value of x. 
Combining all these postulates into one statement, we have: 

y^f(x)j^0 

-If in the equation a value of x is substituted such that y * 0, that 
Value of ar is a correct solution of the equation. We can mate a 
graph of the relation y »= f(x) by taking successive values of x and 
solving for corresponding values of y. It is convenient to tabulate 
the results in a form of this sort: 


X 

V 

Xi ' 

/(*.) 

X2 

f(.xt) 

Z3 



Then the graph is prepared by plotting values of y as ordinates and 
corresponding values of « as abscissas on rectangular (Cartesian) 
coordinate paper. When the best possible smooth curve is drawn 
through the points, the' roots of the equation are found by locating 
the values of x at which the curve cuts the x axis. This agrees 
with the previous statement of the problem because, along the 
X axis, y == 0. The chief advantage of this method -is that simple 
integral values of x may be chosen to make the computations much 
Jess tedious. Usually a general knowledge of the physical quan- 
tity involved will dictate the proper range of values oi x to be 
chosen. . 

Example S. . The behavior of gases is closely approximated by van der 
Waals' equation; 

(p+-^yV-l)^RT 

For nitrogen the values of the constants a and h are 1.26 X 16* and 47, 
respectively, when pressure is expressed in atmospheres and volume m 
cubic centimeters, I<et us compute the volume occupied by 1 mol e* 
N* at 27'’ C (300° A) and 80 atmospheres pressure. 

First rearrange the equation to the form of a polynomial in'F. 

\p j p p 

Substituting the known values of a, b, p, T, and R (S2.07 cc— atm per 
degree) there is obtained; 

r » - 355F» + I5,r6QK - 740,250 
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For a first appiosimation let U3 find what volume the Ni would occupy 
if it were a perfect gas. We can calculate from the ideal gas law; 


pV ^ 
V « 


RT 
82.07 X 300 


: 303 ce 


As Vi we shall take 300 and solve for V. 

I'l = (300)* - 355 (300)* + 15,750 (300) - 740,250 ' 

Fi =-965,250 
Next try 305 as Vj 

Fj = (305)* - 355 (305)* + 15.750 (305) - 740,250 
Fj =-687,750 

Taking successive values at intervals of 5, one obtains the following table: 


V 

F 

300 

-965,250 

305 

-587,750 

310 

-182,250 

315 

+251,000 

320 

+711,750 


A graph may now be prepared on rectangular coordinate paper; we shall 
•plot V as abscissas ^causo it is the independent variable, and Y as 
ordinates because F depetids upon the value of V chosen. By Cartesian 
convention, positive values of F will fall above the F axis and negative 
values below. Fig. 3 shows the plot of the points and the b^t smooth 
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tte-TwinU. The curre cuts the T axis at 312.1 
Hence, when 1' - 312.1, r = 0, iritlun the eecuraey of pIottinB. 
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Newton’s Approximation Method.' Newton developed'- a 
method for solving equations that is applicable to all types of 
equations, and the accuracy obtainable is limited only by the per- 
sistence of the ■ computer. A 'few exceptional cases cannot be 
handled by Newton's method, but hone of these is likely to be 
encoimtered by the .chemist. Although the operations are purely 
mathematical, a graphical interpretation serves best as an intro- 
ductory explanation. The preceding section has shown how it is 
possible to plot a graph for a general equation expressed ssy - f(x). 
Any equation of this type can be' graphed in the same way.* Our 



object is, as before, to find the value of y most nearly equal to zero. 
Suppose the equation to be solved gives a graph like ABCD in 
Fig. 4 . Suppose also that the first approximation xi (obtained by. 
any one of the several devices already described) pves the value 
yi shown by point C. Next draw a tangent to the curve at C, and 
extend the tangent to intersect the x axis at k. It is apparent that 
the length Ok gives a new value X2 which would'correspond to 
point S on the curve and more nearly approximate the condition 
of maldng y equal to zero. Let us then evaluate X2 in terms of xi ^ 
Ok * X2; On *= xi 

. = tan A Ikn 

kn 

* An excellent treatment of Ibe gropMng of tbe most frequently encouO" 
tcred types of equations is given in Chapters IV, V, and VI, in Daniels; Malhe- 
matieal Preparation for Physical Chemislry, McGraw-Hill, New^^York, 1928. 
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From the fundamentardefinitioas of differential calculus the slope 
of the tangent to a curve at any point is given by dy/dx. 

Hence 

tan / Ikn = ^1 


But 




Therefore, 


Cn*= Om “ yi 


hn 


Vi 

dy\ 

dx\ 



vj) 


But 

ez Xi — /bn 


whence 

II 

\ 

(1) 


dx\ 



oUfi, Vi) 


The differential coefficient — is often denoted by/'(x). In keeping 
ax 

with this convention 


'dx 


'-I'M 


Further, our general equation was expressed as 


from which 


V = /W 
Pi “/(xi) 


Making these substitutions in equation (1) results in 




Xi ~ 


/(xi) 

rM 


(2) 


now have o means of calculating from a first approximation xi 
a belter approximation xj. A repetition of the process substitute 
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ing xz for in the right-hand ride of equation (2) gives a stiU 
better approximation 0:3. 


xa « - 


IM 

/'W 


This repetition can be represented graphically by drawing a tan- 
gent to the curve at B. The point of intersection of the new tan- 
gent with the a: axis gives the vriue of X3, which will come even 
nearer making y equal to zero. 

The accuracy that can be obtained by continued repetition is 
unlimited. In practice, approximations are continued until suc- 
cessive answers agree to the number of significant figures dictated 
by the origami data of the problem. 

Newton^s method provides a purely anal3dical procedure for 
approximating, as closely as is desired, the solution of all types of 
equations. Kot every equation, however, can be treated success- 
fully by this method. If a graph of the function 'shows a roari- 
mum, a minimum, or a point of inflexion near its intersection with 
the X axis, succeeding approximations will be worse rather than 
better. • It may be reiterated that ‘this type of function is rarely 
encountered in the mathematics of chemistry. 

Example S. Solve the equation 

X ® Slog* . ‘ 

to five significant figures. 

First, transpose the expression to 

X — 81ogx = 0 

The condition sought i5 

fix) « a* — 8logz «= 0 

just as in the example already discussed under graphical approrimalion. 

As a first approxunation' we shall substitute a few simple, integial 
values of x. Taking x 1, 

• /(z; = 1 - 0 = 1 

Takings = 2 

. /(r) = 2 -- 8 X 0.30 «= - 0.4 
The value of x sought lies between 1 and 2. Compiling a table, 

* /(*) 

2 2 
1.5 0.09 

l.C -0.03 

2 -0.4 

Therefore we shall choose, as our first approximation, xi •* J.55. 
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To apply the correction formula (2), we must obtain /'(x). Since our 
equation involves a Briggsian log, we must convert to a Napierian log, 
thus 


/(x) z - 8 X 0.43429 In z 
from which 

.... , 8X0.43429 

m = = 1 ; — 

Substituting in equation (2) 


Xi « 1.68 - 


1.58 8 log 1.58 


1 


8 X 0.434 


Z2 


1.58- 


1.58 - 1.5893 

1 - 2.2 


1.58 - 0.0077 


xj = 1.5723 
Repeating the process 

X 3 - 1.5723 


xj « 1.5723 
ij = 1.5723 

Here it is seen that the first application of Newton’s formula using a three- 
figure approximation gives the correct results to five figures as shown by 
the exact agreement of zj and Z 3 , The computer, however, will not 
always be so fortunate. 


1.5723 -Slog 1.5723 
8 X 0.43429 
1,6723 
1.5723 - 1.5723 


1 - 2.2 


1.5723 - 0.0000 


Example 4- Young’s * empirical equation 


T' * r + 


144.86 

2MOl48Vf 


expresses the relation between the boiling point (T) of a given homologue 
and the boiling point (T’) of the next higher homologue of the series, 
where temperatures are expressed in degrees absolute. When a value of 

T is given from which t *- T' *■’ “* •• •— ’ 

arithmetic. However, gi'. ; ... 

heptane, CtHh, is 371.30® ■ ■ ' . 

’ S. Young, Phil. Maff , 9, 1-19 (1905). The equation holds better for sat- 
urated hydrocarbons than for any other series. 
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CsSu, presents a problem ^rhicb is not solvable by an'aigebraic formula. 
The equation 

. 371.30 = T + 5i^ 

can be solved* by first transposing to pve 
371.30- 7’=- 


and taldng logs of both sides 
_ log (371.30 - T) 

We next set the condition 

/CD = log (371.30 - T) - log 144,1 
Differentiating, one obtains ■ 

-1 


yooHsvy 
log 144.86 - 0.0148 VT log T 

+ 0.0148VflogT = 0 


/’(T) = 0.43429[ 
which becomes 

/'CD ='• 


371.30 - T 
0.43429 


-f0.0148(v7’i+ln7’j^)] 


0.0148 


^0.43429 + 


371.30 -T VT ‘ 2 ‘ 

According to the generalizations of Kopp^ and other early phj’sical 
chemists, we should expect in this case a difierence in boOing points of 
about 30^ ' Let us take 342^ A as a first approximation. Then 

m '->42 tog 29,3 - log 144.9 + 0.0148 Vg42 log 342 
* “ 0.434 . 0.0148 /. ... , log342 \ . 

1.4667 - 2.1611 +0.6936 


Ti = 342 - 


* 341.94 


- 0.1483 .+ 0.00136 
Taldng 341.94 as a second approxunation, the next step gives - 

log 29.36 - log 144.86 + 0.0148 log 341.94 


Tz ^ 341.94 - - 


0.4343 . 0.0148 


,(o.. 


Tz « 341.94 


29.3G V34L94 

1.46776 - 2.16095 + 0.69349 


0.4343 + 


log 341. 


2 




= 341.91 


-0.01479 + 0.00130 
Further applications of Newton's formula would be expected to produce a 
final result that differs by not more than +1 in the second place of decJ- 
* The condition: 

if>(T) « r - 371.30 + 144.86 = 0 

could be set and tbe problem worked using this form. However, the differ* 
entiation involved in obtaining ^'(7J would be much more difficult than with 
the log equation. ’ - 

« Smiles : Chemical Constiluiion and Phytical Properties, Chapter VH, Long- 
mans, Green and Co., London, 1010. 
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1. TT,** rxlculitjon cf lb#* lijilrr'cnj.lrtn «vr.iTn?rst»nn in » I.M.U *o3'4!loa 
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40 X 10“^ 


jtOW/t-t- y) 
1.00 -r 


(nMurrirs cwnplfte dj^vuthja rf the KMiNOiV F»'Ire for x by r4ffr- < Hrp 
xppnjumiiit'R*. 

3. To * >a!'jtlpn ronlafRinc 0002.* pTija lr>o prt IitiT rf Tl* t'^, CN‘5”t''ns 
wr to the rtt^’tsl of 0 4S eram r»!riSiir»n t/ tl;« 

nmoynt cf TSQ that tnn»t tar«?Al4t»h r<;tti3ihriym »frnrd.r< to ibo 

Kilubllity*prodafl jrrinpip!'' rr^jalrr^ the »r.Jatkm r.f the rvpajtiro: 

(0(mj -x)(nis -x) - 1.4 X 10“^ 


Wtr for X by r4rrr»*liT Bppmiitr.atto*:*. 

S. In » »tuily of If.e fi'im la w4»v»l In tbr ilittnlxatloa 

cf beaioic ftdJ Urtirrffl r»trf •r.i! tl.i« rqusUen * ocrurt, 


Cirw; 


,, (r.fi - 

-CVCI -«) 

K • OCeVi* Ct - 00«C3; C| • 0 irW; I •• O.TOO 
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i^s ;• - ujw - - 1 Oil K r 
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tnnprraturf, T (in tir^frra alrolute), for r-toI'iMltnr. Thr true i«Qtax point 
b th.\t tenjperatuTT at whlrh the rajor yrr^'air ir TCA mm. Determine the 
boiling jiotDl of Mnlaidine by graphind approtimatJon. 

6. &lrc the foUoiring oquatloa for Q by Kr^rton’a rertbod: 

4.52 0 • J.Wa'^ 

6» The rymbolr la the cvjiutfoa* for w-toluldlne 

losP - i8.toi3 -3;!:alo)!r 

hsTc the Mnie lignificanee ai In the equation of Problfm 4 abore. By 
Kortoa'a method, aotve for the Ifoillng point of n»tf>hiIJine. 

* Taylor and Taylor: fT/mentery PAytfml Chemitlr]/, Second HdittOQ 
Pp. 37S^. Van Xojlrand, New York, 1037. 

'Berliner and May,/. Am. CA<m.5oe.,49, 1007-11 (1027). 



CHAPTER V 


INTERPOLATION AND EXTRAPOLATION 

As a science grows more exact it becomes possible to employ more • 
extensively the accurate and concise methods and notation 
of mathematics. 

— G. N. Lewis and M. Randall. 


LINEAR INTERPOLATION 


It very frequently happens that tables of data or tables of 
numerical figures are ^ven at fairly large intervals in the values 
of the independent variable. When it is necessary to know an 
intermediate value no trouble is involved in finding it by the sim- 
ple method of similar triangles (sometimes called the rule of pro- 
portional parts) as long as the value is a linear function of the 

independent variable. 



When the function is 
not linear, the similar 
triangle method can 
yield* only a rough 
approximation. The 
determination (either 
arithmetically or graph- 
ically) of the required 
value of a varying 
quantity, of which cer- 
tain particular values 
within the range are 
already known, is called 
interpolation. 


Graphically the simple Unear case is represented by I^g- S. 
The triangles ahe and ode are similar, hence 

(i) 


oc : oe s= c6 ; ed 


MNKAIl lNTi:urol.ATlON' 


nri 


flr « yj ~ 7, 

fii - - V- 

td ^ pj-^ ps 


It follows l!mi: 

7k - n Vk - Vs 

(2) 


u - 7, y/ - f/4 

from which 

. iX4 - , 

Vi •" y* -f- . ^ . fyi - Vt) 

(3) 


Ix;uMion ( 3 ) n !»y mmni nf wliirlj l!»p vnlijp of y for- 

n^'pomiinR (o n vn!tj'* at i f<rntcrn |«ti ofhrr Vn](i''< ftrul 
for 1/4 nml Pi ftrr knn^-n, f.in l»o c«»nipnlf<l. 

To p^rfonii nn Invon^o fi.r., fini! t)to \*nlu{* of 7 

x\!jfn fit! Inlrnnwlbtr valuf of y kijotrtO, rrirmnyT rqualion (2); 

, (Vi ~ I.'-) > 

7rf •* ^< + — - in - n) (0 

(y» - y*) 

A of tJ.f rirnjmforrnrr'* rf rirrlo* of p'Tn r^flu l« 

follows; 

lUfurn (f) CiRrrwrttttxtT (O 

\ c?s 

r Ki? 

3 l«Vi 

4 2513 

5 31 41 

Hnd tlic rircumfrrcnpp of « cifrlc of nnliu« 3J1. 

Cji - 1S^15 + 03(G^S) 

C, I - ISX'. + - 20.73 

^ To illustrate inverse Inlerjiolation, Jel us fintl the railius of a circle the 
circumference of s\hicli Is 15.71. 

(CiiTl — Cwu) 
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INTERPOLATION AND 'EXTRAPOLATION 


r.s,i = 2.0 + 1^ (1.0) - ' , 

fu.?! = 2.5 

We know that the circumference of a circle is a Imear function of the radius. 
C =« 2;rr 

shows that the equation is of the general type for a straight-line function; 

' y — h mx . ■ 

Here the constant b equals zero and the slope m equals 27r. 


KON-LINEAR INTERPOLATION 

When the function is not a linear one it cannot be represented 
by a simple equation of the straight-line type. . Fig. 6 shows the 

error that would be . 
introduced if the ride 
of proportional parts 
were used for. interpo- 
lation. Instead of the 
correct value yd cor- 
’responding to .Xd, the 
erroneous value y, 
would be obtained by 
the method of similar 
triangles. Under such 
conditions the values 
of y might be plotted 
against corresponding 
values of x and inter- 
mediate values read 
directly from the graph. The accuracy attainable with graph- 
ical methods is limited, and oftentimes the chemist has not at 
hand the materials for such a graphical construction. It vrill be 
well,’ therefore, to consider an analytical method of interpolation 
for functions of all degrees. 

Pol 3 momials. Our general interpolation method is due to . 
Newton,' and it is based upon the elementary principles of the 
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calculus of finite differences.'^ First we must consider a demon- 
strated fact of mathematics, namely, almost any function may be 
represented to a fair degree of accuracy by a polynomial equation of 
the t>'pe: 

Vx ~ f(x) = a + + + + •** + mz” (6)'' 

For example, the coefficient of linear expansion of a substance is 
usually represented by 

I = a + bi 

Also, specific heats are represented by such equations as 
Cj. = a + fiT + yT^ 

When data have been tabulated, it usually means either that the 
exact theoretical form of the function is unknown or that, if known, 
it is too complex for ready computation. ' Lacking better informa- 
tion, we have to assume that the data under consideration can be 
represented within the required accuracy by a polynomial. The 
highest power to which the independent variable appears gives the 
degree of the polynomial. The* equation 

C;, « o - + dx3 

» a third-degree polynomial. 

Differences. If the data arc given with a constant increment 
between successive values of the independent variable, we may set 
up a table and take differences between successive pairs of values 
of the function. 

* The word “calculus” denotes s ^■Bferostized branch of mathematics and 
i* not restricted to the mathematics of inflnitcsimals or of integrals. Its 
source U the Latin eoZcufi, which means “stones” or “pebbles." The name 
wose from the us© ©f pebbles on the counting boards (abaci) on which the early 
Ho^n arithmetic was performed. There ore many varieties of c.aleulas, such 
as differential calculus, integral calculus, calculus of \Tmation5, calculus of 
finite differences, calculus of operations, and vxetor calculus. 

It Was Sir Isaac Newton (1012-1727), regarded ns foremost amoiu: mstbe* 
matldans and scientists of all time, who evolved the methcnl^ and 
Uoaa of the calculus of finite differencea. It lemaineil, howewr. f>»r a vd 
Newton, Brook Taylor (l&Sl^I73!), to eystematire and to wt.aWoh tb.' 
orous proofs of this calculus. The first eomprehctisuT* tn'atiw on tV* 
yw published in 1717, Traile du ealeui des digirenccs finit*, by 
(16S3-17S3). For more recent works consult the 1" tW Vyiv.**- 
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X 

Ux * 

A17* 

- A^C^, 


0 

0 

1-0 = 1 



1 

1 

4-1=3 

3-1 =2 

2-2=0 

2 

4 

9-4 = 5 

6-3=2 ' 

1 

II 

O 

3 

9 

16 - 9 = 7 

7-6 = 2 



4 16 

A means the difference between a pair of values, is the same as 
A(A) or the difference between successive differences, etc. Here 
it is seen that the column of second differences (A®) is constant 
and the third differences are therefore zero. The preceding table 
consists of values of J/* = that is to say, it is a second-degree 
equation. 

Consider next a table of values for = 2 + ^ 


X 

Ux 

Ai;* 

A*(7, 

A»C^* 

i<U, 

' 0 

2 

4-2 -2 




1 

' 4 

12-4-8 

8-2 = 6 

12-6-6 


2 

12 

32-12-20 

20 - 8 = 12 

18-12-6 

6-6-0 

3 

32 

70 - 32 = 38 

38 -20-.18 

24-18-6 

6-6-0 

6-6-0 

■ 4 

70 

132 - 70 - 62 

62 - 38 = 24 

30 - 24 - 6 


6 

132 

224 - 132 = 92 

« - 62 « 30 



6 

224 





This time the tWrd difference is constant, 

and the polynomial is 


of the third degree. 

Now let us take the table of circumferences and radii from the 
example on page 65; • 


c 

&C 

A^C 

6.28 




6.29 


12.67 

0.28 

0.01 

ISAS 

6.28 

0.00 

25.13 




4 
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The column of first differences is constant (Rule 2 for significant 
figures), and this is an example of a first-degree polynomial. Upon 
the basis of the three cases considered, the conclusion might be 
drawn that the degree of the polynomial dictates which difference 
will be constant. Actually, this conclusion is entirely true and is 
readily susceptible of proof with a polynomial of any degree. In 
all the preceding tables, the independent variable is given at inter- 
vals of 1 unit. The interval may be any value (h) so long as it is 
constant. A generalized difference tabic will appear thus: 


X 

u* 

At;* 


A*U» 

a 


AUa 



a -{• h 

U^+h 

AUa+k 


A*Vc 

0 + 2A 


AUa+tk 

AWa+h 


0 + 3A 






From the table it is seen that » 

= AUa+h - AU* 

= A’-'Uo+a - A’-^Ua (6) 


and 

or in general 


Operators. We must introduce a new symbol which represents 
the operation of stepping by the interval k in the column of values 
of U* 


But since 


EU. = Ua+H 

AU. = Ua+H - Ua 


Ua+A = Ua + AUa 
EW. = + 4C/. 

E and A are symbols denoting an operation, whereas U is a sym- 
bol of function. Symbols of operation, called operators, may 
be classified into two divisions, namely, separable and non-sep- 
arable. For an operator to be separable it must obey three laws 
of algebra. These laws are: 


(1) o(b + c) = oh + oc 

(2) oh = 6o 

(3) o^-o" = 


Distributive law 
Commutative law 
Exponent summation law 
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Both A and E obey all three laws and hence arc separable. For 
example, ‘ • - - ' ' 

' ■ . , A(j;„ + V.) = ({7.4J + F„+,) -(Ua+VJi ' 

= {v.+K - U,) 4- -F„) ■ 

' A(c;, + F.) = All. + AF. ' ; 

A therefore obeys the distributive law. 

t{Wa)^W.^-kUa'^k{Ua+K-V,) 


C^OiVc) = ilAlU 

displaying obec^ence to the commutative law. Further, 


- Va) 

which, ps has already been proved, becomes 


By definition, 
Therefore, 


A(ACf„) « - ^Ua 

A*Ua = “ AUa 

A(Ay„) - A*£/o 


and the law of Bumrantion of exponents is obeyed. . These' proofs, 
may be extended to other examples, but this extension, as well as 
proof that E obeys the same laws, will be left to the student. 
Examples of non-separable operators are 

log (x -h y) 5^ logx + logy 

because 

log X + log y = log (xy) 

Also 

sin (x 4- y) 5^ Bin X -f Bin y 

because, 

sin (x 4- y) = sjd x * cos y 4* cos x • sin y 

Difference Formula of Newton. Since the operators A and E 
are separable, they can be factors! just as any algebrwc symbol 
can. Returning to the expression 
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ER. = -f A^. , 
(E)R. = (1 -f A)R„ 
'B a 1 -J- A 


For a general formulation 

Va+inh — 

But 


ET = (1 + A)” 

By the bmomial theorem 


(7) 

(8) 


(1 + Ar = 1 4- mA *f 


. m(ni — 1) 


21 




The symbol of function may now be recombined with the expanded 
operator 

u, [l + n^ + !!!y> -f'. ■ ■) 

Or 

+ mAR. -f A°C/, - 

( 9 ) 

This expression is Newton's interpolation formula in its most gen- 
era! form. In.order to apply the formula to any specific problem, 
the value of m must first be evaluated. If we want to solve for the 
value of U corresponding to a given value of x, we have 

from which 
and 


It will be well to recapitulate the exact meanings of the s 3 Tnbols : 
X is the value of the independent variable for which the value of 
U is sought; a is the value of the independent variable in the first 
term of the table ; and h is the value of the constant increment in the 
independent variable. 


If* “ Ua+tnh 
« = o + mh 

X — O 

m « — ; — 


( 10 ) 
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A* 

£? 

E*ample7- 

u* 

A 



X 

2 

1.2 

9.0 

8.0 

O.0 

4 

10.2 

‘ 17.0 

8.0 

0.0 

. 6 

27.2 

25.0 

8.0 


8 

52.2 

33-0 



in 

85.2 





^‘' - 5 

Solve lot U ' J ^ ^ = 1.5 _ 

i;,„i;. + r»i‘U»+ 2-1 


Ui’ 

Ui 


^2+i.5«-»+'?r’ ■ 

+ 13.5 + 3-0 = "•’ 


prooi: 


The ebove function^'* 2 

Us 


-1.5* + * _ 

0.2 ' 7.6 + 23 0 “ ^_;^,^y^t,kenfremAe 


the foUi>W''>8 *'5'’'ds \4, 75 17317) , 

cnvest^ev«^^^g^._ A 


‘ i»C 
20 


22 
24 
26 
28 
30 

Solve for M 


1.0050 
0 9579 
0.9142 
0.8737 
0.8360 
0.8007 
■when t ' 


& 

_.047X 

-.0437 

—.0105 

-.0377 

-.0353 


+.0034 

+.0032 

+.0028 

+.0024 


25® C 


— a 
h 


25ji^* 

2 


-.0002 

-.0004 

-.0004 


2.5 


-.0002 

.0000 
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_ . . . 2.5(2.5 - 1) . 2.5(2.5 - 1)(2.5 - 2) ,, 

M2B “^120 + 2.5Ap20 H 2?! 2 2. 1 AV 20 

^2s = 1.0050 + 2.5C-0.0471) + 1.88(0.0034) + 0.313C-0.0002) 


A*25 ~ 0.8936 ' 

This example reveals a more realistic case than Example 1. 
Here it is seen that exact constancy of one of the columns of dif- 
ferences is not attained. It is to be noted that the column is 
most nearly constant of any of the columns of differences. In the 
A^ column the sign begins to oscillate from — to +, and from 
there on the differences would diverge rapidly because of the 
changes in sign. 

In all cases it is necessary to use judgment in choosing the 
column which is most nearly constant. A possible criterion is to 
calculate the value of one extra term in the interpolation formula 
and see whether it affects the significant figures of the answer. 

Variable Increments. Quite often data are given in a form in 
which the interval between succesave values of the independent 
variable is not constant. Two methods are available between 
which there is little choice. These will be considered in the order: 
(1) Newton’s divided difference, formula, and (2) Lagrange’s 
interpolation formula. 

Newton’s Divided Difference Formula. This method is an 
extension of the foregoing method for constant intervals. Rigor- 
ous proof 'will not be attempted, but the assurance can be given 
that the principles are the same except that they are a little more 
generalized. A tabulation of the divided differences (A') for a 
function of x will be as follows: 


X 

u. 

A' 

A'2 


A'» 

a 

Va' 

Ub~ 




h 

Us ■ 

b — a 

U, - Us 

A'Cffc - a' 17„ 
c — 0 

A'^Ub 

- A'^Ua 

e 

Uc 

1 1 

1 1 
> 

d 

A'^Ue 

— a 

- A'^Ub 

d 

e 

Vi 

u. 

d — c 

U,~- Uj 
- e— d 

a'Ud - A’Uc 
e — e 

, e 

-b 
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The interpolation formula in general form is: 

- ■ CT:, - Cfa + (z - a)6!Ua + (x - a)(x - 6)A'2y„ 

+■ (x - o)(x - h)ix - cU'^U^ -i- . (11) 

^ Just as before, the degree of the polynomial determines' which col- 
•umn of divided differences will be constant, and the formula is 
used carrying the number of terms dictated by which difference is 
' constant, or moat nearly ao. _ . 


Example S, 

X tr, 

1 0 


100 


A' 

4-^0 
2-1 ’ 

100-4 ^ 
6-2 

294 - 100 
7-6 


$2-4 
6-1 ‘ 


97-32 


A'« 


13-7 
7-1 ‘ 


8- 


8 44S 


Find U<. 

== f/i + (4 - + (4 - 1)(4 - 2)A'5Cfi + 

(4 - I)(4 - 2)(4 - 5)A^*Cfz 
1/4 == 0 -b 3-4 -f 3*2.7 -i- 3.2(-i;i 
y* « 12 + 42 - 6 


C;4«48 
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Proof: 

The function is 

Vt =-16 + 64 = 48 

Example 4. The following values of the molar heat capacity of ethyl- 
ene are taken from the data of Egan and Kemp, Am. Ckem. Soc., 69, 
1264-8 (1937). From these values we shall compute C^at 55.00® A by 
means of Newton’s method of divided differences. 


TM 

Cp 

A' 

A** 

A® 

42.08' 

6.046 

5 : 151 . 0.170 

5.21 



47.29 

6.932 

^^.0.168 

5.23 

^ = -0.0002 
10.44 

^=-0.00007 

52.52 

7.809 

^’■-0.1S5 

6.08" 

10.31 * 

^.-0.<KHX.7 

67.60 

8.698 

6.20 

0.0034- 

10.28 


62.80 

9.279 





Cp55*6.015+(5500 -42.0S) 0.l704'(65.00 -42.03) (55.00- 47.29) (-0.0002) 

. + (65.00 - 42.08) (55.00 - 47.29) (65.00 - 62.62) ( - 0.00007) 

- 6.045 + 2.193 - 0.020 - 0.017 
8.201 

Lagrange’s Interpolation Formula. Just as in the Newton 
method, the assumption must first be made that a function may 
be represented by a polynomial expression. Specifically, Lagrange 
assumed that the function for which n values are given with any 
interval in the independent variable may be represented by an 
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expresdon of n tenns, each term being of the (n — l)th degree in i. 
y* = ^(j: - 6)(a: - c)(a: - d) . . . (x _ n) 

^ +-5(3: — o)(i — c)(a; - d)-.-(x - n) 

+ C{z — a){x — h){x - d) • ■ -‘(a: - n) ' 

+ D(a: - o)(i — 6)(x - c)--*(x - n)+”‘' 

Xet us now evaluate A, B, C, JD • • • ; when x == a 


Ua ~ A(a — 6)(a " c)(a — d) - • ‘(a,— n) 

All the other terms become zero. 

Therefore : 

y® 


A = 


Likewise 


(a h)(a c)(a — d) • • • (a — n) 

Vh 

(6 — a)(d — c){b — d) • • - (6 - n) 


And the final form of the expression when the values of A, B, C, 
JO - • • arc substituted is 


n TJ ~ - d)-‘(x— n) 

* ** (a — 6)(a — c)(a — d) ■ - • (a — n) 

TT (3: — a){x — c)(x -- d) ■ > • (x - n) 

(b - o)(b - c)(6 - d)-' -(6 - n) 

r; (a; — a){x — b)(j - d) • • • (x " n) 

(c — a)Cc — b)(c — d) • ■ • (c — n) 

. ,, (x ~ <i)(x ~b)(x ~ c)-‘-(x - n) , . n‘>^ 

A careful examination of the Lagrange formula thU reveal the sim- 
ple regularity in setting up the terms. 


Example 6. The solubilities of carbon dioxide in water at vanous 
temperatures are given in the table below. Solubility is expressed 
grams of carbon dioxide per 100 g of water when the total pressure 
1 atm. 


rc 

0 

1 


Sor.trBtt.rrr (5) 
0.3348 
0.3213 


i^C 

3 

B 


SoLCSttrrr (S) 
0.2D7S 
0.2774 


S' 5 
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Find the Eolubility of carbon dioxide at 4t C. - 

« (4 - 1)(4 - 3)(4 - 5) (4 - Q)(4 - 3)(4 - 5) 

S, = 0.3340 _!)((,_ 3)(0 _ 5) + (1 - 0)(1 - 3)(1 - 6) 

, „ (4 - 0)(4 - 1)(4 - 5) , 0 (4 - 0)(4 - 1)(4 - 3) 

+ (3 _ 0)(3 - 1)(3 - 5) ’ (5 - 0)(5 - 1)(5 - 3) 


= 0.3346 (3^)' + 0.3213 (-^) + 0.2078 (^) + 0.2774 (f ) 


Si 


Si »= 0.0069 - 0.1607 + 0.2078 + 0.0832 


54 = 0.2872 

The experimental value is 0.2871. 


INVERSE' NON-LINEAR 'INTERPOLATION ' 

Inverse interpolation may be performed on non-linear func- 
tions by means of either of the Newton formulas or the Lagrange 
formula. If the Newton formulas are used, proceed in the game 
way to form the table of differences. For 17, substitute the value 
of the function for which the corresponding value of x is desired. 
The result will be a polynomial in x which may be cleared up and 
solved algebraically if the equation is quadratic, or by one of the 
approximation methods of Chapter IV if the degree is higher than 
second. The Lagrange formula may be employed in a similar 
fashion. Here, however, the resulting equation will be of the 
(n — l)th degree, where n is the number of terms. Probably the 
best method of solution will be by successive approximations. 


EXTRAPOLATION 

The phenomena of nature, and this is predominantly true in 
chemistry, arc very often subject to discontinuities or “breaks” 
duo to change of state or the appearance of new phases. Some 
examples of discontinuities'arc; freezing, boiling, separation of 
solids from solution, and allotropic modifications. As a result, it 
is very difficult to predict what would happen to a system outside 
of the range of a variable that has been studied, liie attempt to 
predict, from a set of experimental measurements, the value of a 
function outside the range for which data are available is known 
as extrapolation. Mathematically, extrapolation is easily possi- 
ble, but the interpretation must always be risky. About tlie best 
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-that can be said for an extrapolation is that it g^ves the Value that 
would be obtained experimentally provided no discdniinuitm occur 
or no new variables appear. 

Graphical' Extrapolation. The graphical method of extra- 
polation suffices for many purposes where the desired degree of 
exactness is not very great.' A graph of the known values can be 
prepared on a suitable scale. If there are sufficient points to deter- 
mine its course with reasonable certainty,, the curve can be 
extended a short distance to obtain extrapolated values of the 
variable in question. If the curvature of the plotted curve is 
great the uncertainty in its extension ^11 be correspondingly great. 
If the function is such that a straight line is obtained, there will be 
.little uncertainty in the extension. However, the original uncer- 
tainty in the location of the straight line with relation to the known 
points will be magnified in the process of extension. 

A great many functions can he reduced to a linear form by the 
use of substituted variables. Some of the substitutions most 
often employed are described in Chapter XI in connection with the 
general processes of curve fitting. If the function in question can 
be reduced to a Unear forin, the extenaon of the resulting straight 
line wiU produce less uncertmnty in the e.xtrapolated values. 

Extrapolation with Interpolation Formulas. • The interpolation 
formulas ^ven in the first part of this chapter can be used to per- 
form an extrapolation. In this way the computation of an extra- 
polated value can be carried to as many significant figures as the 
original data warrant. Extrapolation by this means differs from 
interpolation only in that the value of x substituted in the formula 
is a value lying outside the range over which differences are taken. 

The great weakness in the use of interpolation formulas involv- 
ing differences lies in the failure to make use of all the values of 
the dependent variable that have been tabulated. From an exam- 
ination of a difference table 


Ui 

U2 

U3 

Ua 

U3 


hVi 

MJz 

A174 


A*f7i 


d?Ui 
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it is apparent that a difference formula involving Vi, AC^i, 
and £^U\ is based on only the ffrst four values of V in the table. 
An extrapolated value computed from such a formula is therefore 
a function of only these four values from the table. In general, 
an extrapolated value computed from a. difference formula of rth 
degree is a function of only r + 1 values of the dependent variable. 

Other Anal 3 rtical Methods of Extrapolation. 'The method of 
extrapolating with the least numerical uncertainty is one in which 
values are computed from an equation that represents all the 
tabulated data. In Chapter XI will be found a discussion of 
methods employed in fitting an equation to a set of data by the 
method of averages or of least squares. 

In conclusion, we reiterate that graphical and mathematical 
processes of performing extrapolation are available which involve 
no great difficulties. Although the process can be carried to 
almost any degree of numerical exactness, the physical or chemical 
significancQ of an extrapolated result must of necessity be doubtful. 


PROBLEM SET IX 

1. Provo that for a linear function (i.e., first differences are constant) 
the Newton Interpolation formula reduces to the rule of proportional parts. 

3. The epeciCc heats of silica glass* at various temperatures are as follows: 

C 100 200 300 400 600 

sp. ht. 0.2372 0.241G 0.2460 0.2501 0.2H8 

Find the specific heat at 225* and at 350* C. 


3. According to Thiesen and Schecl,* the density of mercury varies with 
the temperature as follows: 

<*C 0 10 20 30 40 

d(g/cc) 13.6951 13.67(M 13.6453 13.6213 13.4969 

Calculate the density at 16® and ot 22* C. 


4 . A compilation of values from various handbooks gives the following 
table for the mobility of the ion at various temperatures: 


1* C 0 25 

400 760 


60 76 100 

115 169 206 


Calculate «fu and aefw- 


•SmvJAatmCan PAysicoI Tablts, Ei^th Edition, p, 2SS, 1931. 
• Tdiigkriiher. rhv$.’Tcehn. Rn^anaUtU, 1697-98. 
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5.’ A dish of mercury imbedded in » sand bath was heated by a gas flame. 
The temperatures observed at 6*minute intervals vrere; ' 

time (min) 0 5 10 16 20 25 

temp, (r C) 20.0 32.6 47.6 65.6 87.0 112.6 

What was the temperature at 7 minutes? 

- 6. If, in Problem 5, S9.478 g of mercuiy were taken for the experiment, from 
the data of Problems 3 and 5, calculate the change in the volume of the tner' 
cury over the first O-minute intervah 

7. The specific gravities of ethyl alcohol-water mixtures at 20* C as deter- 
mined at the National Bureau of Standards (ir.S.A.) are given in the following 
table. The percentages of alcohol arc by weight, and the specific gravities are 
referred to water at 4*0. 

% alcohol 0 '• 2 3 6 8 

• df O.Q9S24 0.99453 0.99274 0.98776^ 0.98470 

By divided differences, compute the si«cific gravity of a mixture containing 5 
per cent of alcohol. 

8. From the data of Problem 7, calculate by means of the Lagrange 
formula the specific gravity of a mixture containing 7 per cent of alcohol. 

9. At 19.6* C the densities of aqueous solutions of CdClz at various con- 
centratioos are given in Hodgman’s Handbook of Chemistry and Physics. 
Density (d) is in grams per cubic centimeter and concentration (C) is given as 
percentage by weight. 

C 10 ' 20 SO 40 50^ • 

d 1.087 1.193 1.319 1.469 .1.653 1.887 


Calculate the concentration of CdCIj solution that would have a density 
of 1.400. 

10. In the Intemaiional Critical Tables, Vol. VII, p. 13, the following 
ore given for the refractive index of water at various wave lengths in the visible 
spectrum: 


.A(A) 


4800 

1.33750 


4861 

1.337H 


6350 

1.33490 


5460 5770 

1.33447 1.33342 


By the liSgrange formula calculate n» at X = 6338A. Hint. To avoid t 0 
necessity of using a six-place log table treat the values of the function as 
(n — 1.33). There will then be only three significant fi^es in the function 
and in the differences. ‘ - _ ^ 

11. The following table showing the variation of the solubility of S » 
(given as mols of SrCIj per 1,000 g of water) with temperature is from the da a 
of Menzies:* 


t*C 146 155 165 175 

S 8.33 8.60 8.89 9.21 

Solve for the solubility of SrClj at 120* C. 


195 

10.03 


Am, Chem-Soe., 68, 936 (1936). 
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12. After comparing the result of Problem II with the answer given, con- 
sult the original article by Menzies and answer these questions: 

(а) What is the physical significance of the solubihty of SrClj at 120® C? 

(б) I\Tiat general type of discontinuity docs this case represent? 

(c) Make as complete a list as you can of the chemical and physical 
discontinuities that make extrapolations uncertain, 

13. From the tabulated values of the probability integral $(<) given in 
Table 11 of the Appendix, calculate to four significant figures the value of t 
corresponding to $(0 = O.SOOOO. Importanl: Retain this answer for refer- 
ence in connection with Chapter IX. 



. CHAPTER VI ' ' ' 

THEORY OF MEASUREMENTS 

• • 'Science forms a closed qrsteih simply because it emploj^ the 
device of cyclic definition. 

— J. W. N. SUIXIVAK. 

. . ' STANDA31DS 

Our entire scientific structure is based upon the presumption 
that natural phenomena are intelligible. This is a proposition not 
susceptible of direct proof/ but it must be accepted as a doctrinal 
article. We might restate this as a postulate, viz., natural inor- 
ganic ' systems obey inexorable laws. To discover and establish 
a natural law, measurements must be made of some characteristic 
property of a system which may be related to other characteristics 
of the system in question or to the external conditions of the sys- 
• tern. If there is a law relating the given characteristic to other 
characteristics, it follows that there is a functional relationship 
which niay be expressed as a mathcmaticai proposition. The term 
“mathematical proposition” must be interpreted here in its broad- . 
est aspects in such a manner as Mario Pieri grandly defines mathe- . 
matics as ”the hj'pothetico-deductive science.” * If we limit the 
argument to the laws of the so-called “exact sciences,” which are 
with few exceptions expressible in mathematical sjunbols, we can 
predicate the e:dstence of a mathematical equation (or equations) 
relating a given property of a system to other' of its properties. 
Granted that a mathematical relation is possible, we can state a 
corollary to our original postulate (remembering the limitations), 
/or any measurable physical properly there is a unique and true 
numerical value. 

* The word '‘inorganic" as used here means simply an inanimate 

It must not be inferred that a mixture of organic chemical compounds.would 
not behave in a predictable manner. 

* Keyser: The Paetures of Wonder, p. 24, Columbia University Press, New 
York, 1929. 
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1931). The meter equals 1,553,163.5 wave lengths of this particu- 
lar radiation.^ 

Mass. The international Idlograra is the standard of mass 
(weight). It is a platinura-iiidium cylinder that was established 
at the time of the adoption of the international meter, and it is 
preserved in the same Bureau. The original intention was to 
have the kilogram equal the mass of a cubic decimeter of pure 
water at its temperature of maximum density (3.98® C). Later, 
measurements have shown that the water was not free from dis- 
solved air. The correct weight of a cubic decimeter of pure water, 
freed from dissolved air and weighed in vacuo at 3.9S® C, is 0.999974 
kilogram. 

All the units based on both the standards of length and mass 
are tenfold multiples or submultiples of the standard. Thus the 
practical unit of length is the centimeter (cm =* 0.01 m), and the 
practical unit of mass is the gram (g = 0.001 kg). 

Time. The standard of time is the mean solar day, which is 
the average period of one complete revolution of the earth on its 
own polar axis. The practical unit of time, the second, is defined 

of a mean solar day. The system of units of time has 

no simple decimal basis. Rather, It is based on multiples or sub- 
multiples of 12 and 60. Since the earliest civilizations,' time has 
been reckoned in this way. The reason lies in the use, by the 
•Babylonians (i.e., Sumerians), of sexagesimal fractions in their 
astronomical reckonings. 

Temperature. Temperature is a manifestation of the random 
kinetic energy of molecules. By universal convention, tempera- 
tures are compared on the basis of the freezing and boiling points 
of water at a pressure of 760 mm of Hg. In the Centigrade sys- 
tem this temperature interval is divided into 100 units or degrees. 
The Centigrade scale (t® C) is related to the theoretically founded 
thcrmodjmamic or absolute scale (T® A) by the formula T® » 
t® + 273.13. Inasmuch as any material of which a standard of 
length can be constructed is subject to variation in dimensions 
with temperature change, the measurement of lengths, areas, and 

* The decision of the International Conference on Wei'ghta and Measures 
of 1027 was to adopt os the provisional definition of the meter 1,553,164.13 
wave Jcnglhs of the red Ughl emitted by a cadmium-vapor lamp excited under 
certain specified conditions. 
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volumes is seen to be closely related to the exactness with which 
temperature can be measured and controlled. 

The studies of thermometry made by the International Bureau 
of Weights and Measures showed that mercury-in-glass thermom- 
eters were not sufficiently reproducible for very careful measure- 
ments. The hydrogen gas thermometer, in which the change of 
pressure of a constant volume of hydrogen is measured, was 
adopted as the standard method of measurement. 

The universal, acceptance of the metric sj'stem for scientific 
measurements marks an epoch in the annals of metrology. Before 
the Metric Convention, there was a most lamentable diversifica- 
tion of standards for weights and measures throughout the world. 
In many instances, there was wide disagreement even witlnn a 
given country. The basis or definition of some of the standards 
appears almost ludicrous to us now. As examples we may take 
some of the standards of medieval England. Tradition informs us 
that Henry I (reigned 1100-1135) with becoming modesty decreed 
the legal yard as the length of his own arm. Shortly afterward 
wo find demands for more rigorous definition of standards of 
weights and measures voiced in Magna Charta (1215). As a 
result we find slight improvement in the time of Henry III. In 
lus famous statute of the Assize of Bread and Ale (1266) we find 
stated “that by the consent of the whole realm of England, the 
measure of our Lord the king was made, viz., an English penny 
called a sterling, round and without any clipping, shall weigh 
thirty-two wheatcoms in the midst of the ear; and twenty pence 
do make an ounce, and twelve ounces a pound; and eight pounds 
do make a gallon of wine, and eight gallons of wine do make a 
bushel, wWch is the eighth part of a quarter.’’ * The use of the 
word “grain” as one of the subsidiary units of modem apothecaries 
weight arises from tins definition. It might also be remarked that 
the saying “a pint is a pound the world ’round” has here a founda- 
tion since there arc eight pints to a gallon. Today, however, the 
American units, cumbersome as they remain, are legally defined in 
terms of the metric international standards. 

To return to the subject of sdcntific standards of measurement, 
let us consider the sccondajy fundamental standards, which are 
tho'jc of area and volume: 

*C/. Ilallock and Wade: Ettivlion of Weights and Measures, p. 32, Mac- 
miUan, London, 1900. 
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Area. The standard unit for the measurement of surfaces is 
the square meter, and the practical unit is the square centimeter 
•(cm® or sq cm). . ‘ ‘ 

Volume.' The standard for the measurement of the volume 
of a body is the cubic meter or, practically, the -cubic centimeter 
(cm® or cc). At the time of the establishment of the kilogram, 
which was the mass of a cubic decimeter of water, the liter was 
chosen as the unit of liquid capacity measure. The liter was sup-' 
posed to be identical to the cubic decimeter. Because of neglect- 
ing the dissolved air in the water, the liter, which is defined as “the 
voliune occupied by a kilogram of water at 3.98® C,” is in slight 
disagreement with the cubic decimeter. Consequently there is 


“ of a liter) a; 
1,000 / 


and the cubic 


a difference between the milliliter 

centimeter. The accepted relation between the liter and the cubic 
centimeter isj 1 liter contains 1,000.027‘CC. The liter, however, is 
derived with the aid of the unit of mass (the kilogram) rather than, 
with ’the unit of length (the meter); hence its subdivisions are, 
strictly speaking, called milliliters (ml) instead of cubic centimeters 
(eo). The error in assuming the cubic centimeter equivalent to 
the milliliter is only 1 part in 37,000, and hence it has no practical 
significance in analytical chemistiy. But, for the sake of consis- 
tency, the liter and the milliliter arc used as the units of volumetric 
measurements. Many of the recent textbooks of chemistry have 
adopted this nomenclature, but many are still in circulation which 
continue to confuse cubic centimeter with milliliter. It is to bo 
hoped that revisions will correct this inconsistency. 


DERIVED STANDARDS 

From these fundamental standards we have just defined, the 
second great class, derived standards, is deduced. To list and 
discuss all of them would bo outside' the scope of this book. "Wo 
shall consider only a few that are used most frequcntly by chem- 
ists, namely: density, specific gravity, energy, pressure, and heat 
quantity. 

•Density. The absolute density is the weight in grams of a ' 
cubic centimeter of material at a fixed temperature. The absolute 
density of water thus defined is 0.999974 at 3.98* C. If density 
were defined as grams per uuUiliter, water would have an absolute 
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density of 1.000000* • • at the temperature of maximum density. _ 
Density is denoted 

Specific gravity is defined as the ratio of the density of a 
substance at a specified temperature (frequently 15®, C) to the 
density of water at 4® C. Thus water at 4® C has a specific 
gravity of unity. Specific gravity is denoted by di*. 

Energy. The unit of energy (work) is defined as a dyne acting 
through a net displacement of a centimeter. The dyne is specified 
as the force required to change the velocity of a mass of a gram 
by one centimeter per second in one second. ' This standard unit 
of energy or work is called the erg. 

Presstire is force per unit area. It is defined as dynes per 
square centimeter. The practical unit of pressure is the atmos- 
phere (atm), and this is taken to represent the average pressure of 
the atmosphere at mean sea level at 45® latitude. The atmosphere 
by international agreement is specified as the pressure required to 
support a column of mercury 760 mm in height in an evacuated 
tube at 0® C. 

Heat Quantity. The unit of heat energy is the calorie (cal). 
It is the quantity of heat required to raise the temperature of one 
gram of water from 3.5® to 4.5® C. Another unit known as the 

mean calorie has been defined thequantityof heat required 

to raise the temperature of one gram of water from 0® to 100® C. 
The caloric and the mean caloric are slightly different because the 
heat capacity of water varies vdlh the temperature. The large 
caloric or kilogram calorie (Cal) is the quantity of heat required to " 
raise 1,000 grams of water from 3.5® to 4.5® C. 


RELATIVE STANDARDS 

Some physical quantities are not susceptible of measurement 
in terms of any absolute standards, at least not with the techniques 
that have been developed up to the present. It is usually possi- 
ble, however, to obtain a numerical relation or ratio between the 
values of the given property for two substances A and B. Then 
if i? can be related to C, C is related to A. Obviously there is no 
limit to the extension of such a sj'stcm of relations or ratios except 
the number of substances available. 
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This situation might be illustrated by a mathematical analogy. 
Given two linear equations containing three unknowns, 

Oix -b'hiy + ciz = di 
•Q 2 X + + = d2 

there is no possibility of a complete solution for all thr^ variables. 
There are two courses open: (1) solve for each of two unknowns 
in terms of the third variable; (2) assign an arbitrary value to one' 
unknown and solve for the other two. In scientific practice the 
second of the two courses is adopted. An arbitrary value for the 
property in question is assigned to one substance designated as the 
standard or to one particular state of all substances designated as 
the standard state. 

Atomic Weights. The most familiar example of an arbitrarily 
assigned relative standard in chemical science is the assignment of 
16.0000 as the atomic weight of o.xygen. All other atomic weights 
are based upon oxygen as the standard substance with its fixed 
weight. "With the realization that molecular weights are ‘simply 
sums of atomic weights and that the mol is the chemical unit of 
weight, it is possible to appreciate the far-reaching significance of 
the choice of this standard. 

Electrode Potentials. A metal in contact with its ions in 
solution haff- an electrical pressure or potential. This potential 
exists only as a tendency, unless two such systems are placed in 
electrical contact. Then a resultant potential of the two systems 
can be measured which expresses the difference between the elec- 
trical tendencies of the two systems, or half-cells, os they are called. 
It is important to know the values of these electrical tendencies 
since they are a measure of chemical affinity or reactivity. Here 
the choice has been made to designate the hydrogen electrode as 
having a half-cell potential of zero. Thus any electrode system 
may be measured against the hydrogen electrode, and the poten- 
tial obser\'ed will be the potential of the given electrode system. 
The hydrogen electrode is specified as hydrogen gas at one atmos- 
phere pressure bubbling over a platinized platinum surface 
immersed in an aqueous solution containing unit concentration 
of hydrogen ions. For complete rigor, unit activity of the hydro- 
gen ions must be specified. Activity is the idealized or thermo- 
dynamic concentration. 
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Activity. It happens that activity cannot be related to absolute 
standards, and the necessity of a relative standard is imposed. 
This is accomplished by the designation of standard states. A 
pure solid at unit pressure is specified as having unit activity. 
A solute in an infinitely dilute solution is designated-as having 
activity equal to the concentration; in other words, the activity 
coefficient is unity. A gas has unit activity when it is in the con- 
dition of unit fugacity. Fugacity is the thermodynamic pressure 
or the pressure the gas would have if it were ideal. Fugacity, in 
turn, requires a relative standard for definition. From this it is 
apparent that the scientific structure is a highly interrelated and 
interdependent set of definitions and standards. The situation is 
reminiscent of a famous verse that has been quoted often and 
undoubtedly will be quoted many more times. That verse is: 

• So Naturalists observe, a flea 

Has smaller fleas that on him prey; 

And these have smaller still to bite 'em, 

And so proceed ad infinitum.^ 

MEASUREMENT 

In nature nothing is ever entirely independent. Every phe- 
nomenon is the result of a multitude of contributing causes which 
we may call variables. The behavior of the smallest atom is the 
resultant of its being acted upon by every other atom in the uni- 
verse. We must not overlook, however, that this particular atom 
possesses certain atomistic characteristics that determine the way 
in wfiich it will be affected by all the other atoms. Substitute the 
, word "planet” for "atom” in the preceding statements, and they 
remain equally true. Thus, one atom cannot be singled out and 
its properties ascribed to itself and itself alone. Any such state- 
ment must be at least an implicit expression of its environment at 
a particular time. The study of atoms is not so complicated as a 

‘Swift, "On Poetry.” Found in The Works of Jonathan Svnft, Second 
Edition, p. 311, Vol. XIV, Bickers and Son, London, 1883. Sometimes con- 
fused with a verse by Augustus de Morgan, A Budget of Paradoxes, p. 377, 
Longmans, Green and Co., London, 1872, which goes: 
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first glance might indicate. To all intents and purposes only the 
-immediate neighbors of a paHicular atom exert an appreciable 
effect.' All forces are known to diminish with distance, and the 
effects of far-removed neighbors become vanishingly small. This 
is equivalent to saying that a portion of the universe may be set 
aside and its properties ascribed to a few preponderating-variables. 
As an example, consider astronomical science. It is known that 
electrostatic forces exist among the planets of our solar system, 
but ihe electrostatic forces are so small in comparison with gravi- 
tational forces that they are negligible. Hence the calculations of . 
orbits, eclipses, etc., are based on gravitation, neglecting electro- . 
statics. 

If we set out to observe a particular phenomenon and make 
quantitative measurements, the first thing to be done is to find out 
■ which of the variables that condition the phenomenon are ponder- 
able. The fact that the reverse of this procedure is the one usually 
followed in practice does not detract from the validity of the argu- 
ment. The second step counts in devising surroundings such 
that most of the variables will be fixed or, if not fixed, that provi- 
sion may be made to apply corrections that serve the same end. 
This fixing of variables is necessaiy because, as a rule, scientific 
• techniques arc such that' only two variables may be studied siznul- 
taneou^y. Then, going further, one of these two variables is 
“fixed” at certain “known” values and corresponding values of 
the other variable are observed. From the data thus obtained, a 
law relating the two variables may be deduced. Successively, 
taking two variables at a time, a series of “partial” laws may be 
estabKshed so that every ponderable variable may be related to 
each of the other ponderable variables. If all these “partial” . 
laws can be combined to ^ve a “composite" law, we have then 
obtained a typical scientific law. Because the variables which we 
have decreed inappreciable are not taken into account, the law is 
still incomplete. This is what was meant by the statement that 
occurs earlier in this chapter, “ the exact form of the [natural] 
law is not known.” 

An example of this combining of “partial” Jaws that is familiar 
to every student of elementary chemistry is the combination of the 
law’s of Boyle 'and of Charles to yield the ideal gas law, pK = RT.. 
This law is incomplete because it considers only three variables. 
The gas law of van dcr Waals is a better representation because it 



OBSERVATIONS 


91- 


takes into account the variation of attractive force's between mole- 
cules and the volume of the molecule, but even this law, 

(p + §^(V-b)^ RT, 

• is far from perfect. - 

The production of a law is not the result of one experiment; 
rather it is an evolutionary process. The first stage is the advance- 
ment of an hypothesis as a basis for reasoning and experimentation 
or as an explanation of certain observed facts. If supporting evi- 
dence from other sources can be oblmned, the hypothesis may 
progress to the status of a theory. Finally, if an exhaustively 
critical examination of a theory shows that it is valid for all cases 
that can be reasonably investigated, that theory is accepted as a 
law. 

OBSERVATIONS 

. First let us consider an important experimental fact. Succes- 
sive observalions of a physical quantity disagree, provided that each 
observation is carried out as exactly as the method allows so that 
the values are not rounded off. A carpenter in measuring a door- 
step with a foot-rule would measure from loft to right and report, 
say, 3 ft‘2 in. If asked to check his measurement he would prob- 
ably measure from right to left and report 3 ft 2 in. again, neglect- 
ing any fractions of an inch. Although his measurement would 
be sufficient for the purpose of computing the board feet of lumber 
it is still a rounded value. Suppose that a coppersmith were 
measuring that s.amc door-step in order to fit it with a sheet copper 
tread ; his measurement would be more refined. He W’ould mea- 
sure, say, 3 ft 2*64 in. If, however, he were to measure again, or 
his assistant checked him, the result might bo 3 ft 2Hi in., or 
perhaps the fraction might be ^^4 in. 

In a chemical laboratorj', successive weighings of a platinum 
crucible under supposedly identical conditions gave the following 
weights in grams: 

19.6137 
10.5134 
19.5436 
19 5138 

To what arc these variations due? In the first place, the scale 
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over which the pointer swings is graduated only to a certain degree 
of fineness, and estimations between the scale marks are necessary. 
Anyone with a little practice can learn to estimate the scale di\a- 
sions within one- or two-tenths of a division. This uncertainty 
might account for a variation of d=l in the fourth decimal place 
of the result. The variation is of the order of several tenths; how 
then can we account for it? The answer lies in the neglect of fur- 
ther variables deemed to exert a negligible effect and also in the 
failure to fix completely the ponderable variables. In theoiy, the 
act of weighing with the analytical balance is a study of the action 
of a delicately poised compound pendulum. We load the two 
sides of the pendulum as nearly equally as possible (the addition 
and removal of weights is the independent variable) and observe 
the deflection of the pendulum from its equilibrium position of rest. 
The deflection observed is the dependent variable. Meanwhile 
we have attempted to fix all the other variables, and; assuming 
that the ordinary rules of good practice in weighing have been 
observed, these omissions have been allowed: (1) incomplete con- 
trol of the quantity of moisture adsorbed on the crucible and 
weights; (2) minute but appreciable temperature variations inside • 
the balance case; (3) the possibility of small electrostatic charges 
on the crucible or the weights; (4) failure to take into account the 
variable quantity of dust particles in the air which might settle 
on the crucible or weights at different rates from time to time; 
and (5) using different combinations of weights in different weigh- 
ings, for, even though the weights have been calibrated, the cali- 
bration cannot be perfect. 

The free operation of these five variabies, and there may be 
others not yet recognized, contributes to the formation of accumu- 
lated discrepancies which may be large or small or positive or 
negative deviations from the “true” value. The laws of chance 
would predict that, with a group of practically independent vari- 
ables freely operating, more times than not they would tend to 
cancel one another and hence produce only small deviations. The 
combination of circumstances necessary to produce a large devia- 
"tion w’ould be unlikely; hence, small deviations arc more likely to 
occur than large ones. The laws of chance would * ' 
that positive and negative deviations would be . ■ ' ' 
the variables are operating freely. ^ 

The foregoing paragraph is ' a 
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“theory of errors." This subject will be considered in detail in 
Chapter IX. - ' ' - 

AVERAGES 

Assuming the free operation of all the further variables and 
also the predictions concerning the sizes and signs of the deviations 
just stated, it follows that the greater the number of observations 
made the greater the chance of obtaining an exactly equal number 
of plus and minus deviations of like sizes that would cancel each 
other if all the observations were averaged together. We are now 
in a position to dispose of the bothersome and elusive term, “true 
value." We shall define the “true value" as the average of an 
infinite number of observations. To return to practical cases, we 
shall assume that, for a finite number of observations, the average 
pves the “bes£ value," in other words, the best approximation to 
the “true value.” 


ERRORS 

Strictly speaking, the only correct definition of error is the 
discrepancy between an observed value and the “ true value.” 
We never have a “ true value " — only an average of a finite num- 
ber of observations. We shall define the difference between a 
single observed value and the average as the deviation of that 
observation. Owing to another of those unfortunate inconsisten- 
cies which have 'crept in during the evolution of our scientific 
vocabulary the terms “error” and “deviation" have become almost 
hopelessly confused. The terms are used interchangeably in scien- 
tific literature, and an attempt to rectify the mistake at this lato 
date could result only in further confusion. 

Through the expression of the deviation of an observation we 
obtain a measure of the “goodness” of that observation. We 
could indicate the goodness of a series of observations by stating 
the value of each observation and its deviation. For ready refer- 
ence to a large number of observations such a scheme would be 
impractical and we shall need a method of expressing the average 
deviation in a series of results. This average deviation tells 
how consistent the results are among themselves. Mathematical 
expressions for dispersion measures will be treated in Chapter VIII. 
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CLASSIFICATION OF ERRORS 

Now, that which imparts truth to the known and tlie power of 
knowing to the knower is'what I would have you term the idea 
of the good, and this you will deem to be the cause of science, and 
of truth in so far as the latter becomes the subject of knowl- 
edge; " • 

—Plato. 

We have already seen that the word “error” suffers the burden 
of several meanings. It covers, in present usage, not only "error” 
as rigidly defined and “deviation” which is an indication of the 
precision but also "discrepancies” which are due to faulty 
technique in e.xperimentation. It is possible for the deviation of 
an observation to be the error of that observation, if the value 
from which the' deviation, occurs is correct by the definition of a 
standard. Otherwise, the deviatloi^ may approach the errors 
according as the number of observations is increased. • 

Errors may be roughly classified as: 

1. Those about which we may do something. 

2. Those about which we can do nothbg. 

The first class we shall designate as corrigible errors, which means 
it is possible to correct for them. The second class we shall 
designate as random errors. Several writers subdivide errors of 
the corrigible kind into "constant” and "sj’Btematic.”. The 
distinction is more nearly one of degree than of kind, and, since 
“constant” errors are not always constant, we shall reserve the 
term for a specific purpose — as the interpretation of Rifleman B a 
results in the preceding chapter (p. 94). 

In the remaining chapters of this book wo shall be concerned 
with a study of statistics and the laws of chance, the principles of 
which we invoke in an attempt to interpret the degree of "accu- 
racy” of a measurement in terms of its random errors. Errors of 
the corrigible kind are not subject to the laws of chance, and what 
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we “do about them” is to attempt to eliminate them through 
theoretical considerations and by repeating measurements under 
a great variety of conditions, using as many different techniques 
as possible. I. 

. CORRIGIBLE ERRORS 

To familiarize the reader with the idea of corrections and how 
they are applied, we shall discuss in some detail a few of the types 
of measurement most often performed in the chemical laboratory. 
These may serve as a model in planning a series of measurements 
or in criticizing the work of another observer. Obviously, it would 
be impossible to discuss each of these types in sufficiently complete 
detail for the discussion to serve as directions for the instruction of 
a beginner. A book much larger than this one could be written 
about any one of the succeeding types of measurement. It must 
be presumed, therefore, that the reader is familiar with the basic 
points of acceptable laboratory technique as given in an experi- 
mental manual. The discussions that follow are concerned only 
with refinements in processes of measurement. In other words, 
the sources of gross error attributable to ignorance or awkwardness 
will be passed over, 

-TEMPERATURE 

The fundamental basis of temperature measurement has 
already been defined as the kinetic energy difference in water at 
its freezing and boiling points, respectively (p. 84). It has also 
been pointed out that the standard method for measuring tempera- 
tures is the gas thermometer. For most practical purposes the gas 
thermometer is too bulky and complicated for ready use, whereas 
the mercury-in-glass type of thermometer, though much less exact, 
offers the advantages of simplicity of operation and small bulk. 
Fortunately it is possible by means of simple corrections to rectify 
to a high degree the lack of exactness of the mercurial thermometer 
and thereby bring results into close agreement with gas-thermom- 
eter measurements. 

In the first place, in temperature measurements, by whatever 
method, it is preferable to arrange the system of which the tem- 
perature is to be taken so that its immediate surroundings will be 
at approximately the same temperature. This is conveniently 
accomplished by means of a heating or cooling bath which, for 
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Now, that which imparts truth to the known and the power of 
knowing to the knower is what I would have you term the idea 
of the good, and this you will deem to be the cause of science, and 
of truth in so far as the latter becomes the subject of knowl* 
edgej'*** 

— Plato. 

We have already seen that the word error” suffers the burden 
of several meanings. It covers, in present usage, not only "error” 
as rigidly defined and “deviation” wliich is an indication of the 
precision - but also "discrepancies” which are due to faulty 
technique in experimentation. It is possible for the deviation of 
an observation to be the error of that observation, if the value 
from which the' deviation occurs is correct by the definition of a 
standard. Otherwise, the deviations may approach the errors 
according as the number of observations is increased. • 

Errors may be roughly classified as: 

1. Those about which we may do something. 

2. Those about which we can do nothbg. 

The first class we shall designate as corrigible errors, which means 
it is possible to correct for them. The second class we shall 
designate as random errors. Several writers subdivide errors of 
.the corrigible kind into " constant ” and “ systematic.” The 
' distinction is more nearly one of degree than of kind, and, since 
"constant” errors are not always constant, we shall reserve the 
term for a specific purpose — as the interpretation of Rifleman B s 
results in the preceding chapter (p. 94). 

In the remaining chapters of this book we shall be concerned 
with a study of statistics and the laws of chance, the principles of 
which we invoke in an attempt to interpret the degree of "accu- 
racy” of a measurement in terras of its random errors. Errors of 
the corrigible kind are not subject to the laws of chance, 'and what 
90 
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we “do about them” is to attempt to eliminate them through 
theoretical considerations and by repeating measurements under 
a great variety of conditions, using as many different techniques 
as possible. 

CORIUGIBLE ERRORS 

To familiarize the reader the idea of corrections and how 
they are applied, we shall discuss in some detail a few of the types 
of measurement most often performed in the chemical laboratory. 
These may servo as a model in planning a scries of measurements 
or in criticizing the work of another observer. Obviously, it would 
be impossible to discuss each of these types in sufficiently complete 
detail for the discussion to serve as directions for the instruction of 
a beginner. A book much larger than this one could be written 
about any one of the succeeding types of measurement. It must 
be presumed, therefore, that the reader is familiar with the basic 
points of acceptable laboratory technique ns given in an experi- 
mental manual The discussions that follow are concerned only 
uith refinements in processes of measurement. In other words, 
the sources of gross error attributable to ignorance or awkwardness 
will be passed over. 

-TEMPERATURE 

The fundamental basis of temperature measurement has 
already been defined as the kinetic energy difference in rvatcr at 
its freezing and boiling points respectively (p. 84). It has also 
been pointed out that the standard method for measuring tempera- 
tures is the gas thermometer. For most practical purposes the gas 
thermometer is too bulky and complicated for ready use, whereas 
the mcrcuty-in-glass tj-pc of thermometer, though much le&s exact, 
offers the advantages of simplicity of operation and small bulk. 
Fortunately it is possible by means of simple corrections to rectify 
to a high degree the lack of exactness of the mercurial thermometer 
and thereby bring results into close agreement with ga.s-thcrmom- 
cter measurements. 

In the first place, in temperature measurements, by whatever 
method, it is preferable to arrange the system of which the tera- 
poratUTc is to be taken so that its immeiliatc surroundings will bo 
at approximately the same temperature. This is conveniently 
accomplished by means of a heating or cooling bath which, for 
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highest accuracy, shoiild be an automatically regulated thermo- 
stat. Such a bath prevents sudden fluctuations in heat radiation 
and convection from or into the If a bath is not practi- 

cable,' the -system may be surrounded by an insulating material 
the heat conduction of which is very low. Such an arrangement 
is sometimes just as satisfactory as a bath. , - 

The inexactness of the mercurial thermometer arises from sev- 
eral sources, namely: (1) incorrect location of engraved scale and 
non-uniform bore of tube; (2) difference between the expansion of 
the glass and the expansion of mercury; (3) failure to expose entire 
thermometer to system being measured so that a temperature 
gradient exists along the stem; and (4) time lag in contraction of 
glass following expansion. We shall consider the remedies for 
these faults in the order named. - 

Calibration. A manufacturer, no matter how conscientious, 
can not produce thermometers that are entirely uniform. The 
very nature of glass working prohibits that. Without trial, no 
thermometer can be accepted as being capable of registering cor- 
rectly the so-called fixed points of thermometry^ The process of 
locating these points in terms of the scale engraved on the ther- 
mometer is known as calibration. The most commonly used fixed 
points are the freezing and boiling points of highly purified water. 
This is appropriate since they arc the fundamental standards. If 
the thermometer is submerged to the zero mark in a properly pre- 
pared mixture of crushed ice and water and allowed to reach equi- 
librium, the reading observed will give the zero point of the ther- 
mometer. Here it is a simple matter to expose the entire mercury 
column to the ice-water system.' Of course, several trials should 
be made to insure equilibrium. To locate the boiling point of 
water on the scale, the value of the boiling point for the prevailing 
barometric pressure must first be determined by means of the 
formula: 

( = 100 + 0.0375 (6 - 760) ^ (1) 

in which b is the observed pressure in millimeters of mercury. 
Mere comparison of the temperature recorded with the boiling 
point computed by equation (1) gives the second fixed point, pro- 
vided that the entire length of the mercury thread is submerged 
in the boiling liquid or the vapor, depending on the method. If 
part of the stem is not so exposed, an emergent stem correction 



TEMPERATURE 


99 


must be applied to the observed temperature before comparison 
with the calculated value is permissible. 

If the tube had uniform ^re, the scale corrections for all tem- 
peratures between the freezing and boiling points could be obtained 
from a linear graph. To prove the uniformity it is necessary to 
check the intermediate range with other fixed points, such as the 
transition point of sodium sulfate decahydrate, Na 2 S 04 • IOH 2 O, to 
anhydrous sodium sulfate, Na 2 S 04 , at 32.384® C; or the boiling 
point of ethyl alcohol at 78.26® C to which must be applied the 
barometric correction 

t = 78.26 + 0.034 (6 - 760) (2) 

Other fixed points below 0® C and above 100® C may be used to 
cover the whole range of the thermometer in question.^ With a 
sufficiently large number of such points correctly determined, a 
table of corrections for the given thermometer may be prepared 
covering the range for which it is to be used. 

Another method, although less desirable for many purposes, 
consists in the comparison of a given thermometer with one which 
has been calibrated by a highly skilled worker as, for example, a 
thermometer with a National Bureau of Standards (U. S.) certifi- 
cate of calibration. The comparison may be accomplished by 
immersing the two thermometers close together in a suitable liquid* 
bath equipped nith a stirring device and obtaining a direct com- 
parison at various temperatures. Of course, it will be necessary 
to apply the emergent stem correction to each thermometer. - 

Emergent Stem Correction. By emergent stem is meant that 
portion of the mercury thread which is not exposed to the system 
the temperature of which is being measured. The general form 
of the formula for emergent stem correction is given by 

fca(t-fo) (3) 

* A long list of fixed points is ipveo in a table entitled “Fixed Temperatures 
for Thermometer Calibration’' In Ilodgman: Handbook 0/ Chemistry and 
Physics, Cbemioal Rubber Publishing Co., Cleveland, revised annually. 

Tlic National Bureau of Standards has prepared for distribution several 
substances to serve ns thcrmoraelric standards. The melting points of these 
substances have been aircfully determined, and the Bureau furnishes a ccr- 
tiGcate with each aample. See Supplemenl to the Nrditmal Bureau of Standards 
Circular CSOS, which Is sent free upon inquest. 



100 


CLASSIFICATION OF ERRORS 


where k is the so-called cubical coefficient of expansion of mercury- 
in-glass and is equal to the difference between the coefficients for 
mercury and glass. The average value of k is usually given as 
0.00016.^ In the formula, a represents the number of thermometer 
scale divisions of the mercuiy thread not exposed to the system, t 
is the observed temperature of the system being measured, and to 
is the temperature of the emergent stem. Actually a temperature, 
gradient will exist along the emergent stem. As a good approxi- 
mation, the mean temperature is taken by suspending an auxiliary 
thermometer with its bulb touching the recording thermometer at 
the middle of the emergent stem. In final form the formula for 
temperature corrected for emergent stem is 

W.) =f + 0.00016aC/-/o) (4) 

Glass Fatigue. Glass is a supercooled liquid, not a crystalline 
solid, hence we would expect anomalistic behavior. Upon heat- . 
ing, glass expands in a fairly regular fashion, but upon cooling the 
deformation remains, in part at least, and oftentimes months are 
required for the return to normal shape and size. Therefore a 
thermometer which has been used for high temperatures may be 
in error by as much as 1® C when it is used at lower temperatures, 
because of the "fatigue” of the glass bulb. If wide ranges of tem- 
perature are to be observed, it is best to have several thermometers, 
one for each portion of the range of temperatures. If such a choice 
is made, each thermometer should be “ baked ” for several hours at 
a middle value of its range before calibration and again each time 
before use. 

Electrical Measurement of Temperature. The mercurial 
thermometer can be used over only a limited range of temperature. 
Mercury freezes at "-38.87® C and boils at 350.9® C. By filling 
the stem with nitrogen gas under high pressure the upper limit 
may be extended well above 360®. If quartz is substituted for 
glass, the range may even be extended to 650® C. For very high 
and very low temperatures the most commonly used device for 
measurement is the thermoelectric couple. The exactness of the 
measurement is limited chiefly. by the sensitivity of the apparatus 
for measuring the emf developed. For the careful measurement of 
small temperature differences a thermopile, consisting of an appro- 

* For values of k for different glasses at various temperatures, seo Inter- 
national Critical Tables, Vol. I, p, 66. 
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priate number of thermocouples in series, is often employed. 
Usually, however, the chemist chooses the Beckmann thermometer 
for small temperature differences. This thermometer can be read 

too.oorc. - ’ 

For extended treatments of thermometric calibration and cor- 
rections the reader may consult Rowland, “On the Mechanical 
Equivalent of Heat,” Proceedii^s of the American Academy of Arts 
and Sciences, 16, 75-200 (1880); or Wood and Cork: Pyromeiry, 
McGraw-Hill, New York, 1927; or Burgess and Le Chatelier: 
Measurement of High Temperatures, Third Edition, Wiley, New 
York, 1912. 


PRESSURE 

The unit of pressure, the atmosphere, has been defined as the 
pressure required to support a column of mercury 760 mm in 
height in an evacuated glass tube. The further conditions of the 
.definition specify a temperature of 0® C and that the measurement 
be made at sea level and at 45® latitude where the gravity constant 
has the value 980.665 cm per sec*. When pressures are measured 
by means of the mercurial barometer under conditions other than 
the above, several corrections must be applied to give correct 
results. The errors due to adjustment of the level of the mercury 
reservoir and to parallax in reading the height of the column need 
no detailed discussion,-' since compensation for them is provided 
in the construction of good barometers. 

I Temperature Correction of Barometer Height. When the 
height of a barometer is observed at a temperature other than 
0® C, the observation will be in error because of the expansion of 
both the mercury and the brass scale on which the height is read. 
The mean coefficient of cubical expanaon of mercury is 0.0001818 
per degree. If t is the temperature of the barometer and 6 is the 
observed height, the pressure (p) corrected to 0® C for mercury 
expansion is given by 

p = & - 0,00018186« (5) 

The linear coefficient of expansion for brass is 0.0000184 per 
degree, and since the brass scale expansion would give a low value, 
the correction 
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must be added to the observed height b. ^ The combined correction 
for mercuiy and brass expansion* is given by " - 

p = h- (0.0001818 - 0.0000184)ii (6) 

At temperatures well above 0® C, the vapor pressure of mercury * 
in the barometer tube is sufficient to produce a slight pressure 
which causes a corresponding depression of the mercury column. 
To correct for this depression it is necessary to add to the oT^served - 
height (in millimeters) the vapor pressure of mercury (in milli- 
meters). It is only above 50® C that this correction is appreciable 
in barome^ or manometry os usually practiced. 

Correction for Capillary Depression. Since mercury does not 
“wet” glass, the surface tension results in a" convex meniscus that 
is depressed, in a tube small enough for capillarity to display an 
appreciable effect. If the diameter of the barometer tube is 25 mm 
or larger the depression will not be appreciable. For tubes smaller 
than 25 mm, in order to find the correction, it is necessary to know 
the internal diameter of the tube and the height of the meniscus 
itself. The height of the meniscus must not be confused with the 
height of the mercury column. For example, it can be ascertained 
from the table of depressions* that, for a barometric tube 8 mm in 
diameter in which the mercuiy meniscos is 0.6 mm high, the cor- 
rection which must be added to the observed barometer height is 
0.35 mm of Hg, 

Correction for Gravity. It is only at a latitude of 45f and 
mean sea level that the gravity constant equals 980.665 cm per 
sec^. At other latitudes and altitudes, the barometric height does 
not give a correct estimate of the pressure. This is true because of 
variation in the weight of the mercuiy column, although, of course, 
its mass is invariant. The correction factor is given by 

i - 0.0026 cos 2« - 0.0000002ff (7) 

in which (f> represents the latitude and H is the altitude expressed 
in meters above mean sea level. The correction factor gives the 
value of the ratio of g at ^ and ff tog under standard conditions. 

•Tabulated values of the corrections that are to be subtracted from 
observed heights are given in I.C.T., VbL I, p 69, Table IB. , 

« See I.C.T., Vol. in, p. 206. 

» Seo Vol. I, p. 70, Table 2. 
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The barometric height must be multiplied by the value of the cor- * 
rection factor to give the corrected pressure, . 


WEIGHING 

The process of weighing with the analytical balance has already 
been discussed in Chapter VI but not with respect to the corrigible 
errors of weighing. The analytical balance gives a determination 
of the mass of an object. Since the process consists of direct com- 
parison, this method of weighing is independent of latitude'and 
altitude. Assuming that a given balance is in first-rate working 
order, that it has been properly adjusted, and that the operator is 
familiar with the principles of acceptable technique, the sources 
of corrigible error in weighings with the analytical balance are: 

(1) imperfect adjustment of, and inconstancy of the set of weights, 

(2) inequality of the balance arm lengths, and (3) buoyant effect 
of the air when weighed object and weights have different densities. 
The methods of correcting for these errors will be considered in the 
order in which they arc listed. 

Calibration of Weights. The production of a set of weights, 
each of which is so nearly correct that no error could be detected 
by means of the analytical balance, would involve an almost pro- 
hibitive price. Furthermore, assiuning such a set of weights to 
have been made, the only way in which the set could be maintained 
in this state of perfection would be to seal it in a vacuum or in' a 
non-corrosive atmosphere and never use the W’eights. If all our 
weights were treated in this fashion, we should be reduced to the 
state of medieval science and chemists would then sit in easy 
chairs and speculate about the “bcaviness” of objects. 

To return to practicality, the weights available for use are not 
exactly what their face values represent them to be. Several 
methods of weight adjustment or calibration are in use in various 
laboratories. One method consists of a relative calibration in 
which, by either a double substitution procedure * or the Richards' 
procedure,’ n equations are obtmncd relating each of the n weights 
of the set to one weight (usually the 10-g) which is assumed to be 
correct. The solution of the n equations gives a correction for 

‘ P. F. Weathcrill, J. Am. Chem. Soe., 52, 1938 (1930). 

’T. W. Richards, ibid., 22, 144 (1900); Hopkins, Zinn, and Bogera, ibid 
42, 252S (1920). 
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each of the weights which may be -f or — depending on whether 
the weight is heavier or lij^ter Uian its face value- The set of 
weights when used with the application of the corrections is con- 
sistent within itself and pves weighings which are rehlmly cor- 
rect. If a set of primary standard weights (see below) is available, 
the weight which was chosen as the relative standard can be com-' 
pared with a weight from the primary standard set and its “abso- 
lute” weight determined. Upon the solution of the n equations 
relating each of the n weights to the absolute value of the 10-g 
weight, absolute corrections for the set will be obtained: 

Another method of calibration consists in procuring a set of 
primary standard weights- Usually (in the United States) a care- 
fully manufactured set of high-grade weights, made of bronze or 
brass and plated with gold or platinum, is purchased and sent to 
the National Bureau of Standards for comparison with the sub- 
multiples of the national prototype standard. The table of cor- 
rections thus obtained renders the set "absolutely” correct. The 
.weights to be calibrated can be compared directly with the corre- ’ 
spending primary standard weights, and their absolute corrections 
can be determined. In most laboratories, the primary standard ' 
set is kept in a protected place and compared at intervals with a 
secondary standard set. The secondary set then serves as a 
working bboratory standard. The intervals between compari- 
sons will be dictated by the degree of exactness desired and the 
durability of the secondary set. 

In any set of weights the durability determines the length of 
time between subsequent caUbrations. The most constant weights 
are usually those made in a single piece and plated with a corrosion- 
resistant noble metal. Single-piece weights made of fused quartz 
have been employed as primary standard weights. But an objec- 
tion to them is the likelihood of the acquisition of an electrostatic 
charge when a quartz weight is pulled from a felt-hned weight box. 
The majority of weights are made with a separate knob which 
screws in and out to ^ve access to the hollow center in which is 
placed fine shot or metal foil to give the final adjustment in manu- 
facture. Nearly always, the shot or foil is subject to slow orida- 
tion by atmospheric oxygen which leaks in, and the gain in weight 
thus produced is one of the ©reatest sources of incoi^tancy. 
Weights may be lacquered to prewnt corrosion, but the lacquer 
takes up and loses moisture with changes in the humidity. 
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Correction for Inequality of Balance Anns. Unless the 
distances between the center knife-edge and the knife-edges at the 
ends of the balance beam are the same, the correct mass of an 
object will not be pven by the sum of the weights that balance 
the object. A correction factor to eliminate the effect of balance- 
arm inequality can be obtained bj' the method of double weigh- 
ing. An object (a weight from anotherset may be used) is weighed 
6rst by placing it on the right-hand pan and counterbalancing it 
with weights. Then, placing the object on the left-hand pan, the 
procedure is repeated. Denoting tc/j and tr^ as the apparent 
weights of the object in the right and left pans, respectively, R and 
L as the lengths of the respective arms, and IF as the real weight 
of the object, then, by the law of the lever, 


( 1 ) 

( 2 ) 

Multipljing (1) by (2) 
Or 


ITL »= 
wrL = WR 




The right side of the equation will be unchanged if we add 1 and 
subtract 


T 2 “ I T ~ 

L wt ipr 


whence, - 



j Wjg - tox 
VL 


A familiar approsmation b 
(l + n)»= 

If a is very small, all terms bej-ond the second are negligible, 

<•> 


Hence 


It is customary to weigh by placing the object to be weighed on 
the left pan and to counterbalance by weights on the right pan. 
When the weighing has been so conducted, the corrected weight of 
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the object is obtained by multiplying the sum of the weights by 
the value of the ratio i2/L. This conclusion follows from the first 
•equation of the lever ' 

WL = wlIR 


•because . - ^ 


Unfortunately this ratio for a ^ven balance does not remain com- 
pletely, constant, and the ratio is slightly different for different 
loads. For most purposes, a frequent redetermination of the ratio 
at various loads will suffice. For extreme exactness, the double 
weighing method of Gauss * is usually used. 

Correction for Buoyancy of the Air. The famous principle, 
discovered by Archimedes while he was bathing, stated in the 
words of today is : a solid body immersed in a fluid is subject to a 
lifting force which equals the weight of the fluid displaced. A 
vacuum is a fluidless medium; hence an object will weigh less in air 
than it would in a vacuum by the amount of the buoyant force 
due to air displacement. In weighing, if the weights and the . 
object being weighed displace the same weight of air (that is, the 
two have the same density), then no error is introduced. When 
the densities are not the same, then the buoyant forces will be , 
different and the result will be in error to the extent of the differ-' 
ence between the two buoyant forces. Denoting the apparent 
weight of the object and of the weights balancing the object as W 
and the densities of the object and weights as di and dg, respec- 
tively, for a good approximation the volumes are • 


FctoJeci — 


E-v- -E 


Denoting the weight of -1 cc of air by a, the weights of air displaced 
are: 

Object • Weights 

wt. of air = aVobject wt. of air = oVw,ni,u 

TF ■- TF " 

• Gauss's method is fully described in Fales and Kenny; Inorganic Quanli- 
tcltpc Analgsis, New Edition, p. 101, Appleton-Century, New York, 1939, and 
in Kolthoff and Sandell: Quanliiaiipe Inorganic Analysis, p. 203, Macmillan, 
New York, 1930. 
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The buoyant force on the object is the difference between the two 
buoyant forces, 

/ -I 1 \ 

(9) 




This correction term must be added to the apparent weight. An 
average value • of a that suffices for most purposes is 0.0012 g. 

Hence, 




» W + 0.0012 W 


(---) 
Vdi di/ 


-(10) 


Equation (10) gives the form for.the correction of weights to in 
vacuo. 

Gravimetric Analysis. The foregoing discussion of weighings 
has neglected the possibility of changes in the object being 
weighed, either during the process of weighing or.between succes- 
sive weighings. In chemical laboratories most of the weighings 
performed are those involved in gravimetric analyses where the 
possible variations in the weights of objects being weighed consti- 
tute even greater sources of error than those already listed. In 
gravimetric analyses, a single weighing means nothing! Succes- 
sive weighings alternating with successive dryings or ignitions 
must be made until a constant weight is obtained. 

The failure of a crucible (or other vessel) and its contents to. 
weigh the same on successive weighings may be due to one of the 
following causes; 

1. Incomplete volatilization of a volatile product. In many 
gravimetric determinations, it is necessary to decompose the pre- 
cipitated product to produce a compound of definite, reproducible 
composition. The decomposition is usually accompanied by the 
evolution of a volatile product such as H2O, CO2, NH3, or SO2. 
Repeated ignitions followed by weighings will indicate the com- 
pletion of the decomposition by giving a constant weight. 

2. Partial decomposition of desired product. As the result of 
too high an ignition temperature or of the presence of unbumed 
carbon from the charred filter paper, the product may undergo an 
undesirable partial volatilization or partial reduction. Partial 


• For complete tables of the density of air at various temperatures and 
pressures, see Treadwell and Hall: Analytical Chemistry, Eighth Edition, 
Vol. II, p. 14, Wiley, New York, 1933. 



106 . CLASSIFICATION OF ERROKS" 

the object is obtained by multiplying the sum of the weights by 
the value of the ratio i2/Z/. This conclusion follows from the first ' 

• equation of the lever ‘ ' 

WL — wiR 

because , B ' 

If = toi — 

Jj 

Unfortunately this ratio for a given balance does not remain com- 
pletely constant, and the ratio is slightly different for different 
loads. For most purposes, a frequent redetennination of the ratio 
at various loads udll suffice. For extreme exactness, the double 
weighing method of Gauss * is usually used. 

Correction for Buoyancy of the Air. The famous principle, 
discovered by Archimedes while he was bathing, stated in the 
words of today is: a solid body immersed in a fluid is subject to a 
lifting force which equals the weight of the fluid displaced. A 
vacuum is a fiuidless medium; henco an object will weigh less in air ■ 
than it would in a vacuum by the amount of the buoyant force 
due to air displacement. In weighing, if the weights and the 
object being w'cighed displace the same weight of air (that is, the 
two have the same density), then no error is introduced. When 
the densities arc not the same, then the buoyant forces will be 
different and the result will bo in error to the extent of the differ-' 
ence between the two buoyant forces. Denoting the apparent 
weight of the object and of the weights balancing the object as TF 
and the densities of the object and weights as di and dz, respec- 
tively, for a good approximation the volumes are , • _ . 

y, ^E.y 

' object ^ » ' weight* 

Denoting the weight of 1 cc of air by a, the weights of air displaced 
are; 

Object Weights ' ' ' 

wt. of air = wt. of air = oF,r,i,iiu 

TT W' 

=» a~ « a-r 

“I “2 

• Gauss’s method is fully described in Tales and Kenny; Inorganic QuanlU . 
tarice Analysis, New Edition, p. 101, Appleton-Centuiy, New York, 1939, and 
in KoIthoU and Sandell: QvantiUifttfe Inorganic Analysis, p. 203, Macmillan, 
New York, 1930. 
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The buoyant force on the object is the difference between the two 
buoyant forces, 


aW 


\dt dj 


(9) 


This correction term must be added to the apparent weight. An 
average value • of a that suflSccs for most purposes is 0.0012 g. 


Hence, 

Tf + 0.0012 (j; - ^) '(10) 

Equation (10) pves the form for. the correction of weights to in 
vacuo. > 

Gravimetric Analysis. The foregoing discussion of weighings . 
has neglected the possibility of changes in the object being 
w'eighed, either during the process of weighing or, between succes- 
sive weighings. In chemical laboratories most of the weighings 
performed are those involved in gravimetric analyses where the 
possible variations in the weights of objects being weighed consti- 
tute even greater sources of error than those already listed. In 
gravimetric analyses, a single weighing means nothing I Succes- 
sive weighings alternating with successive dryings or ignitions 
must be made until a constant weight is obtained. 

The failure of a crucible (or other vessel) and its contents to 
weigh the same on successive weighings may be due to one of the 
following causes; , 

1. Incomplete volatilization of a volatile product. In many 
gra^mctric determinations, it is necessary to decompose the pre- 
cipitated product to produce a compound of definite, reproducible . 
composition. The decomposition is usually accompanied by the 
evolution of a volatile product such as H 2 O, CO 2 , NH 3 , or SO 2 . 
Repeated ignitions followed by weighings will indicate the com- 
pletion of the decomposition by giving a constant weight. 

2. Partial decomposition of desired product. As the result of 
too high an ignition temperature or of the presence of unburned 
carbon from the charred filter paper, the product may undergo an 
undesirable partial volatilization or partial reduction. Partial 


* For complete tables of the denrity of air at various temperatures and 
pressures, see Treadwell and Hall: Amli^ical Chemulry, Eighth Edition, 
Vol. II, p. 14, Wiley, New York, 193S. 
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volatilization can usually be remedied by the addition of a reagent, 
the excess of which will volatilize, that will restore the volatilized 
portion. For example, PbS 04 may be partially decomposed to 
PbO. A few drops of concentrated sulfuric acid may be added to 
the cooled residue, and, after another ignition at a more closely 
‘ controlled temperature, the precipitate may be pure PbS 04 with 
the ^excess of sulfuric acid volatilized. If partial reduction takes 
place, the product may be oxidized back to the desired form, either 
by strong heating with free access of air or by the addition of a 
volatile oxidizing agent such as nitric acid. - 

3. Volatilization of the crucible. Crucibles of porcelain or 
silica show no appreciable loss on strong heating, but crucibles of. 
metal, such as platinum or platinum-iridium alloys, do show appre- 
ciable loss in weight on continued heating at high temperatures. 
Burgess and Waltenberg have shown that a crucible of 97.5 per 
cent Pt and 2.5 per cent Ir experienced the following loss in weight 
at the indicated temperatures: 


C I^ss 

(mg per 100 cm* per hour) 
below 900 0 

1000 0.67 - 

1200 2.6 


"When a precipitate is ignited in a metal crucible, the weight of the 
precipitate may be corrected for cnicible loss cither bj^determining 
the rate of loss for the particular cnicible under the conditions of 
the ignition and applying a correction factor or by weighing the 
empty crucible both before and after the ignition to obtain the cor- 
rection for that particular experiment. 

Weighings in gravimetric analyses are by no means confined to 
crucibles. Another important type of container that is often 
weighed is the absorption bulb or tube which is usually of glass. 
Of the likely sources of error in the weighing of glass objects, the 
following deserve consideration: 

4. Variatioa in weight of adsorbed moisture. Containers 
made of glass, silica, or quartz are particularly susceptible to the 
formation of an adsorbed film of moisture on the surface. Glass 
is the worst offender of the three. The weight of the moisture 
varies widely with humidity and with the process of wiping or 
Burgees and Waltenberg, Ini. EnQ. Chem., 0, 487 (1916); 
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drying. Any correction o! this phenomenon is, of necessity, of a 
highly empirical character. About the best generalization that 
can bo made is that each laboratory should study its onm particular 
conditions and adopt as a standard procedure a fixed method of 
■wiping and a fixed time of standing outside and inside the balance 
case that has been found to jdcld reproducible results. It may be 
remarked that the custom of placing a dish of desiccant in a bal- 
ance case has been shonm to be about as effective as an incantation 
by a witch doctor from the jungles of Africa. 

5. Electrification of glass surface in wiping. Rubbing a glass 
surface with cloth or chamois skin produces an electrostatic charge 
which, though it has no sensible weight, may result in an attractive 
or repulsive force on the balance pan amounting to as much as 
100 mg in rare instances.^ A standard time of, say, 10 or 15 min- 
utes should be allowed to elapse between wiping and weighing to 
allow for dissipation of the charge. Various proposals of placing 
a specimen of radioactive material in the balance case to ionize 
the nvr and speed dissipation of the charge have not met with 
general favor. 

The steps of an analj*tical procedure leading up to the final 
determination of the weight of a precipitate arc laden with possi- 
bilities for error. Some of the errors are inherent to the analytical 
method employed; others arc inherent to the manipulative proc- 
esses involved. Some of the source of error most frequently 
encountered in the course of analytical separations are: 

0. Solubility of the precipitate. No substance is completely 
insoluble. The verj’ nature of the solubility-product principle for- 
bids total precipitation.^ It is true that many substances arc so 
slightly soluble that the amount dissolved in, say, 100 ml cannot 
be detected by ordinarj’ wcigliing processes. Many of the com- 
pounds which arc separated as gravimetric precipitates arc soluble 
to on apprccbblc extent. If the solubility is known, the measure- 
ment of the volume of filtrate and wash solution may yield sufficient 
information for the computation of a correction term which must 
bo added to the weight of the precipitate. In some instances, 
however, the time allowed for precipitation to take place docs not 
permit the attainment of equilibrium, and this is especially true 
of the process of washing the prcdpitatc. Unless equilibrium has 

“ MUlcr, /. Am. Chen. Soe , 20, 423 (1893). 

“ Yoc, Chemical Prineiples, p. 101, Wilej', New York, 1937i 
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’ been attained the amount dissolved may be widely variable. ' A 
more satisfactory method of correction consists in a direct deter- 
mination of the dissolved constituent in the combined filtrate and 
washings by a nephelometric or colorimetric procedure. -This 
method is used in 'atoinic-weight determinations and analytical 
work of such a special nature. As a rule, the dissolving of a pre- 
cipitate during “Washing can be minimized by using for the wash 
liquid a dilute solution which'contains an ion in common with the 
precipitate. The repressing action in the common-ion effect can 
greatly retard the dissolving of the precipitate during washing. 
For some types of precipitates an organic wash liquid (e.g., alcohol, 
ether, acetone, etc.) is preferable. 

7. Colloidal dispersion of the precipitated substance. Almost 
every procedure for regulating the conditions of precipitation must 
take account of the tendency of a great many substances to adsorb . 
certain ions in the course of precipitate formation and become 
electrically charged molecular ai^egates wWch are said to be col- 
loidally dispersed. Even though the conditions of precipitation 
nught have minimized colloid formation, the tendency may pereist 
in the process of washing the precipitate. _To overcome the pos- 
sibifity of.error from this source, the wash solution must 'contain 
a small amount of an electrolyte. The electrolyte may be an acid, 
base; or salt, but whatever its chemical type, it must be volatile 
at the temperature of drying or ignition. The compounds most 
frequently used for this purpose are ammonium* salts. 

8. Contamination of precipitate. Only in isolated instances is ' 
the preapitated compound of a high degree of purity. . 
tamination may be caused in the following ways: 

(o) SimuUaneous precipitation, in which the prr 
‘ is present in sufficient • i ” exceed the sob ’ 
an ion present as ’ ■" * '* • to the 

of the ion it is desired ' 

(6) Formalion of ‘ which 

are incorporated in the ■ do not • 

lar structure of the lull 

' (c), OccZwston (real u,/- which i 

are not incorporated in •’ ^ut are 

the growth of the crystals, ' ' ■ ' 

(d) Surface adsorption • 

formed or separated. ■. 
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precipitate has a large 'surface, i.e., when it behaves like a floccu- 
lated colloid.) 

(e) Post-precipitation, which is a contamination of the precipi- 
tated compound after its formation, due to the slow formation of 
a foreign precipitate from its supersaturated solution. 

(/) Formalion oj a definite chemical compound, e.g., the forma- 
tion of a double salt. (Seldom encountered in analytical work.) 

, A full discussion of these various types of contamination and 
the means of eliminating the errors resulting from their respective 
actions is outside the scope of this book. For a clear understand- 
ing, the reader should consult the literature, especially the publi- 
cations of Kolthoff “ and associates. 


VOLUME 

The calculation of the volume of a simple geometrical solid from 
linear measurements is one of the few examples of straightforward 
volume measurement in chemistry. Practically all bther measure- 
ments of volume are actually comparisons of the capacities of 
vessels. It has already been pointed out in Chapter VI that the 
unit of volume (cubic centimeter) is different from the unit of 
capacity (milliliter). The errors of true volume m'easurement are 
the combined errors of the linear measurements upon which cal- 
culations are based. Problem 12 in Set XIV (p. 200) deals with 
the precision of volume calculation. 

The volumes of gases, of liquids, and, in an indirect fashion, of 
irregular solids are obtained from capacity measurements. We 
shall deal only with the volumetric mc^^rements of liquids in the 
succeeding remarks. The sources of corrigible error to which volu- 
metric measurements of hquids are liable are : (1) use of uncali- 
brated vessels, (2) use of calibrated vessels presuming an erroneous 
standard temperature, (3) parallax in estimating the position of 
the meniscus, (4) non-reproducible liqtud film in delivery vessels, 
and (5) use of volumetric vessels at temperatures other than the 
standard bboratory temperature. The means of correcting for 
these errors mil be discussed in the order in which they are listed. 

Calibration of Volumetric Ware. Capacity measurements are 
based upon the standard liter, which has already been defined 

» Kolthoff and Sandcll, op. cit., Chapters VII and VIII; Kolthoff, J. Phyi> 
Chem., 36, 860 (1932); Kolthoff, Z. anal Chem., 104, 321 (1936). 
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(p. 86) as the volume of pure water which at 4® C and 760 mm 
weighs a kilogram in vacuo. A vessel of glass which at 4° C has a 
capacity of a liter would have a different capacity at another 
temperature because of the expansion' and contraction of glass 
with change of temperature. Inasmuch as 4® C is a highly 
impracticable temperature at which to carry out most volumetric 
measurements, a concession must be made to practical considera- 
tion. The National Bureau of Standards has adopted 20® C as 
the national standard lahoratory temperature chiefly because it 
represents a reasonable, year-round average room temperature in 
this country. Consequently a glass volumetric vessel will have its 
designated capacity at 20® C and only at 20® C. The practical 
definition of a liter becomes: the volume occupied by that quantity 
of pure water at 4® C and 760 mm pressure which weighs a kilogram 
in vacuOf when the containing flask has a temperature of 20® C. 
The definition sounds complicated, but the complication is only 
apparent, ' not real, in laboratory pmctice. It will be necessary/ 
before proceeding further, to differentiate between the two 
kinds of volumetric vessels. One ^d is designed to contain 
a definite volume, and the other variety is designed to deliver a 
definite volume or equally definite fractions of that volume. 
The calibrations of the two varieties present slightly, different 
problems; we shall discuss containing vessels first.' 

The weight of the water which, at temperature t, fills the flask 
to the mark is obtained by the difference in weights of the flask, 
clean and dry, and of the flask containing water. Water to be 
used in calibration work should be a good grade of distilled water 
which has been freshly boiled to remove dissolved gases (O 2 , N 2 , 
CO 2 , etc.) and cooled in a covered or loosely stoppered vessel. 
The weight must first be corrected for air buoyancy to give the 
in vacuo w’eight, making use of equation (10). To obtain .the 
volume of the water from the weight, the weight must be divided 
by the density (expressed as grams per milliliter) for the tempera- 
ture, t. The value of density should properly be in grams per 
milliliter “ or in terms of specific gravity,** wWch is numerically 
the same. For most purposes the values of density, in grams per 

•• J. Heaearch, Nal. Bur. Siandarda, 18, 213 (1937), or Smithsonian Physical 
Tables, Eighth Edition, p- 166, 1934. 

** Handbook of Chemistry and Physics (cited on pago 99), tablo of “Rela- 
tive Densities of Water." 
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cubic centimeter are sufficiently exact to use in'this computation. 
The volume obtained gives the capacity of the flask at the tem- 
perature t. This volume must be corrected for volume change if t 
is not 20® C. The coefficient of cubical expansion for glass varies 
from 0.000023 to 0.000028 per degree Centigrade. An average 
value which suits the purpose is 0.000025 per degree Centigrade. 
The capacity corrected to 20® C is given by 

1^20 = V[l + 0.000025 (20 - ()] (11) 

where V is the observed volume, V '20 is the volume at 20® C, and t 
is the observed temperature. In ordinary quantitative analysis' 
it is generally unnecessary to make a temperature correction unless 
the laboratory temperature differs by more than 2 or 3 degrees 
from the calibration temperature. 

If it is desirable to have a flask contain correctly the nominal 
face value, the foregoing calculation can be reversed to yield a 
value for the weight of water, weighed in air, which must be placed 
in the flask. By noting the position of the meniscus, a new grad- 
uation mark may be engraved or denoted by a gummed strip. 

The calibration of pipettes or burettes involves the delivery of 
water from the whole of, or between graduations of, the vessel 
into a suitable weighing bottle. The weight having been obtained, 
the volume of the water is calculated in e.xactly the same way as 
just described for a flask. In connection with delivery pipettes 
which deliver one definite volume, as distinguished from graduated 
pipettes, one further point must be noted in the calibration. The 
pipette is so constructed that, if the water is drawn up to the 
graduation mark, the pipette Trill then deliver the definite volume 
provided that the quantity of water remaining in the tip is repro- 
ducible. Among other things, the reproducibility is governed by 
whether the amoimt of water is the quantity held by true capillary 
equilibrium. To insure equilibrium, the tip of the pipette may be 
touched to the wall of the vessel into which delivery is being made. 
Then, Trath the Tvatcr in the tip in contact with water outside the 
tip, equilibrium is readily attained. There are other methods, 
such as touching the surface of the liquid in the receiving vessel 
Tvith the tip. The point is, whatcT'cr method of assuring equilib- 
rium is employed in the calibration, that same method must be 
adhered to invariably in subsequent use of the pipette. 
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The volumetric instruments "which can be obtained already 
calibrated from other countries, such as England or Germany, are 
very likely to have been calibrated for a standard temperature 
other than 20® C. Such vessels should either be recalibrated or a 
suitable allowance should be 'deduced to care for the discrepancy.' 

Parallaz. In the discussion of calibration it has been presume 
that the positions of menisci were correctly estimated. The 
extreme vagueness in the appearance of the top and bottom of the 
meniscus renders the recogmring of one or the other boundary 
very difficult. The meniscus may be brought into'sharptelief by 
an arrangement (black and while card or sliding collar of black 
paper) to cast a dark shadow on the under-side of the concave 
meniscus. It is necessary that tlie shadow-casting object be at a 
fixed distance below the meniscus for all readings. With the 
meniscus in sharp relief, the next requirement is that the center 
of the eye be in the same horizontal plane with the meniscus; 
otherwise the meniscus will appear Hgh or low on the engraved 
scale depending on whether the eye is below or above the horiion- 
tal plane. If the graduation mdrks arc engraved completely or 
halfway around the glass cylinder, sighting points are provided. 
The proper sighting plane may be insured by means of a telescope 
sighting device such as is now manufactured. 

Liquid Films in Delivery Vessels. For a pipette or burette to 
deliver a reproducible volume of liquid, the liquid film adhering to 
the inner w’all must always be the same thickness. The thickness 
of the film depends upon several factors. These arc: (1) Cleanli- 
ness. In all chemical work the vessels must be sufficiently clean ' 
to prevent contamination of the contents. For volumetric deliv- 
ery vessels, supercleanliness is essential. This supercleanliness can 
be attained by the use of either a strong oxidizer like chromic acid 
or a mild alkali like trisodium phosphate, both of which can remove 
the h^t traces of "greasy" substanc<^. Unless the glass surface ia 
clean, the liquid cannot leave a uniform film. (2) Time of outflow. 
It is obvious that liquid flowing slowly will leave a thinner film 
than one flowing rapidly from a delivery vessel. This is true 
because of the viscosity of all liquids. For the formation of uni- 
form films, an optimum time should be determined for each vessel 
which will result in a uniform rate, not of evacuation but of surface 
exposure. The National Bureau of Standards, as the result of an 
intensive study, has formulated requirements for the outflow times 
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of burettes and pipettes of various sizes.” The time of outflow is 
determined by the diameter and shape of the outlet tip. The time 
of outflow of each delivery vessel should be measured to find 
whether it fulfills the Bureau’s specifications. In the use of 
burettes and graduated pipettes, it is seldom that the outflow is 
unrestricted. To allow for the decreased rate and for intermittent 
flow, it is customary to allow one-half minute to elapse between 
cessation of flow and reading the position of the meniscus. This 
pause tends to allow the attainment of surface-film equilibrium. 
(3) Viscosity of liquid. The film thickness depends upon the vis- 
cosity of the liquid being delivered; hence it follows that a pipette 
which has been calibrated with a liquid of a given viscosity can be 
used only with liquids having the same viscosity. Dilute aqueous 
solutions of electrolytes have sensibly the same viscosity as 
water. A pipette wWch was calibrated xvith water' will not deliver 
its nominal volume of, say, concentrated sulfuric acid or ethyl 
alcohol. For the measurement, with a reasonably high degree of 
exactness, of volumes of liquids which have viscosities different 
from that of water, a pipette should be calibrated with the given 
liquid and reserved for use solely with that liquid. 

Temperature Corrections. When volumetric ware has been 
calibrated for one temperature, its use for measuring liquids at 
other temperatures will result in error unless corrections are 
applied. The corrections must take account of the expansion or 
contractipn of both liquid and vessel. As long as water is being 
measured, the correction is a simple matter, for we have available 
the values of the density of water over a wide range of temperature, 
and the glass vessel correction can be computed from equation (11). 
When the liquid being measured is an aqueous solution, not only is 
the density different from that of water but also the rate at which 
the density changes with temperature variation is different. Un- 
fortunately, we do not have exhaustive tables of the densities at 
different concentrations and different temperatures for all the 
solutions likely to be encountered. The densities of many electro- 
lyte solutions have been determined for wide concentration ranges, 
but unfortunately the ranges of temperature are very small.*^ 

National Bureau of StandaTd$ Circular 9, 1916. 

For ono of the more extensive tables consult Landolt-BSmstein, Physi- 
katish-Chemisehe Tabelten, edited by Both and Schecl, 5. Auflage, Table 87, . ■ 
Julius Springer, Berlin, 1923-1935. 
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Studies of the coefficients of cubical expansion of solutions of elec- 
trolytes have disclosed a surprising regularity in behavior for 
solutes of wide variety. It has been found that, in general, solu- 
tions of electrolytes of the same normal concentration have approx- 
imately the same coefficient of cubical expansion. The value being 
^ven for the coefficient of cubical expansion, h, for electrolyte 
solutions of definite strength, the value of the volume corrected to 
20® C is given by 

F 20 - V',4-7tft(20-() (12) 

in which Vt is the apparent volume at temperature t, and k is the 
value of the coefficient for the pven normal concentration. The 
values of h for different concentrations expressed as milliliters per' 
milliliter per degree Centigrade, are as follows: 

CONCENTRATIOK h 

OtoO.liV 0 00020 

0.5 N 0.00025 

1.0 N 0.00029 

These are average values which also make correction for the glass 
expansion. Very good approximate corrections ** are obtained 
over the range 15® C to 25® C. For more exact corrections, pycno- 
metric studies of the given solution need to be made. As men- 
tioned on page 113, the temperature correction is usually not sig- 
' nificant when the laboratory temperature is within 2 degrees of the 
calibration temperature, and it may be neglected except in work 
requiring the highest degree of precision, 

CONGRCITY m MEASUREMENTS 

It was pointed out in Chapter VI that, in the measurement of 
a physical quantity, the proper procedure is to determine which 
of the variables that condition the S 3 rstem, of which the quantity is 
characteristic, are ponderable. By ponderable is meant whether 
the variable exerts an effect that is sufficiently appreciable to affect 
the value of the quantity within the desired number of significant 
figures sought. The ponderable TOriables must then be fixed as 
closely as possible, or allowance must be made for their effect by 
means of a correction factor. 

In this conneetJon see Kolthoff and Furman: Votumdric Anaiytis, VoJ. 11, 
p. 30, Wiley, New York, 1929. 
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Two other procedures, both of which are less desirable than the 
foregoing, are: (1) correct for everything in sight with no regard 
for the significance of figures; and (2) correct for nothing — let the 
variables fly at will, .and let the result fall where it may. Proce- 
dure (1) is that of an experimenter of great skill, with a brain full 
of facts but imperfect lo^cal caparities; procedure (2) is that of a 
bungler. ' The proper course is somewhere between these two 
extremes. 

The extent to which the correction of an apparent measured 
value is carried will depend upon what use is to, be made of the 
value. Examples will illustrate. In the calculation of the volume 
of a gas at S.T.P. from the observed volume at temperature t and 
pressure p by means of the ideal gas law, p must be measured baro- 
metrically. If the volume were known to four significant figures, 
the apparent value of p should be corrected by the application of 
such of the known corrections as affect the fourth figure of the 
value of p. Those conections which have no effect on the fourth 
figure should be neglected as imponderable. On the other hand, 
suppose that the observed value of p is to be used in the computa- 
tion of the correction for the boiling point of water by equation (1), 
which is, 

( = 100 + 0,0375 (b - 760) 

If it were desired to know the boiling point to only the. nearest 
tenth of a degree, none of the known corrections would need to be 
applied. The best rule to follow in applying corrections in mea- 
surement is simple common sense as embodied in the rules for 
significant figures. 

In most measurements, the final result is computed from the 
results of several separate observations which constitute the pro- 
cedure of measurement. We must reserve for Chapter X the 
deduction of a basis for the relationship between the error of a 
computed result and the separate errors of the values entering the 
computation, but as a general rule the various steps of the proce- 
dure should be executed with an approximately equal degree of 
exactness and carefulness. A striking example of incongruity in 
measurement was observed recently by one of the authors. (J.H.Y.) 
A student in determining the normality of a base by titration against 
a carefully standardized acid solution was found to be titrating a 
measured volume of thn acid with the base solution delivered from 
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a calibrated burette to which temperatuxe corxectiotis were applied, 
but he had measured the solution of acid toitk an ordinary SO-ml 
graduated cylinder. It is hardly necessary to add that this student 
-was a be^nner in quantitative analysis. 

In the practice of the art of laboratory research, more time is 
' wasted on unjustified refinements and unnecessary corrections than 
on any other one item that tould'be named. The inhabitants of 
eextain xuiai areas of the Southern slates often voice a bit of folk- 
wisdom winch exemplifies tins kind of incongruity. They speak 
of an unaccustomed accessory or elegant frill as being "like a fifty- 
dollai saddle on a twenty-fivc-dollar horse." . - 

It should not be understood from the foregoing remarks that 
WB decry the careful experimenter who is sufficiently devoted to the 
cause of science to indulge a few extra pains in order to satisfy his 
' own feeling of work well done. If no one had a desire to improve 
existing theories and refine old measurements by taking a few 
extra pains, there could be no progre^ in science. The cause for 
which we plead is not a stagnation through mediocrity but a rapid 
progress through consistency. 

RANDOM ERRORS 

To the class of random errors belong primaxily those errors 
“about which we can do notWng.” They are called random 
because they are attributed to the free and practically independent 
operation of those variables of a system which have been deemed 
individually inappreciable. Free and independent operation would 
result in errors which in magmtude would be scattered at random. 

Most of the corrections which we have conridered at length are ' 
appTommate measurements ot approximate fixings of variables on 
the borderline between ponderable and imponderable. Hence, the 
application of imperfect corrections results in residual errors in tbc 
measurements to which the corrections are applied. Although the 
refinement of corrections tends to minimize these residual errors, 
even the refined corrections will by their very nature be subject to 
random errors. We recognize a kinship between random and 
residual errors and therefore class them together provisionally 
under the title of “random.” 

In practically every measurement we use instruments which 
have bwn carefully constructed, but there is a limit to the fineness 
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with which a scale can be graduated. It would appear that the 
custom of estimating distances between the finest graduations, to 
add just one more figure to the observed value, must have grown 
cither out of a sporting instinct or perhaps from a miserly sort of 
grasping instinct. At any rate, the estimation between scale divi- 
sions is the final step and an integral part of all instrumental mea- 
suring procedures. Naturally, estimation results in uncertainty, 
hence there is an error'in the estimated value of the last figure. 
Manifestly the errors of estimation are inherent in the instrumental 
method, and no control over them can be exercised other than 
minimization through practice in estimation. With some few 
types of scales, the vernier principle may be applied, but even then 
some of the more zealous attempt the estimation of distances 
between the graduations of the vernier and of the scale. Although 
it is possible through repeated observations to determine the 
numerical value of a precision measure for uncertainty of estima- 
tion, the application of a correction is out of the question, and tho 
errors of estimation are of necessity classed with random errors. 

Personal Errors. Tho goal of any. branch of science os it 
becomes more “scientific” is the attainment of highly objective 
methods of experimentation in preference to subjective methods. 
An ideally objective method would be one m which tho judgments 
or prejudices of the experimenter could have no part. A com- 
pletely subjective method would depend entirely upon tho mental 
processes, cither conscious or unconscious, of the observer. Even 
the attempt to define objectivity introduces subjectivity; hence 
we could hardly expect to attain a completely objective mode of 
experimentation. On the other hand, the postulation of a com- 
pletely subjective method implies that it is objectively subjective. 
An experimental procedure may bo more objoctivo than subjective 
or tho reverse. It can never be completely one or the other. 
The progress of a science is marked by the elimination of subjective 
aspects of experimentation and a conwjqiicnt increase in the degree 
to which tho methods are objective. In recognizing that the sub* 
joctivc element can never be removed, we arc forced to tho conclu- 
sion that in any scientific mc.asurcmcnt there is at least one step 
or obsciv’ation which depends upon sensory perception. 

Many writers on the subject of errors speak somewhat hastily 
of the personal equation involved in scientific measurement. Wo 
arc going to hazard a guess about the nature of the personal cqua- 
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tion. For infonnatioii on tho subject of perception we must turn 
to the psychologists. Weber (1796-1878) in -1834 formulated his 
psychophysical law of sensory discrimination. Weber’s law can be 
stated sjTnboIically: 

y=±i2: . (13) 

The meanings of the symbols are as follows: I represents intensity 
of stimulus; A/ represents the just noticeable difference in intensity 
of stimulus from the preceding stimulus; and Kis & constant. A 
concrete example Trill probably serve better to explain than 
involved definitions. It has been foimd that, on the average, a 
person with normal eyesight can, in 75 per cent of the trials made, 
recognize a difference in intensity between two lights that is 
related to the intensity of the first light by the ratio 1/100. If the 
original stimulus is an illuminated field with a brightness of 10.0 
millilamberts, the brightness that can be recognized as greater in 
75 trials out of 100 is 10.1 millilamberts. Or, for an original 
brightness of 20.0 millilamberts, the .brightness just noticeably less 
would be 19,8. In the first case, 

lO.i - 10.0 J_ 

- 10.0 “ 100 * 

and in the second case, 

19.8 - 20.0 __ ^ ^ 

20.0 ”100 ® , 

Weber’s law has been shown to be generally true in several 
sense departments,” but the value of K is not the same for two 
different sense departments. The following tabulated values ” of 
K are for several different senses. 


Sense Depabtsient ± K 

• Visual 0 01 

Muscular (weight lifting) 0.026 

Skin pressure 0.05 

Auditory ; 0.20 


For an application of Weber’s law to colorimetric analysis, seo Yoe and 
Wirsing, J. Am. Chem. Soc ., 64, 1806 (1032); sec also Horn and Blake, tbid ., 
36, 616 (1000). 

** The data In the tabic are computed from values given in Dashiellj Gentral 
Pti/cholog]/, p, 264, Houghton Mifflin, Boston, 1937. 
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It should be emphasized that the above values of the ratio are the 
results for trials performed under optimum conditions for sensorj’ 
discrimination. For conditions other than optimum, the value of 
the ratio for a given sense department will be different from the 
commonly assigned value, but it will be constant for a particular 
set of conditions. 

Perception is subject to a further set of limitations. Below a 
threshold value of intensity of stimulus, sensation is not evoked 
when a stimulus is presented. In addition, above an upper limit 
sensory discrimination becomes impossible. Thus a light may be 
too dim to be seen or so bright that it produces glare. The exper- 
imental psychologists have demonstrated that the threshold value 
remains remarkably constant for different observers, provided as 
before that the conditions of the test are optimum. It has been 
found that Weber’s law holds best at about the middle of the 
range of stimulus intensities between the threshold and the upper 
limit. On each side of this optimum, middle range the ratio 
invariably becomes greater. The commonly assigned values of 
the ratios represent minima or limiting values. The accompany- 
ing graph. Fig. 8, shows the variation of the ratio for light inten- 
sities. It will be observed that within the range of I to about 500 
millilamberts, which is around the middle of the total range, the 
ratio remains fairly constant. 

Most psychologists agree that Weber’s law is not universally 
valid. To avoid embroilment in a debate, we shall only postulate 
that Weber’s law represents a general limiting tendency in per- 
ception. The necessary conclusion to be drawn from our postu- 
late is that, since only finite increments of stimuli can be recog- 
nized, then the personal error involved in the subjective steps of 
a measurement will have a finite value. Further, the personal 
error, excepting the small mistakes due to bias, ^dll tend toward a 
constant limiting value for a particular individual in the given 
method of measurement. Allowance must be made for a slight 
improvement which may result from an observer’s conscious or 
unconscious approach toward optimum conditions. 

Granted the foregoing argument, we have established a possi- 
ble basis for the frequently occurring statement that “personal 
errors are usually constant.” All stimuli having “true” values 
between I — AZ and Z + AZ woxdd be recognized as Z. If a suffi- 
cient number of trials were made, we should expect the average 
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error to approach ~ , although the assurance would not be very 

great. We should hesitate to recommend that any experimenter 
attempt to evaluate his personal error from Weber’s law and apply 
corrections derived therefrom. A complete representation 'of the 
personal equation would have to account for many items in addi- 
tion to sensory discrimination. It -would have to deal with reac- 
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tion time, tendency to preconceived judgments, fatigue, etc. The 
general tendency exemplified in Weber’s law is a necessary part 
but not the complete representation of the personal equation. 

In the sense that personal errors may be slightly lessened by 
accommodation, they are partiaUy corrigible. In the sense that 
personal errors are finite and ever-present, they belong to the class 
called random errors. 
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PROBLEM SET XI 

1. When the barometric pressure is 712^ mm, what is the boiling point of 
water, computed to the nearest hundredth of a degree? 

2. At tUs same pressure of 712.5 mm, what is the boiling point of ethyl 
alcohol? 

3. Two Centigrade thermometers, one uncalibrated and the other a ther- - 
mometer certified by the National Bureau of Standards, are each submerged 
to the 15®-mark in a thermostat. The following data were obtained: 

Uncalibrated Certified 

Reading 72.07“ 71.94“ 

Mean stem temperature 29“ 26f 

For the temperature 70“ C, the certificate gives a correction of 4'0.02“. 
Compute (a) the temperature of the thcrm<^tat and (h) the correction term 
for the uncabbrated thermometer at that temperature. 

4. At 27.5* C, the reading on a brass-scale barometer was 752.38 mm. 
The diameter of the barometer tube is 8 mm, and the height of the meniscus 
is 0.6 Bun, The correction for capillary depression is +0.35 mm. Compute 
the atmospheric pressure. 

6. A certain brass object was placed on the right pan of a balance, and the 
sum of the weights required to counterbalance it was 26.4824 g. The same 
object Was then placed on the left pan and the apparent weight was 26.4882 g. 
Compute (a) the balance-arm ratio and (6) the " absolute ” weight of the 
object, assuming the weights to have been “ absolutely ” calibrated. 

6. The Gauss method of double weighing consists in observing the appar- 
ent right- and leit-pan weights and takmg the average of the two as the cor- 
rected weight. From the data of Problem 5, compute the average weight and 
compare with the answer obtained in 6(5), 

7. A flask made of glass (d = 2.4) weighs 12.3821 g in air when counter- 
balanced by brass weights (d = 8.6). Etetcrmine the weight of the flask 
fn vacuo. 

8. The in vacuo weight of a certain platinum crucible (d *= 21.4) 
is 19.6293 g. What would this crucible weigh in air against weights made of 
quartz (d = 2.66)? 

9. These data were obtained in the calibration of a 250-ml volumetric flask; 

Weight of flask (empty) 56.882 g 

Weight of flask (filled to mark with water). 305.276 g 

Temperature of water 25.4* C 

Density of water at 25.4“ C 0.9969718 g per ml 

Weighings were made with brass weights (d = 8.5) on o. balance for which the 
value of the ratio, R/L, is 1.00002 at 60-g load and l.(KX)19 at 30O-g load. 
Compute the capacity of the flask. Standard laboratory temperature is 20* C. 

10. In the standardization of an approximately 0.05 solution of carbon- 
nte-free sodium hydroxide against a 0.01872 N solution of hydrochloric acid 
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CHAPTER VIII 


STATISTICAL METHODS 

Through and through the world is infected with quantity. To 
talk sense, is to talk in quantities- It is no use saying that the 
nation is 'large, — How large? It is no use saying radium is 
scarce, — ^How scarce? You can not evade quantity. ’ You may 
fly to poetry and to music, and quantity and number will face 
you in your rhythms and octaves. Elegant intellects which 
despise the theory of quantity are but half developed. They are 
more to be pitied than blamed. 

— A. N. Whitehead. 

Statistics is concerned with counting, classifying, and interpret- 
ing results. We shall be concerned with statistics only in the 
third aspect, namely, the interpretation of series of numerical 
values which are discordant among themselves. Statistics has 
been defined as the science of averages; this definition will suit our 
purpose. 

AVERAGES 

An average is a measure of central tendency. The necessary 
criterion of an average, if it is to represent central tendency truly, 
is that it must have a value such that, if all the measurements in 
the group became equal, each would equal the average. Several 
kinds of averages are in use, each of which is best for a certain 
type of statistical group. 

Mode. The mode is that measurement of a group which 
occurs most often. It is the most likely or most probable value 
in the particular group. An example of the use of the mode in 
sociological statistics is in evaluating the average income of the 
residents of a geographical unit, say a county. The accidental 
presence of a millionaire on a country estate in that county would 
give a disproportionate estimate to the per capita wealth of the 
residents in comparison with the adjoining county which had no 
millionaires. The mode would disregard the millionaire and take 
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into . account only the regular residents who purchase vacuum 
sweepers, sewing-machines, baby carriages, etc. In other words, 
the mode as an expression of central tendency is less^ susceptible 
to accidentally extreme variations. 

Median. The median is that measurement in a group above 
which exactly half of the values fall and likewise below which 
exactly half fall. If a series'of measurements is arranged in order 
of increasing magnitude, the median is the'middle measurement. 
The median is of value in that it is simple to obtain and it is almost 
completely independent of extreme variations. ' Its use in statis- 
tics is limited because it is dependent only- upon the number of 
measurements, and unless the values happen to be distributed in 
the most usual manner, the median will give a poor representation 
of central tendency. 

Arithmetic Mean. The most commonly used average is the 
arithmetic mean. Certainly, in chemical measurements, it is 
agreed that the arithmetic mean gives the most nearly correct 
representation of central tendency. The arithmetic mean was the 
average meant in the 'discussion of "best value” in Chapter- VI. 
The definition of the arithmetic mean is the sum of all the measure- 
ments divided by the number of measurements. In the language 
of mathematics, 

d — ^2 -j- X3 + Zj'-j h gfi ' - ( 1 ) 

n 

where the a:'s represent the individual measurements. Or in sim- 
pler form, 



n 


where S here, and as hereinafter used, denotes the “sum of.” An 
important relation following from (2) will be used later. It is: 

Sx — na = 0 ' . (3) 

Root Mean Square. Another t 3 ?pe of average that is worth 
brief notice is the root mean square average. By definition it is: 



It might be called the square root of the arithmetic mean of the 
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squares of the values in the group. A familiar example of the use 
of this average is found in the kinetic theory of gases. In energy 
calculations, it is the average of the squares of the velocities that 
is proportional to the average energy, since the energy' is propor- 
tional to the square of the velocity of a particle (atom or molecule). 
On the other hand, in calculations of the collisions between parti- 
cles, the average velocity used is the arithmetic mean. 

Weighted Arithmetic Mean. When a series of measurements 
has been compiled from experiments performed under different 
conditions (i.e., made by different observers or by one observer 
under conditions not uniformly favorable) it is often the practice 
to give greater weight to the more favorably determined values. 
Under these circumstances a modified form of the arithmetic mean 
is used. The modified form is known as the weighted arithmetic 
mean which is defined as: 

w.a 

. Or, more simply, 


The assignment of weights is of necessity a highly arbitrary proce- 
dure, and the practice of weighting must be performed with great 
caution. It requires an experimenter of wide experience and with 
a fine sense of distinctions to assign weights in such a way that any 
widespread confidence in the result will be inspired. In Chap- 
ter X we shall derive a basis for weighting the averages of measure- 
ments by different observers. For a set of observations made by 
one observer imder varying conditions of favorability, no criterion 
of weighting has been evolved. The most plausible course is to 
take more observations. 

DEVIATIONS 

Since the arithmetic mean is the average that will be used 
almost exclusively, deviations from a will be the deviations in 
which we shall be most interested. By convention, the deviation 
is always found by subtracting the mean from the observation. 
Expressed in symbols, 


+ tPgTg + W3X3 H WnXn 

4* t02 -b taa 4* • • ‘Wn 

Xwx 

w.a. = 

Xvf 


(5) 

( 6 ) 


da = X a 


(7) 
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An important property of the deviations from a is that the sum of 
the deviations from o in a group is zero. Assume a group of n 
measurements of which a is the arithmetic mean. 

dfli ~ Xi — a 

rfo, = ^2 ■“ 

doi - X3 — a 


da, ==> Xn — a 


Uda == Sz-na , ( 8 ) 

By equation (3), the right-hand side of the expression is zero; hence 
Xda = 0. (9) 

Short-Cut Method for Obtaining the Arithmetic Mean. When 
the arithmetic mean of an extended series of me^urements having 
a large number of sigmficant figures must be obtained, the method 
of adding the large column of figures and dividing by the number 
of measurements is likely to prove tedious. Tedium produces 
fatigue and hence increases the possibility of mistakes in arithme- 
tic. A method involving simpler computations and the handling 
of fewer, digits is based upon the properties of the delations 
from an arbitrary value x'. Assume n measurements in the group, 
and take an arbitrary value which lies near the middle of the 
series. Defining the deviation as: 

dx'i = xi ~ x' (19) 

then, for the whole group, 

dx’i xi — a/ 

dx't * a-2 - 

d,', « X3 - a:' • ' 


dx', ** Xfi “ x^ 


2d,» sK S* “ Tix' 


( 11 ) 
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Dividing both sides of the summation equation by n, 


n n n 


Substituting from equation (2) and rearranging, 


a 




n 


( 12 ) 


( 13 ) 


Example 1. Successive determinations of the normality of a solution 
of ceric ammonium sulfate titrated against pure ferrous ammonium sul- 
fate, using o-phenanthroline ferrous complex as an internal indicator, gave 
the following values: 0.1327; 0.1325; 0.1329; 0.1326; 0.1328; 0.1327; 
0.1326; 0.1325; 0.1328; 0.1326; 0.1327. 

Arrange the values in tabular fashion, and take as an arbitrary central 
value 0.1326, i.e., z' » 0.1326. In a second column set the deviations 
from z' and take the algebraic sum of the deviations. 


X 


0.1327 

+0.0001 

.1325 

- 1 

.1329 

+ 3 

.1320 

0 

.1328 

+ 2 

.1327 

+ 1 

.1320 

0 

.1325 

- 1 

.1328 

+ 2 

.1320 

0 

.1327 

+ 1 


+0.0008 =» Edf}.i32s 


a 


0.1326 + - 


a = 0.1326 + 0.000073 
a « 0.13267 

According to ,Rule 9 (Chapter II), five figures may be carried in 
the average. 

The arbitrary value need not be a value from the group. It may be a 
conveniently rounded number falling either between two values of the 
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large or small deviations. Hence the standard deviation is the 
better measure of consistency. The standard deviation is defined 
as - - 



Squaring a number Tvith either positive or negative sign gives 
positive values; hence it is not necessary in this formula to denote 
the absolute value of the deviations. Because the standard dera- 
tion is not subject to the faults of the other dispersion measures it 
is the most generally used. Statisticians agree that it gives the 
best representation of the' dispersion of a group of measurements. 
The coefficient as in the preceding cases is given by 



a 


Short-Cut Method for Obtmning the Standard Deviation. In a 
manner entirely analogous to^that employed for the shoit-cut 
method of computing the arithmetic mean, the standard deviation 
may be obtained from the deviations from an arbitrary value (*')• 
First, we shall define the root mean square deviation from an arbi- 
trary value as • 


a — x' = Sf - ' (20) 



From equation (13) it follows that 

2d,- 


' By definition 
Therefore 

From (20) 


== Xy-X* 

2(x-V)^ 

n 

ar' = a — x' ' 



» - S(z — a + x')® 


Now 
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Carrying out the squaring in a separate operation 
(i - o + i'f = l(i - o) + f '1’ 

= (i - af + 2j’(i - a) + 
Replacing in the equation 

s’ = 1 2[(i - a)’ + 2x'(i - a) + i”l 

The sum of the terms enclosed by the bracket would be: 
(ii - a)’ + 2i'(xi - a) + i” 

' fe — of + — o) + 


(r„ - a)’ + 2f '(i„ - a) + 

2(i - a)’ + 2f'S(i - a) + nj” 

This becomes 

,2 = - of + 2i'2(x - °) ^ 

n n 

Then, from equations (17) and (9), 

or ,r=±Vs’-i"’ (22) 

In terms of deviations from the arbitrary value (x'), 



By meansbf a combination of the two short-cut methods that have 
been derived, it is now possible to compute both o and a in one 
grand operation. 

Example 2. In the analysis of a certain organic compound by the 
usual method of combustion and absorption of the water formed in a tube 
charged with a suitable desiccant, the follomng percentages of hydrogen 
were found: 2.71, 2.76, 2.79, 2.78, 2.82, 2.76, 2,78, 2.74, 2.76, 2,74. 



134 


STATISTICAL METHODS 


Pop x' take 2.75; n =.10 


X 

ds' 

' dl' 

' • 2.71 

-0.04. 

0.0016 

• 2.76 

+ 1 

1 

2.79 


16 

2.78 


> 9 

■ 2.82 

+ 7 

49 

2.76 

- -+ I 

1 

2.78 ' 

+ 3 

'■ 9 

2.74 

1 

1 

- 2.76 

. + 1 

1 

2.74 

- 1 - 

• 1 


+0.14 

0.0104 

By equation (13) 

0.14 


- 

, a « 2,75 + ~ 2.764 


And by eauation (23) 



/0.0104 /0.14Y 



<r Vo.OOOSd 

• ' 


0.029 


• 

DISTHIBOTION 



The measures of dispersion 'that have just been discussed are 
capable of jdclding a numerical quantity which is characteristic of 
the degree of scattering of the values in a group. These measures# 
however, tell little of the manner of distribution of the values. 
Distribution is differentiated from dispersion in that distribution 
takes account of the order of occurrence and the frequency of 
occurrence in a group as well as the extent of scattering. We shall 
need to know something of the distribution of deviations before 
w'e can evolve numerical measures of precision which, in a limited 
sense, are approximate measures of accuracy. 

Let us imagine a pgantic creature from another planet who 
has come to visit the earth. To him roan would appear a biologi- 
cal type uith certain attributes — ^height, weight, age, wealth, etc. 
all of which are expressible as numbers. He would undoubtedly 
recognize that these attributes aro susceptible of variation, but he 



DISTRIBUTION 


135 


would Btill consider man as a type and not as a large number of 
highly diverse individuals. Take, for instance, the attribute of 
chest measurement. If our colossus jobscrved the chest measure-- 
ments of a large number of specimens he would note a variation. 
If he possessed intelligence in proportion to his size, he would 
ascribe the variation to a large number of variables : the amount of 
exercise taken by the specimen, the land of food eaten, heredity, 
etc. He would further recognize that heredity is dependent upon 
a very large number of remote ancestors each of whom contributed 
some small share to the deviation of this specimen from an average 
value. To the giant the measurement of chests would be a “sci- 
entific measurement" comparable to the experimental work of the 
chemist. 

The following table of the chest measures of 5,732 Scotch 
soldiers ^ will serve as an example. 


Chest Meascke 

Number oi 

nr Ikches 

Soldiers 

33 ' 

3 

34 

19 

35 

81 

36 

189 

37 

409 

38 

753 

39 

1,002 

40 

1,082 

41 

935 

42 

646 

43 

313 

44 

168 

V 45 

60 

46 

18 

47 

3 

48 

1 


The first thing to be noted is that, in going down the table, there 
is an increase in the number of men having each “chest measure”; 
at about the middle a maximum occurs, and from there on a 
decrease is seen. For a given value, say 36 inches, the number of 
men having that value, 189, pves the frequency of occurrence of 
that value. It is apparent that the frequencies show a definite 

' Edinburgh Medical Journal, 13, 260 (1817); cf., Whittaker and Robinson: 
Calculus of Observations, p. 165, Blackie, London, 1924. 
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and orderly trend. A graph will show the trend more clearly. 
Fig. 9 depicts an extremely usual state of affairs,- This type of 
distribution, known as the normal frequency distribution, is the 
kind most frequently found in experimental science. 

One further point concerning the table should be noted. At 
first glance it would appear either that (1) the measurements had 
been made only to the nearest inch, or (2) the men observed all 



had chest measurements that were exact multiples of an inch, or 
(3) all the men having chest measures within a certain range had 
^cn grouped together. Undoubtedly the third possibility is the 
true one. The men have been divided into subgroups or classy, 
each class covering an interval of one inch, and the value stated is 
the mid-value of the class. Thus, in the first class, 3 men fell 
within the range 32 j to 33^; the next class is between 33§ and H 2 > 
and so on down the table. This conception of class interval is a 
necessity because there is only a finite number of observations. 
The class interval might be made smaller, but since the measure- 
ments were made with only a limited degree of exactness, irregu- 
larities would appear that would obscure the order and produce 
chaos. It is only when an infinite number of measurements have 
been made that an infinite rimal interval (dx) can be taken. The 
class interval is a concession to practical considerations. 

With the introduction of frequencies, the computation of aver- 
ages and dispersion measuiv’s is a little more complex than in the 
previous instances. In the long run, however, for large numbers 
of values which can be grouped into dasses, the labor is much less, 
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as can be seen bj' imagining a table containing 5,732 terms, 
the symbol / for frequency, the computation of a and <r 
chest measure distribution of Scotch soldiers is as shonm. 


Example S. Taking 40 as x\ 


1 

2 

3 

4 

5 

X 

I 

d** 

fd^ 

SA 

33 

3 

-7 

- 21 

147 

34 

19 

-0 

- 114 

O&l 

35 

81 

-5 

- 405 

2,025 

3C 

169 

-4 

- 756 

3,024 

37 

409 

-3 

-1,227 

3,681 

38 

753 

—2 

-1,500 

3,012 

39 

1,0G2 

-1 

-1,002 

1,062 

40 

1,032 

0 

0 

0 

41 

935 

I 

035 

035 

43 

046 

2 

1,292 

2.581 

43 

313 

3 

039 

2,817 

44 

ICS 

4 

072 

2,688 

45 

50 

5 

250 

1,250 

46 

18 

6 

103 

048 

47 

3 

7 

21 

147 

43 

‘ 

8 

8 

04 


e,732 -SCO 24,7CS 


Note: r/ = n 

Xfd^ - 

- Tdl- 

Note also: 


Column 4 is the product of 2 nnd 3. 
Column 5 is the product of 3 and 4. 


a 


*' + 




a 

a 


40 + 
39.S 


(-SfiG) 

5,732 


40 - 0.15 



Using 
for the 


And 




138 ' 


Therefore 


STATISTICAL METHODS - 




*= fc 2.1 

_ 2.1 

“ 39.8 


0.053 


PROBLEM SET Xn 

I^ote carefully'. A complete record of the computationa and answers to 
problems must be kept in order to solve succeeding illustrative examples in' 
this and subsequent chapters. 

1. The following determinations of the atomic weight of carbon by means 
of combustion analysis are from Baxter and Hale:* 


12.0080 

12.0101 

12.0106 

.0090 

.0101 

.0106 

.0090 

‘ .0102 

.0107 

.0095 

.0102 

.0111 

.0095 

.0102 

.0113 

.0096 

.0105 

.0110 

.0097 

.0106 

.0118 

,0101 

.0100 

.0120 

.0101 

.0106 

.0129 


Determine the (a) mode, (h) median, (c) arithmetic mean, and (d) standard 
deviation. 

2. In the determination of standard electrode potentials, Bates and Vos- ' 
burg * obtained the following values of Eh for the Hg, Hgslj, I" electrode: 

-0.04047 -0.04054 - 0.W036 

,04044 .04037 .04041 

.04042 .04057 ’ .04023 

For these data obtain (a) Kr> (&) xj, and (c) ic«. 

3. linhart * found these values of E-a for the Hg, Hgf electrode: 


-0.7896 

.7895 

..7927 


-0.7929 

.7922 


Compute (a) (5) Kt, and (c) Which set of observations is more consis- 

tent: Linhart’s or Bates and Vosbuig’a (Problem 2)? 

'4. Through a determination of the weight of silver chloride yielded by 
benroyl chloride, Scott and Hurley • found these values for the atomic weight 
of carbon: 

12.0100 12.0105' 

.0102 .0099 

.0103 .0101 

.0101 .0106 


*J. Am. Chan. Soc., 69, 606 (1037). 
*Ihid., 59, 1188 (1937). 


*Ibid., 38,2356 (1916). 
*Jbid., 69, 1905 (1937). 
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Compute a and «r. Compare these data with those of Baxter and Hale 
(Problem I) for consistency. 

6. Linganc and Larson * measured the temperature coefficients of cells 
of the type: 

Pt 1 Quinhydrone (a), Ha 04 (Ci) | HClOifCi), AgNOjfCs) | Ag 
at various acid concentrations. From their measurements they obtained 
the following values of the temperature coefficient of the standard silver 
electrode at the indicated acid concentrations: 


Cncio< 

V dr y 

0.1227* 

+0.964 

.1092 

.965 

.1005 

.073 

.0503 

.069 

.0503 

.970 

.0402 . 

.060 

! used init«9d of BC 104 {ntlu»ran. 



It was found that increased acid concentration decreased the reproducibility 
of the potential, probably owing to attacking of the silver. Making the 
assumption that the values of the coefficient should be weighted inversely aa 
the acid concentration, compute the weighted mean value for the temperature 
coefficient. 

6. A determination of the atomic weight of chlorine by Hooigsehmid and 
Chan ’ yielded these results: 

35.4558 85.4565 

.4563 .4562 

.4553 .4568 

.4574 .4558 


Compute a and c. 

7. In their redetennination of the atomic weight of iodine, Honigsehmid 
and Striebcl * obtained the following vnlu(?3 for the rafjo of silver iodide to 
silver chloride: 


1. 638085 

].C380(X 

1.638078 

058 

085 

OSO 

070 

070 

067 

100 

106 

0S3 

078 

OSO 

066 

061 

OG9 



The arithmetic moan is 1.63S076. Compute the standard deviation. 

8. The data of Baxter and Hale (Problem 1) can be tabulated conveniently 


* 7Wd., 69, 2271 (1037). 

*Z. anorg allgem, Chem., 163, 315 (1027); sco also HSnJgschmid, J. Am. 
Chm. Soc., 63, 3012 (1031). 

* Z. anorg. allgem. Chem , 208, 53 (1032). 
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in a frequency table talcing & class interval of O.OOIO. To avoid confusion, the 
range of each class interval is given in the first column. 


Kanob 

Atomic Weight 

Fhequenct 

75- 84 

• 12.0080 

1 

85- 94 

. '12.0090 

2 

95-104 

12.0100 

11 

105-II4 

12.0110 

9 

115-124 

12.0120 

3 

125-134 

12.0130 

1 ' 


From this frequency table compute a and e, and compare with (c) and (d) of 
Problem 1. 

9. " Plot the data of Problem 8 as a frequency graph, drawing a smooth 
curve through the points. How would you explam the departure of this 
distribution from the “ normal ’* t3rpe shown in Fig. 97 

10. By means of vertical lines, mark on the graph prepared in Problem 9 
the following values which were obtained in Problem 1 : (o) the mode; (b) the 
median; (c) a; (d) a + «■; and (e) a — 



CHAPTER IX 


THEORY OF ERRORS 

Truth is heavy, therefore few care to carry it. 

— The Talmud. 

In the preceding chapter we have examined the question of dis- 
tribution fairly briefly. We have not succeeded, as yet, in defin- 
ing distribution; we have merely described it. Perhaps if we can 
deduce a theoretical basis for distribution, and hence be able to 
express it mathematically, we shall approach a little nearer to an 
xmderstanding. 

It is a fact of observation that the values of a measured quan- 
tity are dispersed, the extent of dispersion depending upon the care 
observed and the skill of the experimenter. It is a further fact 
that the measured values fit into a pattern according to magnitude 
and frequency of occurrence. We must not be too hasty and say 
that all cases of the measurement of a quantity fit a distribution 
pattern. In measurements which consist in direct counting, per- 
fect agreement in successive counts might be anticipated provided 
that the numbers are reasonably small. To be safe and also to 
make allowances for future improvements in experimental tech- 
nique we shall state as an hypothesis: distribution is an inherent 
property of most measurement, as now practiced. 

Distribution of Errors. If measurements fall into a distribution 
pattern, it follows that the errors of the measurements will likewise 
fit a distribution pattern of the same shape. It will be recalled 
that the variation of measurements is attributed to a large number 
of variables, cither neglected or incompletely controlled, which in 
their free and practically independent operation result in devia- 
tions from the “true value.” Inasmuch as deviations from the 
"true value” are the errors, the variations of the measurements 
and of the errors are both the results of one' set of causative factors. 
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Measiirements and their errors fit the same type of distribution 
pattern. Ttvo examples will illustrate.- 

Example 1. If, for the follo\mg table of values of x and their fre- 
quencies f, we assume that the “ true value " is 127, the column of dm 
be the “ errors.” ' • 


X 

/ 


dm 

125 

1- 


-2 

126 

3 


-1 

127 " 

7 


0 

128 

3 


+1 

129 

1 ‘ 


+2 


In Fig. 10, (a) ia.the frequency diagram of the measurements and (6) is 
the corresponding diagram for the errors. Except for a shift along the 
horizontal axis, the two curves are identical. 



Example S. In the calibration of a certain cryoscopic apparatus the ' 
following freezing points of water were obtained with the frequencies 
indicatM; 


t’C . 

/ 

rc 

/ 

0.003 

2 

-0.001 

10 

0.002 

4 • 

-0.002 

3 

O.OOl 

g 

-0.003 

1 

0.000 

13 

-0.004 

1 


Since by deSnition of the thermometer scale the freezing point of water is 
zero, then 0.000 is the ” true value,” and the measurements are the errors. 
It should not require graphs to show a correspondence of the frequency 
distributions of the measurements and of the errors in this instance. 

Distribution Curves* Tbo identity in type of distribution of 
measurements and of errors being recognized, it is apparent that, 
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if cither cun'c can be fitted with a mathematical equation, by a 
suitable change of scale the equation will fit the other curve also. 
An equation of distribution has been derived based upon simple 
considerations from the mathematics of probability. A side excur- 
sion into the realm of mathematical probability will bo the best 
approach. 


PROBABILITY THEOREMS 

Historical Statement. The mathematics of probabilities owes 
its origin to B. Pascal (1623-1662) and P. de Fermat (1601-1665), 
who jointly evolved the fundamental principles in an effort to 
solve the problem of how to divide the stakes of an unfinished 
game. Their discoveries were elaborated by C. Huygens (1629- 
1095)) and further by James BcmoulH (16M-1705), whoso post- 
humous book (1713) appears to be the first treatise on the subject. 
The great developer of the calculus of probabilities was P. Laplaco 
(1749-1827), who in 1812 issued his Th(one analyliqut des proba- 
hiliUs which is still regarded as a classical work. Laplace called 
the theory of probabilities merely "common sense expressed in 
mathematical sjunbols." It is simply a system for calculating 
results that might be deduced intuitively. 

Mathematical Probability. If there is some doubt about the 
occurrence of an event, the calculus of probabilities can predict the 
chance that it ^rill or will not happen, prorided that the problem 
of occurrence docs not reduce to a triviality. The question : " ^\liat 
is the chance that heads will appear when a coin is tossed?” pre- 
sents a rc.'isonable problem of probability since there is some doubt. 
Such a question as : "^^^lat is the probability that the number 2,152 
has an integral square root?” is trivial because the square root can 
be taken and the answer is a statement of fact. 

A quantitative answer to a proper problem in probability is 
obtained by means of the following reasoning: 

(1) If there arc n equally likely ways in which an event can 
happen, and 

(2) if out of these n wnj^ there are m ways in which a par- 
ticularly designated event can occur; then 

(3) the probability p of the particular event occurring in a 
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That is, 



( 1 ) 


Tius definition might be interpreted as presuming that the occur- 
rence of the event had already been observed and tabulated. A 
more useful definition can be stated in terms of happenings and 
failures to happen. If an event can happen in k ways and fail to 
happen in I ways and ah the (fc + f) ways are equally likely, the 
probability of happening is 


k 

^ ~ a + 1 


( 2 ) 


and the probabiUty of failing is 

I 

^~h + l 


( 3 ) 


Example 1, A coin has two faces: heads and tails. Jf a coin is tossed 
there is one way in which heads can appear and one way in which heads 
can fail to appear, i.e., tails may appear. Therefore the probability of 
getting heads with a single toss of the coin is 


Example A die has six faces which are denoted 1, 2, 8, 4, 5, and 6. 
There is one way for 3 to show when the die is cost and five waj's for the 
3 to fail to appear. The probability of getting 3 with a single cast of the 
die is 

1 1 

^“l+6“6 , , 

Equally likely Events. In the two examples just given, the 
reader has experienced no intuitive objection to considering heads 
and tails os equally likely to show. Neither does the intuition 
object to declaring each of the six faces of a die equally likely to 
appear. It ia understood, of coume, that these considerations 
could not apply to a coin which has heads on both sides or to a die 
that has been weighted. As ia usual with intuitive conceptions, 
attempts to clarify with definitions and qualifications succeed 
chiefly in beclouding the issue of “equally likely." The first diffi- 
culty comes in decreeing whether by “equally likely" we mean 
“equal knowledge of likelihood” or “equal ignorance of likelihood." 
The two criteria should reduce to identity, but, in the prosecution 
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of these ideas to their logical extremes, further difficulties arise. 
For example, the question : “What is the probability that there arc 
dogs on the dog-star?” would, on the basis of “equal ignorance,” 
require the answer that “dogs” and “not-dogs” are equally likel}’. 

A coin can be examined to determine whether the faces are 
alike or different and to jud^ of the sjTnmetrj' or balance. We 
arc totally ignorant of conditions on the “dog-star.” Therefore, 
it is in judging of eases where the doubt approaches total ignorance 
that probability considerations must be applied with caution and 
skepticism to'ward the result. 

Theorem 1. If the probability that an event will happen is p 
and the probability of its failing to happen is q, then 

p-{-q= I (4) 

By definition from (2) and (3) 

k I 

Therefore 

, it . I + I , 

Equation (4) may be restated as 

, p = 1 - 5 (4a) 

, 9 = l-p (46) 


Theorem S. Unit probability corresponds to certainty. From 
the definition of probability, if there is no way in which on event 
c.an fail to happen, then 


P 


fc-^0 


* 1 


Conversely, zero probability denotes certain failure of an event. 
From the above 


9 


0 

& + 0 


ea 0 


It is only in the re.alm of mathematics, however, that we c.an speak 
with a-^^surance of unit or zero probability. In nctu.ality the words 
“certain” and “impossible" are strong words wliich should bo 



146 


THEORY OF ERRORS. - 

. applied ^th caption. In a coin toss, it is conceivable that tbe coin 
might land oh edge. The statement of the probability of getting 
- heads upon a single toss of a coin as exactly }i implies the condition 
“when the coin falls flat” 

Complex Events. Many evraits can be resolved into several 
simpler events. Thus the event of obtaining an even number 
with one cast of a die may be resolved into three simpler events, 
namely: (1) obtaining 2, (2) obtaining 4, or (3) obtaining 6. It 
is obvious that, if any one of the three simple events occurs, 
neither of the other two can happen. Several events are denoted 
as mutually exclusive if one and only one of them can happen. 

The resolution of complex events into ampler events, givra 
rise to another classification according to whether the occurrence 
of one affects the occurrence of the others. If the occurrence of 
any one event has no effect on the occurrence of the others, the 
events are said to be independent. If, on the other hand, the 
occurrence of one event does affect the occurrence of the others, 
the events are said to be related. A simple example will illustrate. 
If a box contains 3 red and 5 green balls, the probability of a red 
.ball being picked by a blindfolded person is H' If the ball is 
returned to the box and the trial repeated, the probabihty of get- 
. ting a red ball is the same as before. The events are therefore 
independent. Suppose that after the first trial the ball w’cre not 
returned. Upon a second trial the probability of drawing a red 
ball will be either ^ or J-f, depending upon the color of the first ball 
that was removed. Here the events are related. 

Theorem S. The probability that any one of several mutu^y 
exclusive events will occur is the sura of their separate probabilities. 

That is 

P — Pi *f Pa + Pa 4* • • • *f pn (5) . 

This formula can be easily verified * for the occurrence of an 
even number upon one cast of a die. The probability of getting 
any particular number on the (fie is H* Since there arc three even 
numbers, then 

P=|+i+6-f 

The same result can be obtained in another way. There are three 

* For completely formal proofs of these theorems the reader ahould consult _ 
one of tbe textbook on probability listed in tbe Appendix. 
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ways in wliich nn even number can appear and three in which it 
can fail to appear, and all she ways are equally likely. From (2) 

_k 3 ^3 

^"k+l 3+3 6 

Theorem 4- The probability that several independent events 
mil occur together is the product of their separate probabilities. 

That is, 

P = Pi-p2‘P3*“Pn (6) 

To "prove” this formula, let us examine an example of coin 
tossing. The simultaneous tossing of two coins may be considered 
(ho same os two eeparate tossings of one coin. is the prob- 

ability of getting two heads to appear when two coins are tossed? 
The probability of heads on one toss of one coin is From (6) 

P = i Xi = 4 

Considering the same problem from another viewpoint wo can 
obtain the identical answer. \Yhcn two coins are tossed there is 
one way of getting two heads to appear and three ways for two 
heads to fail to appear. The possibilities arc : 

HH, HT, TH, TT 
The probability according to (2) is 

1 1 

“ 1 + 3 "4 

In the scries of four possibilities just gi\’cn we note the appear- 
ance of the two terms IIT and TII which at first glance might 
appear to bo only one term in two different guL'os. To clarify the 
matter we had better digress from our digression to reriew the 
meanings of permutations and combinations. 

Permutations. We often desire to know in how many different 
vnya a group of objects can be arranged cither nnth the whole 
group or with parts of tlie group. Each possible arrangement is 
known as a permutation. For iastance, how many numbers of 
three digits each can bo made from the throe digits 1, 2, and 3? 
Tlic permutations of this groupare 123, 132, 213, 231, 312, and 321. 
TliC two-digit numbers possible from the same three digits arc 12 
21, 13, 31, 23, and 32. 
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applied with caution. In a coin toss, it is conceivable that the coin 
might land oh edge. The statement of the probability of getting 
heads upon a single toss of a cbin as exactly implies the condition 
“when .the coin falls flat.” ■ 

Complex Events. Many events can be resolved into several 
simpler events. Thus the event of obtaining an even number 
with one cast of a die may be resolved into three simpler events, 
namely: (1) obtaining 2, (2) obtaining 4, or (3) obtaining 6. It 
is obvious that, .if any one of the three simple events occurs, 
neither of the other two can happen. Several events are denoted 
as mutually exclusive if one and only one of them can happen. 

The resolution of complex' events into simpler events gives 
rise to another classification according to whether the occurrence 
of one affects the occurrence of the others. If the occurrence of 
any -one event has no effect on the occurrence of the others, the 
events are said to be independent. If, on the other hand, the 
.occurrence of one event does affect the occurrence of the others, 
the events are said to be related. A simple example will illustrate. 
If a box contains 3 red and 5 green balls, the probability of a red 
ball being picked by a blindfolded person is If the ball is 
returned to the box and the trial repeated, the probability of get- 
ting a red ball is the same os before. The events are therefore 
independent. Suppose that after the fimt trial the ball were not 
returned. Upon a second trial the probability of drawing a red 
ball will be either or depending upon the color of the first ball 
that was removed. Here the events are related. 

Theorem 3. The probability that any one of several mutually 
excli^vD events will occur is the sum of their separate probabilities. 

That is 

p ^ pl+P2 + P3+'-'+Pn (5) 

This formula can be easily verified * for the occurrence of an 
even number upon one cast of a die. The probability of getting' 
any particular number on the die is Since there are three even 

numbers, then 

P = i + i + i = 

The same result can be obtained in another way. There are three 

* For completely formal proofs of these theorema the reader should consult 
one of the textbooks on probability listed in the Appendix. 
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ways in wliich nn even number can appear and three in which it 
can fail to appear, and all six ways are equally likely. From (2) , 

k 3 _ 3 

Theorem 4. The probability that several independent events 
will occur together is the product of their separate probabilities. 

That is, 

P = Pi*p2-p3-*'Pn (6) 

To "prove” this formula, let us examine an example of coin 
tossing. The simultaneous tossing of two coins may be considered 
the same as two separate tossings of one coin. What is the prob- 
ability of getting two heads to appear when two coins arc tossed? 
The probability of heads on one toss of one coin is From (6) 



Considering the same problem from another viewpoint we can 
obtain the identical answer. When two coins arc tossed there is 
one way of getting two heads to appear and three ways for two 
heads to fail to appear. The possibilities arc: 

nu, Hr, TH, rr 

The probability according to (2) is 

1 1 
^ l+3“4 

In the scries of four possibilities just given we note the appear- 
ance of the two terms HT and TI{ which at first glance might 
appear to be only one term in two different guises. To clarify the 
matter we had better digress from our digression to review the 
meaning of permutations and combinations. 

Permutations. We often dcare to know in how many different 
ways a group of objects can be arranged either with the whole 
group or with parts of the group. Each possible arrangement is 
known as a permutation. For instance, how many numbers of 
three dipts each can be made from the three digits 1, 2, and 3? 
The permutations of this group are 123, 132, 213» 231, 312, and 321. 
The two-digit numbers possible from the same three digits are 12, 
21, 13, 31, 23, and 32.. 
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In general, if there are n things, the number of permutations 
taking r at a time is ^ven by 

„Pr “ rt(n “ l)(n - 2)' • -(n - r + 1) (7)- 

Equation (7) can be proved in tWs -way: in an arrangement of r 
things, each of the n things can occupy the first position. There 
are therefore n ways of-filKng the first position. With any one of 
the n things occupying the first position, there are now only (n — 1) 
things left which can fill the second position. By similar reasoning 
there are (n — 2) ways of filling the thud place. Observing that 
the number subtracted from n is 1 less than the number of the 
position, it follow that for the rth position there are [n — (r — 1)} 
or (n — r + 1) ways of filling the last position. 

In the special case of n things taken n at a time, the last factor 
of the formula becomes 

n — n + l*®! 

Therefore 

„P««n(n-l)(n-2)‘**l 

The product of all the integers from n to 1 inclusive occurs fre- ' 
quently and it is called factorial n, denoted n !. Thus 


nPn^nl ( 8 ) 

Example S. (o) The number of permutations of 3 nmabera taken[3 at 
a time ie 

jp, »3r«3X2Xl«6 

(b) The number of permutations of 3 numbers taken 2 at a time is 
=. 3(3 - 2 + 1) « 6 

Both these answere agree with the tabulated possibilities at the first of this 
section. 


Combinatioas. An arrangement of tb'*' 
of order is known as a combination, 
removed there is only one possible co 
2, and 3 taken three at a ti _ Th' 
integers, namely, 123, 132 3 

arrangements of the one 
taken 2 at a time, the po 


taking no account 
triction of order "' 
the integers I 
tions of thes 
all differe 
integers a 
and 23. 
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In general, the number ot combinations of n things taken'r at 
a time is given by 




nt 


(n-T)lrI 


(9) 


For n things taken r at a time there are many more permutations 
possible than combinations. Consider one combination of r things 
and sec how many arrangements of these r things are possible tak- 
ing account of order. This amounts to asking how many permu- 
tations there arc of r things taken r at a time. The answer accord- 
ing to (8) is 

rPr = r! 


For every combination there arc r 1 permutations, or there are r I 
times ns many permutations as combinations. 


From which 


From (7) 


nPr *= rUCr 


nCt 


r! 


n(n ~ l)(n - 2)(n ~ 3)» ♦ -(n - r -f 1) 
rl 


( 10 ) 


(ll) 


Multipijing both the numerator and denominator by (n — r) I 
n(n - l)(n - 2)(n - 3)- • -(n - r + l){n - t) 1 
" ' (n-r)lrl 

Since (n — r)l is the product of all the integers from (n — r) to 1 
inclusive, and, since the series already in the numerator is the 
product of all the integers from n down to (n — r + 1), the second 
scries fits in nt the end of the first series to give the continuous 
product of all the integers from n to 1 inclusive. Hence 


" " (n-r)lrl 

To return for a moment to the Fcries of possibilities for one 
to<5s of two wins discus.-sed under Theorem 4, where we had the 
Fcrics 


////, //r, Til, TT 
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it might be argued that the two middle terns were permutations 
of letters iratead of combinations of faces. If we denote one coin 
by capital letters and the second by small letters; the series becomes 

and it is apparent that the four possibilities are really equally 
likely. ■ - 

Limitations of Probability Theorems. Once more the difference 
between the idealized conditions of mathematical postulation and 
'the actual conditions of practice must be stressed. We have said 
tbe probability of getting heads when a coin is tossed is Every 
small boy who has “pitched pennies” Icnows better than to 
assume that, if heads comes once, tails will follow on the next 
throw. If a coin is tossed a large number of times, say 100, as 
many as 55 heads may result ; if there are 1,000 tosses there may be 
515 heads. As the number of throws is increased the ratio of 
heads to number of throws will approach K. The calculations of 
a ‘priori probability represent only the limiting condition toward 
which the awrage approaches when the number of trials approaches , 
infinity. For an observable event for wWch advance predictions 
are not possible the statistical average of occurrence may be used 
as an a posieriori estimate of the probability. Probabilities esti- 
inated in this way are called empirical. The combination of a 
man, a rifle, a target, and the remainder of the universe constitute 
so complex a system that it would be manifestly impossible to 
predict the probability of a bull's-eye on any particular shot. If, 
however, the result of tabulation of the man’s scores over a long 
period of time were available and he had averaged 2 bull's-eyes 
out of each 10 shots, his empirically determined probability of hit- 
ting the bull’s-eye on any single shot would be "about” Ko or H* 

conr TOSSING 

We shall first exanune in detail all the possibilities of 1, 2, 3, 
and 4 tosses of a coin, the equivalents of a single toss of 1, 2, 3, or 
4 coins, respectively, and see whether there is any regularity upon - 
which we can generalize. If generalizations are possible, it should 
then be possible to predict the results of any number of coin tosses. 

One Coin. With a single toss of one coin the possibilities are; 
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TJie probribility of one heads Is H» and the probability of one tails 
is H* The events arc mutually exclusive, so by Theorem 3 the 
probability that one event will occur is 

p » J J 

Two Coins. For a single toss of two coins, the possibilities arc 
2 lieada 1 heads 0 heads 
;/// IIT TT 

TII 


Tlie probability of III! is the product of the separate probabilities 
of the two independent events (TheoTcm •!) or « (J)*. 

The probability of IIT is (he product of (lie probability of heads 
(J) and the probability of tails (J) or (§)(a). But pince there is 
another po'vibility, for which the probability Is ($){^), which is 
Just as likely os //T, and since the events IIT and TII are mutually 
exclusive, the probability that one heads and one tails will appear 
is the sum of the separate probabilities, or 

P « 2Cj)(}) 


We cotild have obtained the same result by considering how many 
combinations of heads and tails cotild give exactly one heads in 
cacli combination. From (0) 


3C1 


21 ^ 2 X 1 
III! " 1 X 1 


By rr.^'oning rimilar to (he case of Jill, (he probability of TT 
is rqual to 

Now, Ix'rau's? the po'^'-ibililirs (wo he.ads, one heads, nnd no 
lie.nds are mutually exclurivc, the prolxability of one po«.<ibility is 
the ^um of the fcparntc probabilities, lliat i«, 

Three Coins. Tlie po*f5bilitic3» in one to*s of (lircc coins arc 


3 brads 2 heads 1 heads 
IIIW iniT JITT 
mil TUT 

THU TTU 

The probaUhly of three lieads is (§)(§)(§) 


0 licnds 
TTT 


(i)*. 
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it Eught be argued that the two middle terms were permutations 
of letters instead of combinations of faces. If we denote one coin 
by capital lettera and the second by small letters, the series becomes 

Hh,m,Th,rt 

and it is apparent that the four possibilities are really equally 
likely. 

Limitations of Probability Theorems, Once more the difference 
between the idealized conations of mathematical postulation and 
"the actual conditions of practice must be stressed. We have said 
the probability of getting heads when a coin is tossed is K- Every 
small boy who has “pitched pennies” knows better than to 
ai^ume that, if heads comes once, tails will follow on the next 
throw. If a coin is tossed a large number of times, say 100, as 
many as 55 heads may result; if there are 1,000 tosses there maybe 
615 heads. As the number of throws is increased the ratio of 
heads to number of throws wiU approach The calculations of 
« pHwi probability represent only the limiting condition toward 
wWch the average approaches when the number of trials approaches . 
infinity. For an observable event for which advance predictions 
are not possible the statistical average of occurrence may be used 
as an a fo&terioH estimate of the probability. Probabilities' esti- 
mated in this way are called empirical. The combination of a 
man, a rifle, a target, and the remainder of the universe constitute 
so complex a system that it would be manifestly impossible to 
predict the probabiUty of a brdl’s-eye on any particular shot. If, 
however, the result of tabulation of the man's scores over a long 
period of time were available and he had averaged 2 bull’s-eyes 
out of each 10 shots, lus empirically determined probability of hit- 
ting the bull’s-eye on any single shot would be “about” Ho or H- 

com TOSSING 

We shall first examine in detail all the possibilities of 1, 2, 3, 
and 4 tosses of a coin, the equiralents of a single toss of 1, 2, 3, or 
4 coins, respectively, and see whether there is any regularity upon . 
which we can generalize. If generaUsmtions are possible, it should 
then be possible to predict the results of any number of coin tosses. 

One Coin. With a single toss of one coin the possiblUti^ are: 

n,T 
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The probability of one heads is and the probability of one tails 

is H- The events are mutually exclusive, so by Theorem 3 the 

probability that one event will occur is 

p _ 1 4. X 
x' — 2 T 3 

Two Coins. For a single toss of two coins, the possibilities are 
2 heads - 1 heads 0 heads ' 

HH HT TT- 

TH 


The probability of HH is the product of the separate probabilities 
of the two independent events (Theorem 4) or ( 2 ) ( 2 ) = ( 2 )^* 
The probability of HT is the product of the probability of heads 
(§) and the probability of tails (J) or (|)(|). But since there is 
another possibility, for which the probability is ( 2 )( 7 ), which is 
just as likely as HT, and since the events H T and TH are mutually 
exclusive, the probability that one heads and one tails ^dll appear 
is the sum of the separate probabilities, or 

P = 2(i)(§) 


We could have obtained the same result by considering how many 
combinations of heads and tails could give exactly one heads in 
each combination. From (9) 


2C1 = 


21 

111 ! 


2 X 1 
1 X 1 


2 


By reasoning similar to the case of HH, the probability of TT 
is equal to (§)*. 

Now, because the possibilities two heads, one heads, and no 
heads are mutually exclusive, the probability of one possibility is 
the sum of the separate probabilities. That is, 


Three Coins. The posdbilities in 'one toss of three coins are 


3 heads 2 heads 1 heads 
HHH HHT HTT 
HTH THT 

THH TTH 

The probability of three heads is (§)(^)(§) 


0 heads 
TTT 
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The probability of two heads is (^)(|-) = (5)^; the prob- 
ability of one tails is hence the probability of HHT is (5-)® (f). 
The number of eqinvalent combinations is . - ‘ 

. - r _ 3! 3X2X1 „ 

112! 1X2X1 ^ 


The probability of two heads when three coins are tossed is 
3Ci)" (i). _ 

By similar reasoning the probability of one heads when three 
coins are tossed is 



31 

2111 



Continuing with reasoning identical to the possibility of three 
heads; for zero heads the probability is (§)^. 

As a final result, the probability of one possibility, namely, 3 
beads, 2 heads, 1 heads, or 0 heads, is 

■P = (i)' + 3(§)"® + 3(i)(J)2 + {if. - ^ 

Four Coins. Without any more detailed consideration than to 
tabulate the possibilities: 


4 heads 

3 heads 

2 heads ' 

1 heads 

0 heads 

HHHH 

HHHT 

HHTT 

HTTT 

TTTT 


HHTH 

HTHT 

TTTH 



HTHH 

HTTH 

THTT 



THHH 

THTH 

TTHH 

THHT 

TTHT 



we shall state that for a single toss of four coins the probability 
that one of the five possible numbers of heads will be obtained is 


P = (J)'* + 4(i)^(i) + 6(i)'=(i)= + 4(i)(i)’ + (1)^ . 


Binomial Expansion. Any textbook of college algebra gives 
the binomial theorem for the expression of a sum raised to a power, 
by means of a series of (n + 1) terms, where n.is the power. The 
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binomial tbeorem v?as ^scovercd by Sir Isaac Newton and first 
communicated to Leibnitz in 1676.* In general form, 

(a + by == a" + 6 + + • • - + nC„-io6”-\+ 6" (12) 

Let us cany out the expansion of the sum + §) to several 
powers : 

(1) + + i 

( 2 ) (i + i)= = (r + 2(§)(|) + (|)= 

(3) (i + W = (hf + 3©'(§) + 3(i)(f)“ + (I)" 

(4) (j 4- h* = (i)' + 4(if(j)+ 6(imr + + (D* 

For comparison we shall summarize the results of our consid- 
eration of the tossing of 1, 2, 3, or 4 coins. 

(1 coin) P = i + i 

(2 coins) P = (§)= + 2(i)(J) + (if 

(3 coins) P = (if + 3(i)=’(§) + 3(J)(^)“ + (if 

(4 coins) P = (if + 4(if(i) + 0(if(if + 4(i)(i)= + (if 

We immediately perceive that, in each of the four cases, the 
over-all probability P can be represented by 

p = ( j -I- ir 

where n is the number of coins tossed at once or the number of 
tosses of one coin. We might generalize further and say that, 
since the probability of heads (p) is | and the probability of tails 
(1 — p = g) is f , then 

F = (p + ff)" ' (13) 

Those generalizations have been somewhat hasty, and we have 
as yet no groimds for calling (13) a general formula. Suffice it to 
say that it has been well established as generally true, and it is 
one of the most useful formulas in statistics. Interested readers 
can find generalized proofs and complete discussions of "binomial 
-distribution" in almost any one of the statistics books listed in the 

* hoM: llutory of Maihmaiica, Second Edition, p. 328, MacmUlan, London 
1893. ’ 
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' The probability of two^ heads is (|)(J) = the ‘prob- 
ability of one tails is J j hence the probability of HHT is (f)^ ( J). 
The number of equivalent combinations is 

3! . 3X2X1 » 

1121 1X2X1 


The probability ol two heads when three coins are tossed is 
3®== (i). 

By similar reasoning the probability of one heads when three 
coins are tossed is 



3! 

2111 



= 3 



Continuing with reasoning identical to the possibility of three 
heads; for zero heads the probability is (J)®. 

As a final result, the probability of one possibility, namely, 3 
heads, 2 heads, 1 heads, or 0 heads, is 


P = (i)" + 3(i)‘’(i) + 3(i)(i)= + iif. 

Four Coins. Without any more detailed consideration than to 


tabulate the possibilities: 




4 heads 

3 heads 

2 beads 

1 heads 

0 heads 

HHHH 

HHHT 

HHTT 

HTTT 

TTTT 


HHTH 

HTHT 

TTTH 



HTHH 

HTTH 

THTT 



THHH 

THTH 

TTHH 

THHT 

TTHT 



we shall state that for a single toss of four coins the probability 
that one of the five possible numbers of heads will be obtained is 


p “ (i)‘ + + i(Mf + (i)" 


Binomial Expansion. Any textbook of college algebra gives 
the binomial theorem for the expression of a sum raised to a power, 
by means of a eerics of (n + 1) tenns, where n is the power. The 
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binomial theorem was discovered by Sir Isaac Newton and first 
communicated to Leibnitz in 1676.* In general form, 

(o + 6)" = a" + 6 + aCia"“*6* + ■ • • + nCn-iab""^ + 6" (12) 

Let us carry out the expansion of the sum (§• |) to several 

powers: 

( 1 ) (§ + 2)^ = § "h 2 

(2) (1 + 1)=*= (i)=+2(J)(|) + (i)2 

(3) (i + i)® = ii? + + 3{^)(§)=* + (§)" 

(4) (i + = (h* + 4(i)^(|)+ Qihm)^ + 4(|)(^)* + (4)* 

For comparison we shall summarize the results of our consid- 
eration of the tossing of 1, 2, 3, or 4 coins. 

(1 coin) P = i + ^ 

(2 coins) P = (.if + 2(i)(i) + (if 

(3 coins) P = (i)2 + 3(i)>’(J) + 3(i){^)“ + (i)® 

(4 coins) P = (if + 4(if(i) + e(J)'(J)» + 4(i)(if + (J)< 

We immediately perceive that, in each of the four cases, the 
over-all probability P can be represented by 

p = (i + i)" 

where n is the number of coins tossed at once or the number of 
tosses of one coin. We might generalize further and say that, 
since the probability of heads (p) is ^ and the probability of tails 
(1 — p = 5 ) is 4 i then 

P = (p + g)" (13) 

These generalizations have been somewhat hasty, and we have 
as yet no groimds for calling (13) a general formula. Suffice it to 
say that it has been well estabfished as generally true, and it is 
one of the most useful formulas in statistics. Interested readers 
can find generalized proofs and complete discussions of “binomial 
-distribution” in almost any one of the statistics books listed in the 

* Ball: Biiiory of Mathematics, Second Edition, p. 328, Macmillan, London 
1893. 
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Appendix. The probabilities of obtainhig n — 1, • * 1, 0 of 

any one face of a die when n dice are thrown are ^ven by the snc- 
cesdve terms of the expanson of (J + 

Frequency Distribution in Coin Tossing. Let us exanune 
once more the expansion for the tos^gof four coins. The ^esis: 

(D* + 4(1)*® 4- 6(i)*(|)* + 4(§)(i)* + (})* 

The first term ^ves the probaKUty of 4 heads, which equals 
He* Recalling the fund^ental “definition^’ of probability 
[equation (1)], we see that 4 heads occurs 1 time out of 16. if 16 
is the total number of observations, 1 is the frequency of 4 heads 
if we consider 4 heads as the observed raluc. The first term He 
l^ves not the frequency but a munber which is proportional to 
the frequency; we might call it the "frequenej* coefficient” like- 
wise, for the second term, He is the frequency coefficient of 3 heads. 
Argiung again, toward g^eralizations, the successive terms of an 
expansion of (p + q)” give the frequency coefficients of n, n — 1, 
n — 2, • • • 1, 0, respectively, of the event being observed-heads of 
the coin in this instance. 

For purposes of computation, it will be permissible to treat the 
frequency coefficient as if it were the frequency itself since the 
coefficient is directly proportional to the frequency. Let us e.vam- 
ine a frequency table for 1 of 4 coins. The frequency coeffi- 
cient will hereafter be denoted by F to ciistinguish it from the fre- 
quency (/), Let X denote the number of heads, and take 2 os 


z 

F 

dy 

Fdy 

F^y 

4 

1/16 

2 

2/16 

4/16 

3 

4/16 

1 

4/16 

4/16 

2 

6/16 

0 

0 

0 

1 

4/18 


~4/16 

4/16 

0 

1/16 

-2 

r 

4/16 


SF»1 

. 0 

f 

\ 

SF4. - 


0 = 2 - 
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We should have expected to find the arithmetic mean for this dis- 
tribution to be 2. • . * 

Average and Dispersion in a'Binomial Distribution. For the 
expansion of (p + g)”, in which p is the probability of heads and q 
the probability of tails on a sin^e toss and n is the number of coins 
tossed, we shall construct a frequency table just as we did for the 
tossing of 4 coins. The expanded series is : 

ip + s)" = p" + nClP"“‘? + nCap'-V H |-nC„_2pV“^ 

+ „C„_iP3"“‘ + 5” 

Solving for the various values of nCt, we obtain : 

” ‘ Cn-l)!ll " 

- nl n(n - 1) 

(n-2)I2l 21 


r "I ^ "(n - 1) 

2l(n-2)I 21 

The series becomes: 

(p + s)" = p” + np"-'g + P”“V + • • • 

+ ”^” 2 , pV~“ + np3"-‘ + g" 
Let X be the number of heads, and let x' — 0. 
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The terms in the bracket are the terms of the expansion of 

(p + g)"~* =1 

Therefore 


The root mean, square delation from an arbitrary value x' is 
given by 

XF 

Since 2F == 1 

= zral- 

^ = n'p” '+ n(n - 1)V“‘9 + — 

+ *"^’'21 pV "^ + ops "”' 

Factoring out np, 

s= = Tip [tip”"‘ + (n - iy‘p'‘-^g + — ^^2 — ?)_pn-Y^ 


s= = np [np”"‘ + (n - iy‘p'‘-^g + — ^^2 — 

+ i^^f^P9"-“ + s"-'] 

We shall need to split some of the terms of the series as indicated 
by the following steps. 

( 1 ) ■ np”“' = [(n-l)+l]p"'' = (n-l)p"“‘+p""’ 

(2) (n - 1)V"“9 = l(" - 2) + ll(n - l)p"-=? 

= (n-l)(n-2)p"“=g+ (n-l)p"-=g 




(n-l)(n-2) , 

2\ P 


. (ii - l)(n - 2)(n - 3) 

21 P r 

(n - l)(n - 2) , 

21 ^ ^ 


- P9”"' ■= 2(n - l)p 3 "- 


■ (n - 1)P9"~^ + (n - l)p5"~ 



■ . .. - - 
«2 r series . - 


"^(”~1)PS’‘~^., 2!'^~—p'‘~^^ 

“®bered-,„ ® . -/ 


lOii 


“““bered-j ® °?'*-Butnb(,red f 






terms of f/, ^ ^ 7 

r^'^p/pn-s 

^ « e,„o, r? -« tie femm of ' 

”•“““ * ""-'*.v-.^ 
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Because (1 — p) *= ? 


<r* = np5 



Although the lengthy derivation required to obtain (14) and 
(15) looks like “rabbits being pulled from a hat, ".the mathematics 
is perfectly sound and the fundamental importance of equations 
(14) and (15) amply justifies the tedium. Let us check the values 
of a and <r for the tossing of 4 coins (p. 154). For a single toss of 
4 coins 

P = i. «=2. " = 4 

a = np = 4X^ = 2 
<r =± =±V4XiX5=±l 

The results agree perfectly with those obtained on page 154. 

CURVE OF ERROR 

Having obtained the expression (p + ?)”, the binomial expan- 
sion of which gives the distribution of the frequency coefficients for 
the occurrence of various measured values of a certain quantity 
(heads of a coin, faces of a die, etc.), and being able also to express 
the dispersion of those values, we should be now in a position to 
obtain a generalized expression for normal distribution of frequency' 
coefficients. 

In Chapter VI it was postulated that errors of measurement are 
the resultants of a great many neglected and imperfectly controlled 
variables operating practically independently of one another. This 
is equivalent to saying each variable is responsible for an “error” 
of secondary magmtude winch may be either positive or negative 
and of varying size. To simulate the conditions of a measurement 
we might imagine a very large number of coins of various denom- 
inations and think of heads as positive and tails as negative.' 
Then, considering each of the possible combinations of heads and 
tails with the varying possible algebraic sums, we can get a glimpse 
at the theoretical background of errors os now understood. In the 
derivation * which follows, we have no way of postulating coins of 

* This derivation is based on the treatment of Gale and Watkeys: Elmen- 
lary Fundiom, Chapter IX, Henry Holt, New York, 1920. 
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different denominations. The best approximation we can get is 
the assumption of coins all alike. . . 

A plot of the values of the terms of the expansion of 

(P + 9)” 

when n is a smaU number, results in a frequency polygon, not a 
continuous curve. Consider the expansion of 

(! + §)"” 

We choose 2n power for convenience. The number of terms of the 
expansion is always one greater than the power; hence 2n + 1 will 
always be an odd number and insure a middle term. 

From (15) 



For the above expansion 



- n(l)2 

Since n is going to be a veiy large number, if the form of the 
binomial expansion (12) is recalled, it will be apparent that the 
magnitudes of the frequency coefficients will become very small 
because the sura of all the terms is 1. In order to prevent the 
curve from becoming very flat, we can substitute for the interval 
of unity in the values of x a generalized interval Ar. Since ff is a 
constant expressing the dispersion, we can take 

2(r^ 3= n(Aa:)* (16) 

and let Ax decrease in 
euch a way that, as n 
increases, equality of the 
right- and left-hand sides 
of (1C) will be main- 
tained. 

Taking n as some • 
finite value, let us con- 
sider two terms of the 
expanded scries. Wo 
vertices of the frequency 
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polygon determined by the rth and the (r + l)th terms from the 
center term of the expansion, the (n -f l)th term. Fig. 11 repre- 
sents this. From equation (12) 


AtP: 

AtQ: 


y -f Ay = 2n<^B+r+l(^)^" 

From the definition of „Cr, 

y = ( 1 )*" 


(2n)! 


(n — r) 1 (n + r) 1 
(2n)l 


y + Av = (.hf\ 

By division, 
y -f Ay 

y 

Then 

n-r fn-r .1 


(n - r - 1) I (n + r + 1) I 
(n r) I (n -f r) ! n — : 


(n — r — l)l(n + r-|-l)l n*fr-|-l 


^ fn - r - (n -f*r+ I)] 2r -f 1 

^!'“L ^+7+1 >=-7TrfT*' 


Divide each side by Ax 
Ax 


Nowjmultiply the right-hand side by 


2r+l 

n + r -f 1 Ax 
Ax 


^ . 
Ax 


Ax ’ 
2rAx -b Ax 


n(Ax)* + r(Ax)* + (Ax)^ 

The value of x corresponcUng to F is 

X = rAx 
and 


2a* — n(Ax)‘ 
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different denominations. The best approjdmation we can get is 
the assumption of coins all aKke. 

A plot of the values of the terms of the expai^on of 

(p + ff)" 

when n is a small number, results in a frequency polygon, not a 
continuous curve. Consider the expansion of 

(§ + !)"" 

We choose 2n power for confidence. The number of terms of the 
expansion is always one greater than the power; hence 2n -f* 1 
always be an odd number and insure a middle term. 

From (15) 



For the abof expansion 



Since n is going to be a very large number, if the form of the 
binomial expansion (12) is recalled, it will be apparent that the 
magnitudes of the frequency coefficients will become very small 
because the sum of all the terms is 1. In order to prevent the 
curve from becoming very fiat, we can substitute for the interval 
of unity in the values of a: a generalized interval Ar. Since c is a 
constant expressing the dispersion, we can take 

2^-n(Aa:)® (16) 

and let A* decrease in 
such a way that, as n 
increases, equality of the 
right- and left-hand sides 
of (10) will be main- 
tained. 

Taking n as some ■ 
finite value, let us con- 
sider two terms of the 
expanded series. We 
vertices of the frequencj' 



shall let P and Q be two succeslve 
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polygon determined by the rth and the (r + l)th terms from the 
center term of the expansion, the (n -f l)th term. Fig. 11 repre- 
sents this. From equation (12) 


AtP: 

AtQ: 


-V = 2nC„+,(if” 

!/ + Ay = 2«C„+,+i(J)’” 

From the definition of „Cr, 

V = (i)““ 


(2n)l 


y + Ay = (i)' 
By division, 

y+ Ay 
V 

Then 

Ay 


(n - r) 1 (n + r) I 

M2._ (2")' 


(n — r — 1) ! (n + r + 1) 1 
(n — r) I (n + r) 1 n — \ 


(n — r — l)l(n + r-bl)l n*fr-bl 


Ay « 


n - r r n - r 1 

n + r + l®'“‘'”Ln + r + l 

f n r — (n 4- r -h 1) 1 _ 2r -f 1 

L n + r + l J®' ““ir+TTl® 


Divide each side by Ax 

^ 2r+ 1 

Ax n + r + l Ax 


Now*multiply the right-hand side by — , 

‘ ^ _ 2rAx + Ax 

Ax n(Ax)^ + r(Ax3^ + (Ax)* ^ 

The value of x corresponding to P is 


and 


X — rAx 
2o* = n(Ax)' 
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Inasmuch as the occurrence of an error of some size is certain, and 
certainty represents unit probability, then, by the theorem of 
mutually exclusive events, the sum of all the separate probabilities 
must equal unity. That is, 

^ydx^ 1 
» «0 

By the integral calculus ' , 

J yix’^l 

Further 

r * /•« ^*1 

j ydx = C I e ^"'dx 1 

Almost any table of definite integrals will reveal that 




In our exponential factor 


and 


'/ia 

dx 

V2<r 


hence 


It follows that 


But 


/»« *• 


2#» dz 

VS 


s 


Therefore 


1 
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The value for C being substituted in equation (17), the result is 


y = 



( 20 ) 


We note from equation (19) that the value of C which gives the 
majdmum ordinate of the curve (at a; 0) is inversely propor- 
tional to <r. Recalling also that a determines the location of the 
points of inflexion [equation (18)1 of the curve, it will be interest- 
ing to see how the shape of the curve varies when <r is large or small. 
In Fig. 12, curve (1) shows a plot of the function given by (20) 



when e has a large value, and curve (2) is for a small value of c. 
The areas under the two curves are the same. 

The equation for the curve of error in its final form [equa- 
tion (20)1 is known as the “Gaussian law of error.” The equation 
was first stated by Gauss in 1795, but only ns an empirical theorem. 
It remained for Laplace to work out a proof of the theorem, the 
' publication of wWch occurred in 1812,* Earlier efforts to deduce 
a "law” of error had been made by R. Cotes (1C82-1716), by 
T. Simpson (1710-1761), and by J, Lagrange (1736-1813). All 
these early efforts were directed toward the fitting of an empirical 
curve to the “errors” of observations. Laplace appears to have 
been the first to recognize fully the probability aspect of errors. 

* Bail, op. cA., p. 428. 
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Inasmuch as the occurrence of an error of some size is certain, and 
certainty represents unit probability, then, by the theorem of 
mutually exclusive events, the sum of all the separate probabilities 
must equal unity. That is. 

By the integral calculus 

ydx~l ' 

Further 

* /'® /*“ _ ** 

I ydx^C j e ^ dx 

Almost any table of definite integrals will reveal that ‘ 

f . c"** di ^ 

>/ .CO 

In our exponential factor 

c 

, dx 


and 


hence 

It follows that 

But 

Therefore 


■« ** T •— 

dx _ ^ 


“Vz. 

/** ** r~~ 

v/ .flO 


c VzJ» 


^ i_ 


(19) 
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The value for C being substituted in equation (17), the result is 


y “ 



( 20 ) 


We note from equation (19) that the value of C which gives the 
maximum ordinate of the curve (at a »= 0) is inversely propor- 
tional to <r. Recalling also that <r determines the location of the 
points of inflexion [equation (18)1 of the curve, it will be interest- 
ing to see how the shape of the curve varies when a is large or small. 
In Fig. 12, curve (1) shows a plot of the function given by (20) 



when <r has a large value, and curve (2) is for a small value of <r. 
The areas under the two curves are the same. 

The equation for the curve of error in its final form [equa- 
tion (20)] is known as the “Gaussian law of error.” The equation 
was first stated by Gauss in 1795, but only as an empirical theorem. 
It remained for Laplace to work out a proof of the theorem, the 
publication of which occurred in 1812.* Earlier efforts to deduce 
a “law” of error had been made by R. Cotes (1G82-1716), by 
T. Simpson (171(>-1761), and by J. Lagrange (1736-1813). All 
these early efforts were directed toward the fitting of an empirical 
curve to the “errors” of observations. Laplace appears to have 
been the first to recognize fully the probability aspect of errors. 

* Ball, op. a7., p. 42S. 
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Principle of least Sijuares. The'Gaussian," law ” of error is 
. eometimes caUed the “principle of least squares.” The confusion ' 
arises from the fact that the “principle” is impKdtly stated in the 
■ 'Taw." A. M. Legendre (1762-1833) worked out the principle of 
- least squares in 1806 independently of Gauss. The principle also 
awaited a format proof by Laplace in 1812. 

In essence, the prindpie of least squares is this: if for a group of 
measurements (zii-ac, as, • • ar„), supposed to have been measured 
with uniform exactness, the most probable value of the quantity 
is assumed to be 2 , then the deviations of those measurements are 
given' by (*i — a), (ij - 2 ), • ■ • (i„ — 2 ), respectively. Assuming 
for the moment that the deviations are the errors, the probability 
of the deviation of xi from 2 is, by equation {IT), 

Pi = Ce~ 

And likewise 

- »)« {Xh - 

yz » Ce" j . , . j « C’g- '•Tjr- 

These errors are independent; hence the probability of obtaining 
. aU the errors is the product of the separate probabilities or 

<n ~ «>* ixt-ii'* (gft - «>» 

• Collecting exponents by the law of summation of exponents, 

KecaiUng that the value of an exponential factor such as e"* 
becomes greater os i becomes smaller, it is apparent from the above 
equation that the probability (P) will be maximum when the por- 
tion of the exponent in the bracket is a imnimum, or 

(xi - zf + (x2 - z)^ d f-Ca^B — 


must be a minimum. 

The conditions for a 
calculus are 


mimmum according to the differential 


0 and 


£0 


as-f 


In words, at a minimum point of a curve the slope is zero (tangent 
at the point is horizontal) and the rate of change of slope away 
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from the minimum must be a positive rate. Let us test the func- 
tion Q. 

2(»i - “ 2 (tj - i) 2(i„ - *) = 0 

dz 

and 

g = 2 + 2+...+ 2 = 2« 

The second derivative is positive, hence there is a minimum. 

Returning to the equation for the first derivative, the condition 
of setting the expression equal to zero fixes the critical value for 
the minimum. 

2(ri-z)+2(r3-2)-|-..-f2(i„-2)«0 ^ 

vyhich after factoring out the 2 becomes 


Then 


nz “ Xx 



(21) 


The conclusions arc therefore: (1) the most probable value to rep- 
resent a set of measurements wWch have been made with equal 
exactness is the arithmetic mean; and (2) the sum of the squares 
of the dc\’ialions from the arithmetic mean is smaller than the 
sum of the squares of the dc\'iations from any other value. 

The Probability Integral. The probability integral, sometimes 
called the “error function” or the “error integral,” may be found 
in other textbooks and in handbooks in one of these three forms : 



(22) 


(23) 

FW = 4= r^-"‘'hdx 

Vt -A) 

(21) 


All these forms arc equivalent. (22) and (23) are equivalent 
because the curve of error is symmetrical about the ordinate at 
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{x “ 0). The area under the curve between —i and 0 is the same 
as the area between 0 and -\-t, hence the area between and -fi 
is twice that between 0 and t The third form is the same func- 
tion as (22) and (23) but Trfth the argument hx instead of t; h is 
■the so-called precision constant used by several writers on the 
subject of errors. The relation between A and «r is given by 

(25) 

We shah make use only of the first form (22). 

The significance of the probability integral may be interpreted 
in the following fashion. It has already been shown that the 
probability of an error of any magnitude between — oo and -boo 
is given by 



By the same reasoning, each of the possible errors between the 
finite limits — a;i and 3:1 is a mutually exclusive event; hence the 
probability that an error will lie between these limits is ^ven by 


Since 




it will be simpler to use the formula (22) with t as the argument, 



The evaluation of this integral with finite limits to any desired 
number of significant figures can be accomplished by first expand- 
ing the exponential factor into an infinite series by means of 


Taylor^s theorem. 



2! 


*1 

3! 


4.... 



CURVE OF ERROR 


169 


The integral becomes 

Upon integration of successive terms of the series the expression 
becomes 

1 r I’ <’ 

1!-3^2I-5 3 1-7 

Applying the limits, the equation simplifies to 


^ih) 


. j_r, _ jL + j! ‘L+...] 

■V;L‘ 11-3 ^21-5 31-7^ J 


(26) 


The values of $(0 for various successive values of i have been 
computed and assembled for reference in tabular form.- Table II 
in the Appendix gives a compilation of values for the probability 
integral. 

Measure of Precision? The Probable Error, In Chapter VI 
the significance of precision as expressing the degree of concordance 
or consistency within a set of curved values was discussed. In 
a certain sense, the standard deviation, expressing as it does the 
dispersion, pves a measure of consbtency. For statistical inter- 
pretations it is desirable to have as precision measure a numerical 
factor which is a function of both the dispersion and the frequency 
of occurrence. A precision measure which satisfies that condition 
is the probable error (r). The probable error is defined as that 
error which is just as likely to be exceeded as not to be exceeded. 
To describe the probable error, exactly one-half of the positive 
errors will fall between 0 and -hr, and similarly one-half of the 
negative errors will fall between — r and 0. Further, exactly one- 
half of all the errors will fall within the range —r to -fr. Stated 
still another way, one-half of the errors, disregarding signs, will 
be equal to or less than r. If we can find the value of t such 
that exactly one-half of the area rmder the error curve lies between 

and we can locate the value of r for any set of measurements 
for which <t is known. In Exerdse 13 of Chapter V, the value of i 
corresponding to = 0.50000 was obtained as an illustration of 
inverse interpolation. The solution gave 

tii = 0.4769 
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{x = 0). The area under the curve between ~i and 0 is the same 
as the area between 0 and hen(» the area between —t and 
is twice that between 0 and L The third form is the same func- 
tion as (22) and (23) but with the argument hx instead of /; A is 
the so-called precision constant used by several writers on the 
subject of errors. The relation between h and cr is given by - 

" = ^ (25) 

We shall make use only of the first form (22). 

The rignificance of the probability integral may be interpreted 
in the following fashion. It has already been shown that the 
probability of an error of any magnitude between — oo and -f-w 
is given by 



By the same reasoning, each of the possible errors between the 
finite limits — xi and ari is a mutually exclusive event; hence the 
probability that an error will lie between these limits is given by 


Since 


P 


_L 

V2^ 


X 



t 


it will be simpler to use the formula (22) with t as the argument, 

. -^= 4 = 

The evaluation of this integral ridth finite limits to any desired 
number of significant figures can be accomplished by first expand- 
ing the exponential factor into an infinite series by means of 
Taylor’s theorem. 

P i* 
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The integral becomes 

Hi) 


1 /^y e \ , 


Upon integration of successive terms of the series the expression 
becomes 


m ■- 


;+• 


i; 


=_i_r(_jL+- 

VjL 1I-3- 2!-5 3!-7 

Applying the limits, the equation simplifies to 


(26) 


The values of $(0 for various successive values of i have been 
computed and assembled for reference in tabular form.- Table II 
in the Appendix gives a compilation of values for the probability 
integral. 

Measure of Precision: The Probable Error. In Chapter VI 
the significance of precision as expressing the degree of concordance 
or consistency within a set of observed values was discussed. In 
a certain sense, the standard deviation, expressing as it does the 
dispersion, gives a measure of consistency. For statistical inter- 
pretations it is desirable to have as precision measure a numerical 
factor which is a function of both the dispersion and the frequency 
of occurrence. A precision measure which satisfies that condition 
is the probable error (r). The probable error is defined as that 
error which is just as likely to be exceeded as not to be exceeded. 
To describe the probable error, exactly one-half of the positive 
errors will fall between 0 and +r, and similarly one-half of the 
negative errors will fall between — r and 0. Further, exactly one- 
half of all the errors will fall within the range — r to -|-r. Stated 
still another way, one-half of the errors, disregarding signs, will 
be equal to or less than r. If we can find the value of i such 
that exactly one-half of the area under the error curve lies between 
— tand 4*i, we can locate the value of r for any set of measurements 
for which <t is known. In Exerdse 13 of Chapter V, the value of t 
corresponding to = 0.50000 was obtained as an illustration of 
inverse interpolation. The solution gave 

tii = 0.4769 
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Tberelore ‘ ^ . 

■-^ = 0.4769 
V2<r 

■ ' ' ’ r ==,0.4769 VSo- 

r - 0,6745<r ( 27 ; 

In equation (27) it has been assumed that <r represents the root- 
mean-square average of the true errors. We are able to calculate 
only the standard deviation from the arithmetic mean. Since the 
principle of least squares shows that the sum of the squares of the 
deviations from a is a minimum (Ic., less than for any other value) 
and rince the true value” is only approached by the arithmetic 
mean, statisticians have suggested that c for the true errors will 
be greater than c for d^. It has been recommended, therefore, in 
, order to make a better estimate of the probable error, that r should 
be computed from Bessel’s formula 

- r = 0.6745 (28) 

thereby giving the radical a slightly larger value. When the num- 
ber of measurements is large, the subtraction of 1 from n will make 
little difference. A safe rule wnll consist in observing whether the 
factor (n — 3) instead of n will affect the BigmScuiit Bgarea of the 
computed result. If <r is computed by taking the deviations from 
c, squaring, and summing, it is a simple matter to divide by (n — 1) 
instead of n before taking the square root. If a and ff have been 
computed by the short-cut method of Chapter VIII, the applica- 
. tion of the correction would pve 

r = 0.6745 .-v/— 2— ' ' (29) 

— 1 

approximation formula for the computation of the probable 
error,' knovm as Peter’s formula, is . 

' r = 0.8454a (30) 

Substituting deviations for errors may be supposed to require the 
same type of correction already seen in the Bessel formula, so that 
PeterVformula becomes 

r= 0.84645-^ 
n — 1. 


( 31 ) 
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Peter^s fonnula g^^*es an erroneous result if the measurements are 
Wry discordant; hence it is not to be highlylrecommcnded. 

Verification of the “ Law ” of Errors. ^luch has been said 
about distribution cun.’es for measurements and for errors. It has 
also been stated that the curve of error is not only a probability 
curve but a frequency-coeffident cun'O as well. Before we leave 
the subject perhaps it Wll be reassuring to see in just what magic 
way it is possible for the expression 



to contain so very much information about a series of measure- 
ments. The_area under the curve between — and /i gives the 
probability that an error will fall between the limits —xj and xj. 
The probability that an error will fall between —xj and xj is given 
by ih.Q area under the curve between —/a and fa* If ^2 Is greater 
than aril the probability that an error will lie between — xa and —xi 
or between xi and xa will be pven by the diffcrcnco between tho 
two areas, or 

P « 4*(/2) - 4*((i) (32) 

Since the probability is the same as the frequency cocfndcnt, tlio 
probability multiplied by tho total number of errors gives tho fre- 
quency of the particular error x. Or 



It3>((l) = A 

(33) 

and 


nlHh) - '»(<i)l = ft 

(34) 

In general 


= fi 

(35) 


A group of 70 observations made by Rowland,* between 11® 
and 20® C, of the mechanical equivalent of heat expressed in kilo- 
gram-meters per 10® C, gave an arithmetic mean of o «= -127.2 and 
n standard delation of c « 0.505. The distribution of tho devia- 
tions from a arc given in class intervals of 0.2 disregarding plus and 
minus signs. Assuming that the deviations may bo treated as 

* Rowland: "On the Mechanical Equivalent of Heat," Proe. Am. Acad. ArU 
Set., IB, 75-200 (1880). 
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'errors, the column of calculated frequencies was obtained, -using 
equations (33), (34), and (35). • 



/ (oba.) 

X 

PaOBABIUTT 

/(calc.) 

0.0 to 0.2 

22 

0.25 

0.276 

21 

.2 “ .4 

20 

0.60 

.245 

19 

■A " .6 

13 

0.76 

.190 • 

14 

-.6 '* .8 

11 

1.00 

.132 

10 

.8 " 1.0 

6 

1.25 

.080 . 

- 6 

1.0 “ 1.2 

1 

1.60 

.043 

■s 

1.2 « 1.4 

2 

1.75 

.021 


over 1.4 

1 . 

to 

.013 

J 


The agreement between the observed and’calculated frequencies 
is very good considered in the light of our having treated 76 devia- 
tions as if they were an infinite number of errors. 

To facilitate an understanding of the above table, let us per- 
form in detail a few of the calculations. The probability that a 
positive or negative error will he between 0 and 0,2 is given by the 
area (from Table 11 of the Appendix, retaining only three figures) 
between t « 0 and 

■ . 0.2 0.2 

V2«r V2-0.665 0-8- 

From the table, 

$(0.25) ^ 0.276 

Then ' ’ • - - 

/ ^ n$(0.25) = 76 X 0.276 21 (approx.) 

The probability of an error falling between 0.2 and 0.4 is given 
by the area between / « 0.25 and 


Then 

/ *= nl$(0.50) - $(0.25)1 = 76(0.521 - 0.276) 

/ - 19 (approx.) 

The remainder of the table is calculated in the same fashion. 

By a&suming that half of the errors in each class interval were 
positive and half were negative, it would be possible from the 
values of n, a, and <r to reconstruct a frequency tabic of the mea- 
surements themselves that would be approximately correct. 
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PROBLEM SET XHI 

1. The following frequency table shows the so-called J-type of distribu- 
tion. Make graphs to show that the distribution curve of the measurements 
is of the same form as the distribution curve of the deviations from the arith- 
metic mean. 

X S 

126 2 

127 6 

128 12 

2. What is the probabihty of obtaining the king of hearts on a single draw 
of one card from a deck of 52 playing cards? 

3; WTiat is the probability of drawing an ace from the deck of playing 
cards? 

4. What is the probability of not drawing an ace from the deck of playing 
cards? 

6. A problem is assigned to a class of four students who work independently. 
If each student is just as likely to solve the problem as not to solve it, what is 
the probability (o) that all four will solve the problem and (5) that the problem 
will be solved? HinU The problem will be solved unless all four fail. 

6. What is the probability of obtaining the sum of (a) 8, (5) 11, and (c) 2, 

when two dice are^thrown? ' 

7. How many three-element products can be made from a third-order 
determinant? 

8. When 10 coins are tossed at once, what is the probability of obtaining 
(a) exactly 4 beads and (5) at least 4 beads? 

9. What is the probability of obtaining exactly 4 beads in both of 2 suc- 
cessive trials in which 10 coins are tossed at once? 

10. By means of equation (26), compute to five significant figures the value 
of *(0 at t e 1/10. 

11. hlaking use of the answers to the indicated problems in Set XII, 
compute the precision (r) of each of the following sets of data: (o) atomic 
weight of carbon, Baxter and Hale, Problem 1; (6) atomic weight of carbon, 
Scott and Hurley, Problem 4; (c) atomic weight of chlorine, Honigsehmid and 
Chan, Problem 6; and (d) ratio of Agl to AgCl, Honigsehmid and Striebel, 
Problem T, 


129 

130 


/ 

18 

28 
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As a good approximation we can state 

dy.- = (!)&, ,, (3) 

The differentials dyi and dxi stand for the errora in y and z, 
respectively. 

In order to obtain a result that will be of more than limited 
applicability we shall need to extend the argument to cases in 
which y may be a function of more than one variable, or 


y « /(a:, 2 , w* * 0 


Invoking the fundamental principles of partial differentiation, a 
statement analogous to (3) will be 

iy< ■= (f) dz< + (I) + g) dw, +- (4) 

Squaring both sides of (4) 

(«• . (g)'w + (2X2)'-. 

+SX2)*‘ '*'+(2X2)*' 

+ ... - (5), 

According to the Gaussian theory an error is equally likely to be 
positive or negative. The squared tenns will be independent of 
sign but the cross products will have varying signs. Hence, if 
corresponding sets of values of y, x, z, and w are taken and, if the 
number of sets be sufficiently large, it follows that when the equa- 
tions are summed the cross products will cancel and only the 
squared terms uiU remain. (For typographical convenience the 
cross products are omitted in summing operation following.) 
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+ (f )Vl)“ + (l^y + • ■ 


(dy. 


■>■-©■«■■>■ +©’<•«’ +©' 


(dw„)2+- 


Multiplying through by , the result will be 

where fl is the probable error in y and the r’s are the probable 
errors of the indicated variables. Equation (7) is subject to 
the limitations of the general partial differential formula on which 
it is based, namely, the variables ar, s, la • • ♦ must be independent. 
For the special case of y = /(*) the general equation reduces to 


.(|)r 

\dx/ 


( 8 ) 


-For example, the circumference of a circle is given by C7 = xD. 
If the probable error of the measurement of the diameter is r, 
the probable error of the circumference will be 

z. 

A: — — ro xro 
alJ 


Probable Error of a Sum or Difference. If 
y = xdbz 

R^- 


\dx/ \dz/ 
(l)M+(±l)“r| 
B = Vr^ + i^ 


(9) 


( 10 ) 




' 178 STATISTICAL INTERPEETATION OF MEASUHEMENM ' 

Probable Error of a Product If y ia a function of aeveral 
variables of the form 

y = te (12) 

Then 

■ - ■ 

fl* = (k2y>i + (kx)V. ‘ 

Or , ' \ 

R = h V ^ H- x^rf (12) 

ProbabJe Error of a Quotient. When the relationship between 
. y and the variables upon which it depends is of the form 

y = h^ - • - ,-(13) 

• the probable error in y will be given, according to (7), by 



Probable Error of Powers or Roots. When the value of y 
depends upon a power of x other than first, a generalized equation 
would be • • - 

■ y = 6 + Jtx" ■ _ (IS) 

The probable error in y will be given, according to (8), by 

B = nfcr”“V* (16) 

The result, equation (16), is equally applicable .for positive and 
negative values of n whether fractional or integral. A* negati\’e 
value of n would pve a negative sign to the calculated probable 
error. This means that a positive error in x W’ould produce a 
negative'error in y. Since the sign of is unknown, the negative 
sign so produced should be neglected. 
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Probable Error of Logs. Functions in wliich the value of y is 
related to the value of log x arc of frequent occurrence in chemical 
computations. In general fom)» if 


y = L + nlogx (17) 

for ready treatment by formula (8), we need to transform to 
natural logs, or, according to page 20, 


Then 


y = L + 0.4343 n In x 
„ 0.4343n 

jl 


(18) 


Probable Error of Exponential Functions. Many exponential 
equations cannot be reduced to a linear log form. The differen- 
tiation must then be performed on the exponential form. If 


y = b + Ara* 

the probable error in y, according to (8), is 

E « fc (b a)o*rr 

wWch may be expressed in terms of common logs os 




(19) 


( 20 ) 


Probable Error in Complex Functions. The foregoing illus- 
trations should cover the majority of functions that arc likely to 
be encountered in the computation of results from chemical mea- 
surements. .If in some instances complex differentiation is 
reqmred, then complex differentiation must be performed. A 
student of chemistry who is several years removed from his courses 
in differential calculus need feel no shame over consulting a refer- 
ence table of standard differential forms.* 

As an example of.more complex differentiation we might con- 
sider the method of computing atomic weights. The atomic weight 

* Excellent treatments of differentiation, vrtth especial application to chem- 
ical mathematics, are to be found in Mellor: Higher Malhematics for Students 
of Physics and Chemistry, Longmans, Green, New York, 1919; in Daniels: 
Mathematical Preparation for Physical Chemistry, McGraw-Hill, New York, 
1928; and in Partington: Higher MaOimaties for Chemical StudenXs, Methuen 
and Co., Ltd., London, 1911. 
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of iodine has been determined by obtaining the ratio between the 
weights of equivalent amounts of silver iodide and silver choride. 
With known values of the atomic weights for silver and chlorine, 
the atomic weight of iodine can be computed. We can state: 

Weight of silver iodide Ag + I 
Weight of silver chloride Ag -h Cl 

where Ag, I, and Cl denote the respective atomic weights. If we 
Jet V represent the ratio of weights, then 


Or 


A e + I 
Ag + Cl 


I = VAg + rci - Ag = Ag(V 1) + TCI 

If the probable errors in the determinations of V, Cl, and Ag are 
known, we can summarize tWs information as follows: 


7±'rr. 

Cl d: Tq 
AgdzrAg 

The value of the probable error in the computed atomic weight of 
iodine would be 



Or 

r! = (Ag + Cl)"4 + (V - 

Therefore 

ri = V(Ag -b”ci)®rf+ 0^-^VA + V^rJt 

Obtaining Congruity in Measurement. When the value of a 
property is to be computed from observations of other properties 
the question arises: “ How exactly should each observation be 
performed to produce a desired degree of exactness in the result? 
Obviously, it is useless to perform one observation in a laborious 
manner if the refinement will not give a better result than a less 
laborious performance. 

As an example, we can con^der the ciyoscopic determination 
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of molecular weights by the Beckmann method. For dilute solu- 
tions, the molecular weight is ^ven by 




K 


w 

DW 


where M is the molecular weight of the solute, w is the weight in 
grams of the solute, TT is the weight in grams of the solvent, and 
D is the lowering of the freezing point of the solvent produced by 
w grams of solute in IT grams of solvent. is a “ theoretical ” 
constant, that is, it is not an empirical constant. The value of 
K is determined from the molecular weight, the freezing point, and 
the molar heat of fusion of the pure solvent and from the gas con- 
stant, R. All the values have been determined with very high 
precision, so that for our present purpose we can consider the value 
of K as'free from error. 

The probable error of the computed molecular weight would be 



Differentiating, we obtain * 

. , KV , 


If the first terra of the right-hand side is multiplied by w^jv?, 
we can factor the expression to get 


(rl : rl r^\ 

D'^ W 


Clearly, the common factor is equal to hence 

-2 ,2 ^2 ,2 
Tu _ ^ 1 

Midtiplying through by (100)* 

= El, -f- Ed + E^ 

in which we have let E represent the precision expressed as per- 
centage. 

In a typical experiment, the order of magnitude of the observed 
quantities are; 0.5 g of solute dissolved in 25 g of solvent. to 
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-produce a lowering of 0.5° C. Suppose that it is desired to 
determine a molecular weight with a precision of iO.l’per cent. 
The two weighings can He performed easily with a precision of 
±0.0002 g. In terms of percentage this nieans 0.04 per cent in 
, the weight of the solute 'and 0.0008 per cent in' the weight of the' 
solvent.- The precision with which the .temperature can be 
jneasiired will be the linuting factor. Or - . 

£ 2 . -rtZ _ ' 

- Ed ^ y/tfiXf - ( 0 . 04)2 - ( 0 . 0008 )“ ' 

Ed ~ VO.Ol - 0.0016 - 0.00000064 
Ed = Vo.008 = 0.09% 

The temperature change would have to be measured with a preci- 
sion of ±0.09 per cent for the determination of the molecular 
weight to be ±0,1 per cent. The Beckmann differential ther- 
mometer can measure temperature differences with a precision 
of only ±0.002° C, which for a one-half degree lowering would be 
±0,4 per cent. It would be necessary to use either a thermo- 
couple or thermopile to attain the’higher precision of ±0.09 per 
cent. . . 

Let us now answer the converse question: “How precise a 
result can be obtained by a given method without modification? ” 
Consider again the cryoscopic measurement of molecular weight 
with the.Beckmann thermometer as the means of measuring tem- 
perature. The precision of the computed result will be 

" Bs, = V'(0.04)^+ (0.4)^ + (0.0008)*. 

Em = Vo.0016 + 0.16 + 0.00000064, 

The two smaller values are negli^ble in comparison with the value 
0.16, hence * ' ‘ ' 

^if-±0.4% - ' 

Further, we see that, if the uncertainty in the weighing of the ' 
sample of solute is negligible, then the weighing of the sample of 
solvent can be performed much less exactly. If the precision in 
the weighing of the solvent were 0.04 per cent, the precision of the 
computed result would be xmaffected. Therefore the weighing of 
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the solvent need be carried no further than to the nearest hundredth 
of a gram, that is, 

25.00 ± 0.01 


PROBABLE ERROR OF THE ARITHMETIC MEAN . 

The arithmetic mean is computed from a series of measured 
values by use of the formula: 

iCi + a:2 + xa +•• ■+arn ' 

“ = ^ ( 21 ) 

Therefore a is a function of each of the x*s. According to equation 
(7) the probable error of the mean will be given by 

or 

The probable error of a single observation is r, and each single 
measurement has the same probable error. Therefore, 


Then 


or 



( 22 ) 


We shall designate the probable error of a by Ta in the future. 
From Bessel’s formula (p. 170) 

ra * 0.6745 


2d« 


'n(n - 1) 


(23) 


The probable error of the mean has the following significance; 
If the experiments by means of which a was found were repeated 
with the same care and exactness, 50 per cent of the further deter- 
minations of a would fall within the range given by 


O ± Tfl 
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In Other words, gives the precision of the arithmetic mean. 
If the experimental method by w'hich a was detennined were known 
to be free from all sources of corrigible error, then we could state: 
The “ true value ” of the given physical quantity has a SO per cent 
chance of falling within the range given by 
ad=ra 

The if prefacing this last statement should by merit of relative 
importance be set in type the si^ of a page because the whole 
question of measurement hinges upon it. How is' one to know 
jvhether all sources of corrigible error have been obviated? One 
possible answer is to be found in the repeated measurement of a 
quantity by different observers, preferably using different tech- 
niques or experimental methods. Comparisons of several separate 
determinations should indicate the presence of constant errors. 

qjust now consider how large the differences between separate 
determinations must be to allow the identification of a constant 
error which cannot be explained away as a random error. The 
Gaussian theory, if accepted hterally, admits the possibility of a 
random error infinite in size. In 'order to be able to'identify 
constant errors we must fix a reasonable limit which random errors 
are very unlikely to exceed in size. These considerations lead us 
directly to the concept of a statistically reliable differenced 

Statistically Reliable Difference. It is manifestly absurd to 
credit a physical reality to a random error which has infinite size. 
In other words, it is unreasonable to postulate a set of experimen- 
tal conditions under which the imponderable variables of the 
system happen to combine their effects in such a way as to produce 
a- resultant error which has an infinite magnitude. From the 
mathematical properties of the curve of error (p. 163) we recall 
that small errors' have high probability and, conversely, large 
errors have low probability. The problem is to set an arbitrary 
limit to the smallness of probability beyond which we can say that 
the probability is negligible. The limit for smallness has been 
chosen as the probabifity of on error which is equal to 4r, or four 
times the size of the probable error. Let us see what numerical 
value this vanishingly small probability has. Since 
r = 0.67450- 

then 


0.6745 



PROBABLE ERROR OF THE ARITHMETIC MEAN 185 


From page 164, we recall that 
z 

When X = 4r, 

4r 

t 1.908 

0.6745 

From Table II (Appendix), the value of $(0 corresponding to 
1.908 is 

4>(1.908) = 0.99302 

This means that a random error has a 99.3 per cent chance of being 
equal to or smaller than 4r. It also means that a random error 
has only a 0.7 per cent chance of exceeding 4r, A probability of 
0.007 represents 1 chance out of 143. In terms of practical mea- 
surements, where the number of trials rarely exceeds 20, this 
is a vanishingly small probability. If a deviation is observed 
which Is larger than four times the probable error, it has an 
exceedingly small chance of being a random error. It follows, 
therefore, jthat a deviation greater than 4r is practically certain 
not to be a random error. A deviation which is not a random 
error must represent a difference with a real significance. A 
gignificant difference might be the result of : 

1. The measurement of an entity or quantity which is 
not the same as that supposedly being measured. 

2. The measurement of a quantity when a ponderable 
variation of the conditions has not been detected. 

3. The measurement of a property when a deliberate change 
of experimental conditions has introduced a new variable, that 
is, a previously imponderable variable has become ponderable. 

4. A mistake. 

Whatever the cause, we can stale the following conclusion : A devi- 
ation which is greater than four times the probable error can be 
shown by statistical reasoning to represent a significant difference. 
In brief, a deviation greater than 4r is a statistically reliable 
difference. 

The choice of 4r as the liimt which a random error cannot 
exceed is, of course, highly arbitrary. Hence this limit cannot 
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In other words, fa gives the precision of the arithmetic mean. 
If the experimental method by which o was detennined were kno^n 
to be free from all sources of corrigible error, then we could state: 
The " true value ” of the ^vcn physical quantity has a 50 per cent 
chance of falling within the range given by 
CrirTa 

The if prefacing this last statement should by merit of relative 
importance be set in tj’pe the size of a page because the, whole 
question of measurement hinges upon it. How is one to know 
jv’hether all sources of corrigible error have been obviated? One 
possible answer is to be found in the repeated measurement of a 
quantity by different observers, preferably using different tech- 
niques or experimental methods. Comparisons of several separate 
determinations should indicate the presence of constant errors. 
We !gust now consider how large the differences between separate 
determinations must be to allow the identification of a constant 
error which cannot be explained away as a random error. The 
Gaussian theory, if accepted literally, admits the possibility of a 
random error infinite in size. In order to be able to 'identify 
constant errors we must fix a reasonable limit which random errors 
are very unlikely to exceed in size. These considerations lead us 
directly to the concept of a statistically reliable difference. 

Statistically Reliable Difference. . It is manifestly absurd to 
credit a physical reality to a random error which has infinite size. 
In other words, it is unreasonable to postulate a set of experimen- 
tal conditions imder which the imponderable variables of the 
system happen to combine their effects in such a way as to produce 
a resultant error wluch has an infinite magnitude. From the 
mathematical properties of the curve of error (p. 163) we recall 
that small errors' have high probability and, conversely, large 
errors have low probability. Tbe problem is to set an arbitrary 
limit to the smallness of probability beyond w'hich we can say that 
the probability is negligible. The limit for smallness has been 
chosen as the probability of an error which is equal to 4r, or four 
times the size of the probable error. Let us see what numerical 
value this vanishingly small probability has. Since 
r = 0.6746ir 


then 
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From page 164, we recall that 

X 

When X = 4r, 

( = — 1.908 

"^06745 

From Table II (Appendix), the value of $(0 corresponding to 
1.908 is 

$(1,908) = 0.99302 

This means that a random error has a 99.3 per cent chance of being 
equal to or smaller than 4r. It also means that a random error 
has only a 0.7 per cent chance of exceeding 4r. A probability of 

0.007 represents 1 chance out of 143. In terms of practical mea- 
surements, where the number of trials rarely exceeds 20, this 
is a vanishingly small probability. If a deviation is observed 
which h larger than four times the probable error, it has an 
exceedingly small chance of being a random error. It follows, 
therefore, that a deviation greater than 4r is practically certain 
not to be a random error. A deviation which is not a random 
error must represent a difference with a real significance^ A 
significant difference might be the result of: 

1. The measurement of an entity or quantity which is 
not the same as that supposedly being measured. 

2. The measurement of a quantity when a ponderable 
variation of the conditions has not been detected. 

3. The measurement of a property when a deliberate change 
of experimental conditions has introduced a new variable, that 
is, a previously imponderable variable has become ponderable. 

4. A mistake. 

Whatever the cause, we can state the following conclusion : A devi- 
ation which is greater than four times the probable error can be 
shou-n by statistical reasoning to represent a significant difference. 
- In brief, a delation greater than 4r is a statistically reliable 
difference. 

The choice of 4r as the limit wWch a random error cannot 
exceed is, of course, highly arbitrary. Hence this limit cannot 
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be accepted as an infleJdble dictum. -Individual ca^es will require 
separate consideration. 

Interpretation of Statistically Reliable* Difference. Let ua 
suppose that we have two values of a which are the means of two 
sets of observations of a physical quantity. AssWe also that the 
probable errors of the two means have been obtained so that we 
have the data ' ’ , 

oi zb ri 
fljj it 7*2 

where for momentary convenience the subscript n’s have been 
omitted from the r’s. Denote the difference between the means 
by then • . ■ 

tr = rtj — 02 

and by equation (10) the probable error of the differenc5e is 

E=v7r+Ti 

If the difference v is equal to or just greater than 4R, there is 
.'Only 1 chance in 143 that v can ^ attributed to random error. 
If V is greater th^ R by a factor of 5, 6, 7, etc., the probability 
becomes much less. (See Problem 11 at the end of this chapter.) . 
If the difference between the two means is not attributable to the 
random operation of the imponderable variables of the system, at 
least two interpretations are possible: 

1. The two sets of measurements represent observations of two 
different things. ' ’ ' • 

. 2. One Or both sets of measurements are subject to constant 
error. • r 

Example. Lnrd Rayleigh's measurements of the density of nitrogen 
are given in Pfoc. Uo\j. Soc. {Lon^n)^ 66, 340-4 (l894). Nitrogen was • 
prepared from several (^erent sources by various methods. It was 
v-found that the observed valueg for the mass of a fixed volume of gas fell 
into two distinct groups. The values for nitrogen from the atmosphere 
agreed well with one another, and the values for nitrogen from nitrogenous 
Compounds were consistent arnong thcn^lves. The values for the mass 
of -nitrogen which filled a certain flask under the specified conditions oi 
temperature and pressure are as foUoTro, with the method of preparation 
indicated. 
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■ CnnncAL Nitbooex: 


2.30143 

2.29S<)0 

2.20S1G 

2.3Q1S2. 


NO OQ hot iron. 


2.29S69 

2.29940 


}Nrf) 


on hot iron. 


2 3^54 i clcctri&;d, hot iron. 


ATjiosrnEBic Nitrooex: 


2.310171 
2.309S6: 
2.31010 i 
2.31001: 


Ate on hot iron. 


2.31024) 

2.31010 [Air with ferrous hydroxide. 
2.31028) 

2 * 2 ^^ I Air on eloclrilSed, hot iron. 


For chemical nitrogen, tlic mc.an and its probable error arc 
2.29071 db 0 00028 


For atmospheric nitrogen tiie corresponding values aro 


The difference between tlic two means is 

t- « 2.31022 - 2.29971 - 0.01051 
The probable error of the difference, r, is 

- V(2.8 X 10-«)* + (U X lO-^}* 

- 0.00031 

Ilcnco 

j;_ 00105 3 . 

From lh» it m easy to fee th.al the difference w far more than four times 
its probable error. Tiicrcforc there is a eLatbtlcally reliable difference 
l)ctwren the t^to sets of ol)srr>Titions. The wide variety of methods 
employed in preparing nitrogen should have eliminated the possibility of 
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there being a constant error due to manipiilation. Lord Rayleigh made 
no attempt to suppress these discordant data.' On the contraiy, he empha- 
sized the discrepancy. It was just this emphasis which led to the discovery 
in the atmosphere of the' inert gases (the so-called noble gases, He, Ne, A, 
etc.) by Sir 'William Ramsay,* 

In the light of our present chemical knowledge, we should be 
inclined to speak of the presence of an impurity as the source of a 
constant error. Hence we see that we cannot draw a sharp dis- 
tinction between "observations of different entities” and “obser- 
vations subject to constant error.” 

Often, the object of research may be to establish whether the 
deliberate introduction of a new variable produces a statistically 
reliable difference in the value of a property. Por instance, a 
chemical reaction rate might be measured both in the absence of 
and in the presence of an alternating electromagnetic field. The 
teat for a statistically reliable difference when applied to the two 
results could tell whether the intensity of electromagnetic radia- 
tion of given frequency is a ponderable variable for the particular 
reaction. 

When a statistically reliable difference has been established 
and an explanation for the difference has not been found either 
theoretically or ei^erimentally, statistical considerations can 
throw little further light on the problem. We have no mathemati- 
■ cal criterion for choosing the correct mean and rejecting the one m 
error. We cannot even be sure that one is right and the other 
wrong. If the probable errore of the two means are widely differ- 
ent we should ^ve more credence to the mean ha'ring the smaller 
probable error. The only reliable solution of the difficulty lies in 
repetition of the measurement, preferably by several observers 
and by more than one experimental method. ' 

rejection of suspected observations 

Often, in a series of rheasurements, a value occurs which devi- 
ates widely from the remainder of the values. If the videly „ 
divergent value is retained it will produce a marked effect upon 
the values of the arithmetic mean and probable error which repre- 
sent the whole series of measurements. A beginner will be 
strongly tempted* to discard the one bad ” value as being obvi- 
* See Rayleigb and Ramsay: PhiL Trant ., 186( A ), 187-241 (1895). 
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ously wrong and thereby greatly enhance the appearance of his 
results. A golfer who neglects to record on his score card the 
extra stroke required to get out of a sand-trap is considered 
dishonest and a poor sportsman. An experimenter who unrea- 
soningly discards a discordant value as “ obviously wrong ” is 
dishonest and a poor scientist. If the experimenter can prove 
conclusively to himself that a mistake was made such as : (a) the 
incorrect numerical entry of a scale length or a sum of weights, 
etc.; (6) the accidental presence of a visible contamination; 
(c) the accidental loss of material; or (d) some other equally valid 
mistake, he is completely justified in discarding the bad value. 
Failing to establish such proof, he may seek guidance from the 
concept of a statistically reliable difference. 

We have said that, if a further observation of a previously 
measured quantity deviates from the mean of the results by more 
than four times the probable error of a single observation, the 
deviation is very unlikely to be a random error. The limit 4r 
was presumed for an indefinite, small number of measurements. 
If the causative factors to which random errors are attributed are 
recalled from previous discussions, the more times a measurement 
is performed, assuming identical conditions for each observation, 
the greater will be the probability of the proper combination of 
circumstances to produce lar^ random errors. Hence the assump- 
tion of a fixed limit (i.e., 4r) appears to be somewhat crude to serve 
as a criterion in the delicate task of rejecting observations. Vari- 
ous criteria have been evolved, taldng into account the probability 
aspect of the number of observations. The criterion which is 
generally considered to be most worthy of notice is the one due to 
Pierce and Chauvenet. We shall not discuss the details;^ we 
need consider only the results. The criterion and the procedure 
of application are as follows: 

1. Compute the mean and probable error of a single observa- 
tion, retaining all suspected observations in the computation. 

2. Determine the ratio of the suspiciously large deviation to 
the probable error of a single observation. 

3. From the following table secure the limiting value of the 
ratio for the corresponding number of obser\'ations (n). 

* For a detailed analysis of the Piereo-Chauvenet criterion, see Chauvenet: 
Spherical and Praclical Astronomy, VoL II, p. S58, Uppincott, Philadelphia 
1808. 
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there being a constant error due to manipuJation. Lord Eayleigh made 
no attempt to suppress these discordant data. On the contrary, he empha- 
sized the discrepancy. It was just this emphasis which led to the discovery 
in the atmosphere of the' inert gases (the so-called noble gases, He, Ne, A, 
etc.) by Sir William Ramsay.* 

In the light of ouf present chemical knowledge, we should be 
inclined to speak of the presence of an impurity as the source of a 
constant error. Hence we see that we cannot draw a sharp dis- 
tinction between "observations of different entities” and "obser- 
vations Object to constant error.” 

Often, the object of research may be to establish whether the 
deliberate introduction of a new variable produces a statistically 
reliable difference in the value of a property. For instance, a 
chemical reaction rate might be measured both in the absence of 
and in the presence of an alternating electromagnetic field. The 
test for a statistically reliable difference when applied to the two 
results could tell whether the intensity of electromagnetic radia- 
tion of given frequency is a ponderable variable for the particular 
reaction. 

When a' statistically reliable difference has been established 
and an explanation for the difference has not been found either 
theoretically or experimentally, statistical considerations can 
throw little further light on the problem. We have no mathemati- 
cal criterion for choosing the correct mean and rejecting the one in 
error. We cannot even be sure that one is right and the other 
wrong. If the probable errors of the two means are widely differ- 
ent we should give more credence to the mean having the smaller 
probable error. The only reliable solution of the difiBculty lies in 
repetition of the measurement, preferably by several observers 
and by more than one experimental method. ' 

REJECTION OF SUSPECTED OBSERVATIONS 

Often, in a series of measurements, a value occurs which devi- 
ates widely from the remainder of the values. If the widely - 
divergent value is retained it will produce a marked effect upon 
the values of the arithmetic mean and probable error which repre- 
sent the whole series of measurements. A beginner will be 
strongly tempted- to discard the one “ bad ” value as being obvi- 

• See R&yhigb and Rarasay: PhiL Trons.f ISSfA), 187-241 (1895). 
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ously wrong and thereby greatly enhance the appearance of Ks 
results. A golfer who neglects to record on his score card the 
extra stroke required to get out of a sand-trap is considered 
dishonest and n poor sportsman. An experimenter who unrea- 
Foningly discards a discordant value as “ ob\'iously wrong ” is 
dishonest and a poor scientist. If the experimenter can prove 
conclusively to himself that a mistake was made such as: (a) the 
incorrect numerical entry of a scale length or a sum of weights, 
etc.; (6) the accidental presence of a visible contamination; 
(c) the accidental loss of material; or (d) some other equally valid 
mistake, he is completely justified in discarding the bad value. 
Failing to establish such proof, he may seek guidance from the 
concept of a statistically reliable difference. 

"Wc have said that, if a further observation of a previously 
measured quantity deviates from the mean of the results by more 
than four times the probable error of a single obsen'ation, the 
delation is very unlikely to be a random error. The limit 4r 
was presumed for an indefinite, email number of mca-surements. 
If the c.aasativc factors to which random errors arc attributed are 
recalled from previous discussions, the more times a measurement 
is performed, assuming identical conditions for each observation, 
the greater will be the probability of the proper combination of 
circumstances to produce largo random errors. Hence the assump- 
tion of a fixed limit (i.c., 4r) appears to be somewhat crude to serv’c 
as a criterion in the delicate task of rejecting observations. Vari- 
ou*? criteria have been evolved, taking into account the probability 
aspect of the number of obscia-ations. The criterion which is 
generally conridcred to be most worthy of notice is the one due to 
Pierce and Clmivcnct. We shall not discuss the details;^ wc 
ncc<l consider dnlj' the results. The criterion and the procedure 
of application arc as follows; 

1. Compute the mean and probable error of a single observ’a- 
tion, retaining all suspected observations in the computation. 

2. Determine the ratio of the suspiciously brgo delation to 
the probable error of a single ob'cn,*ation. 

3. From the following t.ablo secure the limiting value of the 
ratio for the corre^sponding number of ob«cr\-ations (n). 

* For fi detailed ftnab-jls of the Pjerec-Chauvenet criterion, Mc Chauvenet: 
SpAerieof and Pradical Atironomy, Vok II, p. 653, Uppineott, Kuladclpbia, 
ISCS. 
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4. If the observed value of d/r.is greater than' the tabular' 
value of d/r, the observation may be rejected. - 

PffiECIj-CHAITVENET CRITERION 


5 

2.6' 

10- 

.2.9 ■ 

16 

3.2 

20 

3.3 

60 

3.8 

100 

4.2" 


Example. The iron content of an aluminum casting alloy was deter- 
inined by a group of supposedly equally reliable analysts employing a 
variety ■ of volumetric, gravimetric, and colorimetric methods. The 
results, expressed as percentage of iron, tabulated together were as 
follows. Should the value 1.83 be rejected? 



da 

d| 

1.62 

-0.044 

0.001936 

1.46 

• - .104 

' ■ 10816 

1.61 

+ .046 

2116 

1.54 

- .024 

576 

1.55 . 

.014' 

196 

1.49 

■ ' - .074 

6476 

1.68 

+ .116 

. 18456 

1.46 

• - .104. 

10816 

1.83 

+ .266 

' 70766 

. 1.60 

- .064 ' 

4096 

1.664 


- 0.120240 




■■ 0.078 


The ratio of the suspected deviation to the probable error of a single 
observation is , 

d 0.266 
r'" 0.078 ^'^’^ 

For ten observations the tabulated value is 2.9. Since 
3.4 > 2,9 

the observation 1.83 should be rejected. 
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At best, this criterion' can be recommended only as a scheme 
for the guidance of the inexperienced to prevent thoughtless 
rejection of values. The soundest recommendation, though not 
always the most practical, is that enough measurements be per- 
formed to overcome the effect of the one highly discordant value. 
The experimenter can doubtless find some consolation in the 
assumption that, if the large delation is a random error, the 
possibility exists that a sufficient number of trials may produce 
an equally large deviation of opposite sign. 


STATISTICALLY WEIGHTED AVERAGE 


Very often several independent measurements of a physical 
quantity mil have been made either by different observers or by 
one observer employing different methods. The values of a and 
Va having been obtained for each set of measurements, the question 
arises as to how these independent values of a shall be combined 
to yield the best representative average. From the results of the 
last chapter we recall that 


1 ** 
P = - 7— 

\ V^<r 


(24) 


gives the probability of an error x when its measure of dispersion 
is <r. If the values of a are assumed to follow the normal law of 
-distribution, then 

V 2w ai 




gives the probability of the given value oi, if 2 is assumed to be 
the most probable representative value and ai is the dispersion 
measure of ai. Likewise the probability of On will be 


Pn 


1 


e 


{<hi - 


The values of the a’s were independently determined; hence the • 
probability of obtaining the set of n values of a will be the product 
of the separate probabilities, or 


a 


0 


V2rc 
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For P to be maximum, the sum of the exponents must be a 
minimum, or 


. 2<r? 


2<r2 


2tr: 


must be a minimum. The necessaiy condition for Q to be mini- 
mum is • • 


Then 


from which 


di 


2 (oi — z) 2(02 — z) 
2<r? 2<,i 


2(a„ — i) 


= 0 


,0, 

V 2"'“ 2*'*"“r 2/““ 2''* 2 

wi cr2 <r„/ <yj (Tg 


cr2 

dividing both aides by (0.6745) 


Vj r2 Tn' ^2 


7+3+-+3 

“2 H — 2 +• ■* 4 - “2 
ri r| r* 


(25) 


In the light of equation (5), page 127, it is apparent that the 
above equation is an expression of a weighted arithmetic mean 
in which the values of a are weighted according to the inverse 
squares of their probable errors. The r’s are values of nj. In more 
general form 


z = 


If the deviations from the wei^ted mean (z) are obtained 
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then 


r, « 0.6745 



,.+i 

rS 1 

/n rs 

/ 1 1 


:3 + 3+- 

4- 

VI 


(27) 


gives the probable error of the weighted mean. In general, the 
probable error of any weighted mean is given by 

We can obtain a different estimate of the probable error of z 
[equation (25)] by means of the partial differential expression (7). 
■ The probable error of z would be 


E2 





or 



or 



(29) 


Denoting r* obtained by equation (27) as the “ observed ” prob- 
able error and the r* computed from equation (29) as the “ theo- 
retical " probable error, we can write the expression: 

_ ,. Observed r* 

, Ratio — ■- - ■ 

Theoretical r. 
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etc. Each of the three commonly employed methods of expressing 
relative precision, etc., will have particular advantages' under 
various conditions of comparison. The three ways of relative 
expression are: 

I. Fractional, The ^vcn measure of precision, etc., may be 
stated as a ratio to its representative central value, thus: 


a a 


The fractional expression is in the form of a decimal fraction, and 
hence it is a trifle awkward. The comprehension of a fractional 
precision or uncertainty by most people requires the mental 
counting of decimal places. Jn the end the results are mentally 
converted to other terms such as percentage. For that reason, the 
percentage expression is more readily comprehended. 

S, Perceniage. The idea of expressing a ratio as per cent or 
parts out of a hundred will hardly require elaboration. The per- 
centage precision or uncertainty would be 


. 0.001 

±-m or sfc:— 100 
a 1.064 


In a few types of chemical measurement the uncertainty will be of 
the order of integral values when expressed in parts per 100. Xn 
other words, the uncertainty is 1 per cent or greater. When this 
is so, the percentage method gives a readily comprebensihh state- 
ment. 

S. Parts per thotisand. Most chemical measurements are 
performed with a degree of exactness which results in precision 
measures that would give fractional percentages. For this reason 
the expression of uncertainties, etc., in parts per 1,000 is usually 
preferable. In routine methods of quantitative analysis the 
agreement to be expected is 1 to 3 parts per 1,000. i 

Tf ttnU K<» rp/»!ilfpd frnm mir ir of fiitmjfipflnf fimim 
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to choose parts per ten thousand, or, in some highly refined 
physical measurements, parts per million will constitute the proper 
choice. 

The statement of “parts per thousand" must not be confused 
with “parts in the tWsandths place." Thus, if a properly 
expressed numerical value is 

4.893 

the uncertainty will be ±0.001. The uncertainty is 1 in the 
thousandths place, but on the other hand it is 1 part per 5,000. 

SIGNIFICANT FIGURES 

By this time, undoubtedly, the reader will have explained to 
himself the reasoning back of the statements of the computation 
rules for significant figures which were laid dorni so dogmatically 
in Chapter II — all except perhaps Rules 9 and 10. Wc had better 
consider these two rules in reverse order. 

Rule 10 states: “In a precision measure, retain only two sig- 
nificant figures." Wc shall have to examine the question of the 
precision of the precision measure. That means the probable 
error of the probable error. This looks at first glance like statistical 
considerations prolonged ad ahsurdum or perhaps even ad nauseum. 
Nevertheless, completely sound statistical reasoning shows that 
the probable error of the probable error is approximately 


0.48 



where n is the number of measurements upon winch the value of r 
is based. IVhen n is 4, the uncertainty in the value of r is 29 per 
cent. If there arc ten measurements, the uncertainty of r is only 
ID per cent. When n is as great as 50, the uncertainty drops to 
7 per cent. Wc perceive that with such large uncertainties the 
second figure of the precision estimate will bo uncertain, hence any 
figures beyond the second can have no significance unless the 
number of measurements is wry large. IMicn the number of 
measurements is extremely small, there may bo no certain figures 
in thc value of the probable error. Hence, in those cases, only one 
figure may be considered significant. 

Rule 0 states that one extra figure should be carried in the 
mean of four or more values. There is no statistical basis for this 
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■ rule; it is merely a dictum which has become apparent from 
experience. It is often true that the magnitude of the probable 
error of the mean is such that.thic number of significant figures in 
the mean is one greater than the number in the measured values. 
The reader need only glance back some of the problerhs and 
iDustrative examples to see that this is true. In essence. Rule 9 

• means that one extra figure should be carried in the average unless 
the precision measure dictates othenrise. 

SOME APPROXIMATIONS 

_ . In 1830, Auguste Comte' in his Philosophic Positive said; 
“ If mathematical analysis should ever hold a prominent place in 
chemistry — an aberration which is happily almost impossible — 
it would occasion a rapid and widespread degeneration of that 
science.”* This viewpoint was transmitted to chemists and held 
by them for many years. With thwretical chemistry established 
upon the “mathematical foundation” where the researches of the 
last four or five 'decades have placed it,’ Comte’s viewpoint has 
become almost as archaic as the phlogbton theory. The fact 
that mathematical analysis is not rigorously appHcable in chem- 
istry now is probably due to our ignorance of chemical phenomena 
rather than to some fault of mathematics. . Chemistry has not yet 
had a Newton, a Darwin, or an Einstein. 

This long-retained idea that mathematics is foreign to chem- 
istry resulted in a feeling of contempt, by many chemists, for . 
an 5 d.hing mathematical. The feeling persists even today in the 
guise of the attitude, taken by some, that chemfetry is lar^Iy an 
inexact science and hence almost any approrimation that greatly 
reduces computation is “good enough.” It often requires a very 
wise person to decree what is "good enough” and thereby secure 
consistency. Furthermore, the prosecution of the “good enough” 
attitude to the extreme can be very detrimental to the progress 
of a science and to the understanding of a beginner. 

In many textbooks of chemistry, notably those on quantitative 
•analysis, approximations are given for the precision measure but 

• unfortunately the approximate natum is not emphasized. As a ■ 
consequence the highly approximate considerations are unintcUi- 

• Cf. Mellor, op. cit, p. 4; 
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^ntly applied far beyond the range over which they are good 
enough. 

The approximate precision measure which is recommended is 
the average deviation instead of the probable error. If the number 
of measurements is very few, the numerical value of 3 is quite 
near the value of r as calculated from Peter’s formula (p. 170). 
Thus, for three measurements, 

s = = 0.33 S I 4 I ■ 


r = 0.85|- [y‘l = 0.432|d.| 
Or for five measurements 

i = = 0.20 S I da I 

r = 0.85|^ = 0.21S|di.l 


However, for twenty measurements, 

r = 0.85^1^ =>014 2 I da I 


For very few measurements the discrepancies are of the order 
of magnitude of the uncertainties in the values of the probable 
errors. Values of r from Peter's formula are, however, only 
approximations to Bessel's formula (p. 170), so that the above 
agreement is an approximate agreement Viith an approximation.' 
For larger numbers of measurements, it is erroneous to call the 
average delation the precision measure. 

Another approximation formula gives the precision of the 
arithmetic mean as 


i 



This is subject to all the nbo\’C limitations. 
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AHsimplified criterion for rejection of suspected observations is 
as follows : ’ ' - 

1. Compute the mean and the average. deviation of all the 
measurements, omitting the doubtful value. 

2. If the deviation of the siKpected value from the mean 
, is as great as or greater than 43, the measurement may be 
. rejected. 

This criterion is an almost direct invocation of the statistically 
reliable difference concept presuming the approximate equality 
of r and 5. For very few measurements, S is smaller than r; 
above six measurements S becomes larger than r. Fortunately, 
this criterion can be extended to large numbers of measurements 
with less harmful effects than can the preceding approrima- 
tions. For large values of n, this criterion is more stringent than 
Chauvenet's. As a result the beginner, in using this approxima- 
tion, will be less likely to reject borderline values indiscriminately. 

In that these approximations are truly “good enough” for 
interpretation in routine quantitative analysis, the justification for 
their limited use is sufficient. The chief objection that can be 
raised is one of consistency. There is no reason for calling John 
Jones “John” other than that bis name is John. 

PROBLEM SET XIV 

1 . Avogadro’fl number-N is evaluated by this equation 


where F is the Faraday, c is the velocity of light, and c is the electronic charge. 
Given: . 

- F = 96,489 ± 7 coulomb per equiv 
‘ c = (2.99796 zfc 0.00004) X 10^" cm per sec 
e = (4.770 ± 0.005) X 10'*® electrostatic unit 

Compute the value of N and its probable error. 

2. The 1939 international atomic weight of hydrogen* is 1.00805 ± 
0.00002. Using the value of N obtained in Problem 1, compute the moss of 
air atom of hydrogen and its probable error. 

3. From the results of Problems J and 4. Set XII, and of Problem 11 (o) 
and (6), Set XIII, compute the probable error of the mean atomic weight of 
carbon as determined (a) by Baxter and Hale and (5) by Scott and Hurley. 

» Cf. Rev. Mod. Pkys., 9 , 370 (1937).' 
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4. Using the answers of Problem 3 (above), determine the statisticallj' 
weighted mean atomic weight of carbon and the weighted probable error. 
^\*hy do you suppose the international atomic weight table for 1038 gives 
C - 12.0107 

6. Compute the values of for (a) the atomic weight of chlorine (Problem 
C, Set XII, and Problem 11 (c), Set XIII] and (6) the ratio of silver iodide to 
silver chloride (Problem 7, Set XII, and Problem 11 (d), Set XIII]. 

6. The atomic weight of silver is 

Ag « 107.880 ±0.001 

Employing the results of Problem 6 (above) and of the example on page 180, 
compute the atomic weight of iodine and its probable error. 

7. From the data of the example on p.age IDO, compute the values of a 
and r for the nine observations remaining after the rejection of the value 1.83. 
Apply the Picrcc*Chauvenet criterion to determine whether the VTilue 1.63 
should be rejected. 

8. In a certain aqueous solution the mean value of the hj'drogcndon con- 
centration was (2.412 ±0.011) X 10“*. Compute the pH and its probable 
error. 

8. From the following sk independent determinatfoos of Planck's constant, 
h, compute the statistically weighted mean and the probable error of tho 
weight^ mean by two methods. Obtain the ratio of the two probable errors 
and interpret. (See p. 193.) 

SouncE A(erg-fcc) 

Rydberg constant (0.617 ± 0.011) X 10“*^ 

Ionization potentiab (G.5C0±0 016) ** 

X-rays .• (C 550 ± 0 009) " 

Photoelectric effect (6.513 ± 0.010) “ 

Wien’s Law (0 518 ±0 016) " 

Stcfan-Boltzmann constant (0.639 ± 0.010) 

10. The mass of the electron as determined from spectroscopic mcasuro- 
ments Is (9 035 ±0 010) X 10"^’ g, whereas dcncction measurements jneld 
the value (8.991 ±0014) X 10~**g. Is there a statistically reliable dilTcrcnco 
between the two toIucs? 

11. Uliat is the probability that an error which is (a) 5r, (5) Cr, or (c) 10.5r 
can be a random error? 

12. The diameter of a sphere wa.s found to be 4.182 ± 0 061cm. Compute 
(a) the area of Its surface and the probable error, and (6) the volume and Its 
prol).able error; If the moss of the iqiherc Is 187.4 ±0.7 g, compute (c) the' 
density and its probaldc error. 

,Vo/«. Except where Indicated otherwise, the values of the phj-«ical con- 
stants given in this set of problems arc taken from Hirge, Phr/t. Hrr. Suppl., 

I, 1 (1929). The student sliould consult this article and set further cxcrcuvs 
for himself from the dst.a given. ‘Also, he should not fail to read an article by 
Poa-er, treating llic errors of raicroanals*«Ls, in Ind. Eng. Chern., Anal Ed 

II, 006-73 (1930). 
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CtmVE FITTING 

The assignment of numerals to represent telephones or the articles , 
in a salesman's catalogue is not measurement; nor — and here is a 
more definite representation of properties — the assignment of ■ 
numerals to the colours in a dyer’s list. The difference between 
such assignments and true measurement is that they arc com- 
pletely arbitrary. Even true measurement- • -is not completely^ 
free from an arbitrary element, but it is based upon something 
that is not arbitrary at all, namely, scientific laws. - 

— N. R. Cautbell. 

. In the preceding chapter we have considered the statistical 
methods of interpreting the results of repeated measurements of 
a property of a system when all the ponderable variables are 
fixed or corrected for slight variation. Very often wc are inter- 
ested in the variation of a given property when one of the pon- 
derable variables is successively fixed at various values. The 
given property becomes the dependent variable, the values of 
which we measure at various fixed values of the ponderable varia- 
ble which by definition is the independent variable. Thus, if we 
measure the volumes occupied by a given mass of a gas at various 
fixed values of pressure, volume is the dependent and pressure the 
independent variable. In order to obtain a reasonably complete 
treatment of the subject of measurement we shall have to consider 
some of the more frequently used methods of formulating a mathe- 
matical relationship between the values of the dependent and inde- 
pendent variables. We shall thereby gain an insight into the 
idea of “partial laws” discussed on pages 89-91. More times 
than not, the relationship will be of a purely empirical nature. The 
formulation of the real functional relationship is in many cases an 
impossible task in the light of present knowledge. Lacking the 
“true form of the law,” an empirical relationship is the best 
approrimation. In the discusrion which follows, it will be pre- 
.fiumed that there is a real functional relationship between the two 
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variables being considered. It \rill make no difference whether 
the relationship can be demonstrated from theoretical grounds or 
whether the variables have been empirically correlated.* 

The problem of fitting a curve to a set of discordant data 
resolves itself into two distinrt operations. The first is, of neces- 
sity, the operation of determining the mathematical form of an 
equation which can represent the data satisfactorily. The second 
operation consists in evaluating the constants of the equation 
as precisely as necessary. If there arc theoretical grounds from 
which to deduce the form of the functional relationship, the 
problem reduces itself to the second operation only. The choice 
of an empirical equation to represent a set of data, with no theoreti- 
cal guidance, is a highly subjcclivc process. Not only is circumspect 
judgment necessary’ but also, in many cases, success depends upon 
the exercise of a great deal of ingenuity. The operation of choos- 
ing the form of the cur\’c c.annot be reduced to any simple set of 
rules or steps. The second operation, namely, the evaluation of 
the constants, is much more straightforward and less subject to tho 
judgment of the computer. 

CHOICE OF EQUATION 

In this section wc shall discuss some of tho more frequently 
U‘!cd procedures for choosing a functional form to represent a set of 
data invoUnng two variables i and y. It is almost invariably tho 
custom to consider the independent variable to have been correctly 
fixed at certain successive values and to regard the dependent 
variable as canying the burden of di^cordancj’. 

Fimte Bifferenccs. If an equation of the polynomial type will 
serve to represent a set of data, the degree of the polynomial may 
be determined by the mctliod of faking differences. It will be 
recalled from Cliaptcr V tluvt the column of differences which is 
constant gives tho degree of the polynomial which c.an represent 
the function V. This Is equally true for differences with either n 
constant or a variable increment in the independent varlsWo. 
Tlie method of determining the clcgrcc of the pcljmcmbl by taking 
differences vn\\ succeed only if the data arc fairly conconlant. 

* StuJ»*nta of »cfen«* who de'Ire an fauiRhl Into the {(lea of functional rela- 
tionship will derive RTvat benefit from a brief ftudy of correlation. One of tho 
ixxiVfl on ctatistlca luted In the Api»endix may bo consulted. 
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If differences of very discordant data are taken, the irregularities 
due to large positive and negative discrepancies may be of the 
same order of magnitude as the differences themselves and no 
order or regularity can be discerned, 

' Occasionally the failure to find a column of constant differences will 
give a clue as to the form of the functional relationship. Consider fie 
following pairs of .values and their differences 


X • 

V, 

A 

A* 

A» 


1 

8 

0 




2 - 

14 


6 




•* 

12 


6 


3 

26 

24 

12 

n 

6 

4 

' 50 

48 

24 

24 

32 

G 

68 

66 

48 



6 

- 164 






There appears to be no tendency for a column of differences to approach 
'constancy. Another i^d of order, however, is apparent. Successive 
differences of Ui arc 6;' likewise successive differences of Vi are 12; and 
so on. Furthermore, the values in each of the difference columns are in 
geometric progression, with a constant ratio of 2. This indicates that the 
function contains 2* as one term since there are integral values of the 
independent variable. We should postulate as a general function for the 
preceding table the formula 

«h + mo* (1) 

Actually the table was made from 


If. « 2 + (3)2' 

In practice it is extremely unlikely that a set of data would ever show such 
a simple relationship as that portrayed in this abstract example. Even tn 
this simple case, the recognition of 2* as a term of the formula was due 
more to intuition than to mathematical reasoning. In Chapter V we 
considered only the' more .elementary aspects of the calculus of finite 
differences. By a more advanced study of this calculus we can gam a 
sufficiently powerful method of analysis fo deal with more'complicated 
cases. For instance, the constants of equation (1) might have 
other than simple integral ones, or the functional rel&tion might ha^'e had 
more terms, as in: 

U* ** h + ex + dr’ + wo”* w 


U. ** h + ex + dr’ + wa' 
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The processes of differencing and summation are capable of yielding gen- 
eralizations by means of which these complicated functions can be treated 
analytically. This example has been introduced solely to indicate what 
must be the line of attack when the functional relationship is too complex 
for recognition by one of the commonly used methods available in the 
usual textbooks. 

' Graphical Method. The pven set of data may be plotted on 
rectangular coordinate paper following the customary procedure 
of laying off the values of the dependent variable as ordinates and 
the corresponding values of the independent variable as abscissas. 
If the relationship is one of the general linear form 

y = 6 + mx (3) 

it vnW be possible to draw a straight line through the points on the 
graph. It will bo safer to say a straight line can be drawn among 
the points, for it is only with abstract or idealized data that there 
will be no deviations. Properly speaking, a point cannot represent 
a measured value. The only correct representation of a given 
datum is an ellipse, one axis of which gives the precision of the 
dependent variable and the other the precision of the independent 
variable. In accordance with our previous assumption that the 
discordancy is entirely attributed to the dependent variable, the 
ellipse will reduce to a vertical line. The length of the line will be 
such that its extremes give the locations of a — ra and a + fa. 

The accepted conventions for the preparation of graphs of 
chemical data dictate that the mean value of the dependent 
variable be denoted by a point and surrounded by a circle the 
radius of which is the probable error of that value. The circles of 
precision are, of course, constructed exactly to tho scale of the 
graph. 

When it is readily apparent that a smooth curved line is 
required to pass through the points, it is quite possible that a 
suitable substitution may reveal that the proper relationship is of a 
type which can be reduced to a linear equation in the substituted 
\'ariable. The more frequently used substitutions are the follow- 
ing: 

(1) Plot log X against y. The logs of the values of the inde- 
pendent variable may be plotted as abscissas against the values of 
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y as ordinates. If a linear graph results, the data may be repre- 
sented by an equation of the type ■ 

y ’^mhgx ' . - ' ■ (4} 

Equation (4) is seen to be linear if log a; is treated as the indepen 
dent variable. 

(2) Plot X agatnsi-loy y. If a plot of the values of ^ ' 

the corresponding values of log y results in a straight line, 
data may be represented by an equation of the general form 

y ss . (5) 

Taldng logs of both sides, , - 

logy - log A: + (n logo) X (6) 

Equation (6) is a linear equation in x and log y. 

(3) Phi log X againel log y. If a linear relationship is revealed 
by plotting log x against log y, the type of formula indicated 

y » fcr" ' (7) 

Taking logs of both sides of equation (7), we get 

log y « log A: + n log * (S) 

Equation (8) is linear in the variables log x and log y. 

(4) Plat against y. Quite often the data from chemical 
measurements can be represented by a formula in which the 
independent variable is raised to a power higher than first. The 
second power is by far the most common, but occasionally third-- 
and fourth-power functions are required. If a plot of a;" (n 

3, 4, • • •) against y results in a straight-line graph, the data can be 
represented by 

y sw 6 -4- mx** ■ 

Equation (9) is a linear function, if h treated as the independent 
variable. 

(5) Plot — against y. Plotting— against y is merely a variant 

of the method immediately preceding, since — is the same as ;£"'*• 

Here, the values of n that may be tried are 1, 2, 3* • *. The fre- 
quencies of occurrence are rou^y in the order given, and they 
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should be tried in that order. If a plot of — against y ^ves a 

X 

linear graph, the data can be represented by 

!/ = » + ! ( 10 ) 

Equation (10) is a linear equation in 

(6) Plot ^/x against y. About the only roots of the values of 
the independent variable that need be tried are the square root 
and the cube root. If a plot of against y yields a straight line, 
the equation which can represent the data is of the form 

y = 6 + mx” (11) 

wHch is linear in 

(7) Other possibilities. The six methods Just given will suffice - 
for most of the cases encountered in chemical measurements. It is 
only remotely possible that such procedures^ as plotting trigo- 
nometric functions of one or the other variable might reveal a 
hnear relationship. There are other possible variants of the 
methods given, such as 

X against — , 
y 

-against-, 

X y 

■y/x against -y/y. 

In addition to variants, there are possible combinations of the 
methods. For example, a plot of log x against log log y giving a 
straight line would indicate a function like 

y = a^” (13) 

Smoothing of Data. If a set of data has failed to show any 
regularity in the process of taking differences, and if the graphical . 
methods have failed to indicate a suitable functional form, the 
procedure of smoothing the data may be applied. Analytical 
methods* of smoothing, or graduation, as it is often called, have 

*See Whittaker and Robinson: Calculus of ObserM/tOTW, Chapter XI, 
Blackie and Son, London, 1924. 
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been developed. Some of these methods have a probability basis, 
and some have no basis. The only method of smoothing we 
shall consider is the graphical one. After the data have been 
plotted, a spline of hard rubber or other plastic material can be 
bent to serve as a guide in drawing a curve. The smooth continu- 
ous curve which appears to represent the trend of the data to the 
highest possible degree is then' drawn. From the smooth curve, 
values of y are taken, preferably with a constant increment in 
the values of z. The values of y are tabulated, and differences 
then taken. There should be sufficient concordance now to indi- 
cate by a column of constant differences the degree of a polynomial 
to represent the data. To be on the safe side and make allowance 
for the low precision of the graphical method (about 0.25 per cent), 
a polynomial of one more term than the differences indicate may be 
taken. 

Smoothing of data cannot be recommended ns a general pro- 
cedure. It should be pointed out that, in the process of smoothing, 
the. correct functional relationship may be obscured by the 
arbitrary choice of a smooth curve. Furthermore, slight but 
significant discontinuities or “ breaks **' may be overlooked in 
smoothed data. In so far as these criticisms apply to the pro- 
miscuous practice of smoothing as a first resort, they are entirely 
justified. If, however, smoothing is used as a last resort after 
all other possibilities have been exhausted, there can be no cause 
for complaint. If a set of data is so discordant as to require 
smoothing, the experimenter who made the measurements does not 
deserve the good fortune of discovering the correct functional rela- 
tionship. Nor should we place much confidence in the location of - 
discoutinmties inferred from such data. For highly discordant 
data a pol3nDoniiaI of one degree bi^er than that indicated by the 
smoothed differences is a sufficiently'good representation. 

Multiplicity -of Equations. Wh«i measurements have been 
performed with veiy great precision over a wide range of values 
of the independent variable, it often happens that a single empirical 
equation is not capable of representing the data with sufficient 
exactness over the entire range. Sometimes a graph of the data 
may reveal a portion of the curve over which the curvature is 
much greater than over other portions so that the portion of 
greater curvature may require a polynomial of higher degree than 
that required by the other portions. We then resort to the use of 
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more than one equation, each of which is applicable to a definite, 
specified part of the range covered by the variation of the inde- 
pendent variable. This procedure amounts to dividing the data 
into several independent sets. It is, however, almost invariably 
the custom to allow the ranges to overlap so that independent 
checks can be made on the values near the arbitrary borders. 
The International Critical Tables abound with examples of multi- 
plicity of empirical equations for one set of data. 

Substituted Variables. We have seen in a preceding section 
how it is possible to reduce several types of equations to a linear 
form through substitution of variables. For convenience in 
subsequent considerations we shall recapitulate the results of the 
six types of substitution discussed and indicate a convenient 
method of algebraic substitution. 


(1) y » 6 + m log z. 

Let: logz^X 
Then 


V 

(2) y 


h + mX 


Taking logs 

Let: logy 
logk 
nlogo 

Then 


log y * log k -b (n log a)x 
Y 
B 
M 

¥•= B + Mx 


(13) 


(14) 


When M has been evaluated, n can be determined by choosing an 
arbitrao' value of a (usually 10, e, 2, etc.). Tlic choice is imma- 
terial since any exponential s^’stem with a pven base is consistent 
within itself. 

(3) y « kz\ 

Taking logs 

logy « Iog/:-bnIogx 
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graphical evaluation of the constants will probably be nearer the 


higher value, 

Example £. 

0.5 per cent or 1 part in 

The following data 

200. 


X 

V 

X 

V 

1 

3.0 

13 

8.0 

3 

4.0 

15 

9.0 

8 

6.0 

17 

10.0 

10 

7.0 

20 

11.0 


can be represented by a straight line. By means of a graph, determine 
the constants of the linear equation 

y = b + inx 
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Fig. 15 shows a plot of the data with a straight line drawn among the 
points. The line passes through two points and gives a nearly equal dis- 
tribution of the remaining points above and below the line. The inter- 
cept on the y axis is 2.73; hence 

b.«=2.73 
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To evaluate m, let us read ofif valu^ of y corresponding to * « 0 and 
X « 20. Then 


m 


Ax 


11.09 - 2.73 
20.0 - 0 


« 0.418 


Hence the equation for the data is ' 

p = 2.73 + 0.418® 


Simultaneous Equations. ‘ U there are A 'constants in the 
equation chosen to represent a set of data, the constants can be 
evaluated if k simultaneous equations are feet up. These k equa- 
tions are formed by choosing, at regularly' spaced intervals over 
the range of the data, k different pairs of corresponding values of 
X and y and substituting the pairs of numerical values successively 
in the general equation. Thus, if a linear equation is indicated 

h + m “ yr J 

Such a pair of equations when solved simultaneously (determinants 
may be used) will yield values for h and m. 

For highly concordant data, this method will yield numerical 
values of the constants which may be about as precise as the voJuea 
obtained by the graphical method.- The arbitrary choice of the 
pairs of values will greatly affect the values of the constants. Any 
one set of k pairs will give different results from those of any other 
set of k pairs. It will be recalled from Chapter III that the answers 
obtained from the solution of simultaneous equations often have 
fewer significant figures than the' data entering the equation. In 
general, this method of evaluating constants can be classed with 
the graphical method as to the "goodness” of the results. 

Example S, " Let us evaluate the constants of the linear equation for 
the data of the preceding axample by means of simultaneous equations. 


X 

y 

X 

V 

1 . 

3.0 , . 

13 

8.0 

3 

. 4.0 

15 

9.0 

S 

6.0 

• 17 

10.0 

10 

7.0 

20 

11.0 


Suppose the second and seventh pairs of values to be chosen. ' Then 
3 + 3 p* = 4.0 
6 + 17m = 10.0 
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The solution of these simultaneous equations yields the answers 
b >= 2.72; m = 0.428 

The equation to represent the data according to this method of evaluating 
constants is 

y » 2.72 + 0.428 s 

It should be apparent that the choice of any other pair of values would 
give still different answers. Combinatory analysis tells us that, with eight, 
pairs of values, it is possible to choose two at a time in twenty-eight dif- 
ferent ways. 

. tCt = 28 

We can only conclude that the evaluation of k constants by means of k 
simultaneous equations is a highly arbitrary process. 

Method of Averages. The method of averages is an extension 
of the inunediately preceding method. Instead of forming k 
equations to evaluate k constants, a series of equations is set up 
making use of all the n pairs of values in the given data. The 
series of n- equations is then grouped arbitrarily^ into k sets of 
equations, each set having approximately the same number of 
equations. Next, the equations within each set are added 
together, and the result is k equations which can be solved simul- 
taneously to give numerical values for the k constants. If there 
were six pairs of values to be fitted with a second-degree equation 

y = a + bx + ex* (20) 

six equations could be formed 

a 4- bxi + exj = yi 
a 4- 6x2 + exf = 2/2 
o 4- 6x3 4- cxi = 2/3 
c 4* 4- cx| = -1/4 

a 4- 6x9 -f- cx| = ys 
o 4- 6ir« 4- cx| = ye 

There are fifteen possible ways in which the six equations can be 
grouped into three sets having two equations each. Therefore, 
fifteen different solutions arc possible for the values of the con- 
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stants. If we choose to group together the first and fourth, the 
second and fifth, and the third and sixth, the result is 

2a + {xi + 'X4)h 4- (ai + a^)c = yi ‘h i/4 

^ 2a + {X2 4- 4- (^1 4^ * 5)0 = yz -h 1/5 

2a 4 ( 2:3 4- 3r6)6,4* (^3 4: ^t)c = i /3 4 

When the three equations arc solved simultaneously, a, b, and c 
are evaluated. By this method, the constants are functions of 
the whole set of measurements. Because there are so many pos- ' 
sible solutions and because there is no a priori basis for choosing 
which is the best, some degree of unccrtaintymust remain. Expe- 
rience has revealed that the best results are obtained when the 
equations are divided into equal, successive groups. That is, if 
there are six equations and three constants, the grouping should be 

■ 2a 4 (a^i 4 X2)b 4 (xf 4 *= Vi 4 ys 

2a 4 (xs 4 X 4 }b 4 (a*l 4 * 2/3 + (22) 

2a 4 (xs 4 xe)h + (xj 4 x|)a « 4 ye. 

Of the methods considered thus far, this one is the best, and if the 

data are highly concordant, the constants so determined will ^ve 
an equation which represents the data veiy faithfully. 

Example 4 . To continue the comparison we shall evaluate the con- 
stants of the linear equation for the data given in the two preceding 
examples. 


® y 


X y 

1 ' 3.0 


33 8.0 

3 40 


35 9.0 

8 0.0 


17 10.0 

30 7.0 

- 

20 11.0 

There wifi be eight equations 



(l) 6 4 ~ 3.0 

(«) 

5 4 13m = 8.0 

(2) 6 4 3m = 4.0 

(6) 

5 4I5m= 9.0 

(3) 6 + gm = 6.0 

W 

6 4 17m « 10.0 

(4) 6 4 lOm = 7.0 

(S) 

5 4 20m = n.O 


FcAlovring the rule of dividing the equations into equal successive groups, 
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the first four equations are placed in one -group and the second four in 
another group. -The result is 


6 + m = 3.0 
6 + 3m = 4.0 
6+ 8m= 6.0 
6 + 10m = 7.0 


6 + 13m = 8.0 
6-M5m— 9.0 
6 + 17m = 10.0 
6 + 20m= 11.0 


4b + 22m = 20.0 


4b + 65m = 38.0 


The resulting simultaneous equations 


yield the values 
The linear equation is 


4b + 22m = 20.0 
4b + C5m = 38.0 

b = 2.70; m = 0.420 

y * 2.70 + 0.420 x 


Method of Least Squares. It has often been stated that the 
“method” of least squares for evaluating the constants of an equa- 
tion is based on the theorems of probability. This is not entirely 
true. The “principle” of least squares Tvhich was enunciated by 
Legendre is implicitly stated in the Gaussian theory of errors. 
(See again pages 165-7.) The principle of least squares, there- 
fore, has in common with the Gaussian theory a 'basis in the 
theorems of probability. The principle applies to repeated'mea- 
Burements of a physical quantity when all the ponderable' variables 
are fixed. In the evaluation of constants we are dealing with a 
scries of measurements of a quantity corresponding to various 
fixed values of an independent variable. The two kinds of data 
are not the same. 

The method of least squares in purporting to yield “highly 
probable” values for the constants of an equation requires two 
assumptions: 

, (1) The fixed values of the independent variable are cor- 
rect, and hence only the dependent variable is subject to errors 
of measurement. 

(2) The curve of best fit is the one which makes the sum of 
the squares of the delations from the curve a minim um 
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slants. If we choose to group together the first and fourth', the 
second and fifth, and the third and sixth, the result is 

2a -f- (a:j -f >4)6 -f- {xj + xl)c = yii-pi 

■ 2a -f (3:2 + x^h + {xl -f- i^)c - 

2a -f (3:3 4* xti)h + (4 -It xt)e - Vs + Ve 

When the three equations are solved simultaneously, a, h, and c 
are evaluated. By this method, the constants are functions of 
the whole set of measurements. Because there are so many pos- ' 
Bible solutions and because there is no a priori basis for choosing 
wluch is the best, some degree of unccrtainty’must remain. Expe- 
rience has revealed that the best results are obt^ed when the 
equations are divided into equal,- succesrive groups. That is, if 
there are six equations and three constants, the grouping should be 

2a 4- {xi 4* X 2 )h 4- (x? 4- a:|)c =* yi '4- Vz 

2a -f (^^3 4- XiJb 4- {x| 4- xl}c {22} 

2a 4* (xfi 4^ xz)b 4* {x\ 4- xf)c «= Vs 4~ Vs, 

Of the methods considered thus far, this one is the best, and if the 
data are highly concordant, the constants so determined will give 
an equation which represents the data very faithfully. 

Example 4- To continue the comparison we shall evaluate the con- 
stants of the linear equation for the data given in the two preceding 
examples. 



z 

y 


X V 


i 

3.0 


13 8.0 


3 

4.0 


16 9.0 


8 

6.0 


17 10.0 


10 

70 


20 11*0 

There will be eight equations 



(1) 

& 4* as 

3.0 

(S) 

6 4-13»i= 8.0 

(2) 

6 4- 3>n« 

4.0 

(6) 

6 4- 15m « 9.0 

(3) 

6 4- 8m = 

G.O 

0) 

6 -h 17m = 10.0 

(i) 

6 4- lOw = 

7,0 

(S) 

6 4- 20m = 11.0 


Folio’^’ing the rule of dividing the equations into equal successive groups, 
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the first four equations are placed i 
■ -another group. -The result is 

b -f m = 3.0 
b+ 3m = '4.0 
b-h 8m= 6.0 
b -h 10m = 7.0 
4b + 22m = 20.0 


one -group and the second four in 

b + 13m = 8.0 
6 + 15m« 9.0 
* b + 17m = 10.0 
b-h20m= 11.0 
4b + 65m “ 38.0 


The resulting simultaneous equations 


yield the values 
The linear equation is 


4b + 22w »= 20.0 
46 + 65m = 38.0 

b * 2.70; m *= 0.420 

y » 2.70 + 0.420® 


Method of Least Squares. It has often been stated that the 
"method” of least squares for evaluating the constants of an equa- 
tion is based on the theorems of probability. This is not entirely 
true. The "principle” of least squares which was enunciated by 
Legendre is implicitly stated in the Gaussian theory of errors. 
(See again pages 166-7.) The principle of least squares, there- 
fore, has in common with the Gaussian theory a basis in the 
theorems of probability. The principle applies to lepeated'mea- 
Burements of a physical quantity when all the ponderable' variables 
are fixed. In the evaluation of constants we are dealing with a 
series of measurements of a quantity corresponding to various 
fixed values of an independent variable. The two kinds of data 
are not the same. 

The method of least squares in purporting to yield "highly 
probable” values for the constants of an equation requires two 
assumptions: 

. (1) The fixed values of the independent variable are cor- 
rect, and hence only the dependent variable is subject to errors 
of measurement. 

(2) The curve of best fit is the one which makes the sum of 
the squares of the deviations from the curve a minimum. 
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Fig. 16 depicts the simplest case, i.e., a linear function. Here, the 
deviations are magnified out of natural proportion merely for illus- 
trative purposes. Note that as a consequence of assumption (1) 
the deviations are vertical distances and not perpendicular dis- 
tances from the curve. 

The method which makes the sum of the squares of the devia- 
tions a minimum is called the “method” of least squares. It is in 
reality an intuitive extension of the “principle” of least squares. 
We might say the method of least squares is a stepchild of the cal- 
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cuius of probabilities. Having examined the foundations of the 
method, we shall consider the mathematics involved. 

Let us assume that n pairs of values of x and y are to be fitted 
by the linear equation 

y =. 6 + mi (23) 

and we shall denote by y the values of the dependent variable 
which could be calculated from values of x when the constants b 
and m have been evaluated. Then 

yi « 6 -f mxi 

The delation of the measured value from the curve would bo 
given by 

or 


di = Fi — yl *= — (6 -h 

dj « 2/1 — b — mxi 
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If we let 

Sdf - Q 

then ‘ ' 

Q = {yi~h-mxiy-{-(y2-t-mX2)^-\ \-(yn~b~mxn)^ (24) 

In general, if - ' ' 

(25) 

the necessary conditions for a imnimum are 


^.0;^ = 6;^ = or. 

dt dw dz 


(26) 


The further conditions heed not be applied here. 

Since, in equation (24), the values of y,* and z,- have been fixed 
by measurement, the variables of the equation are b and m. 
Hence 


aQ 

ab 


dm 


(27) 


fix the critical values of b and m for Q to be minimum. 


Now 


dQ 

db 


“-2(yi-b~mzi) — 2(y2— b-mza)- • 


2 (yn-b-)nz„) 


or 

(yi b - mxi) + (y 2 - 5 — mz 2 )+-‘.+(y„ - b — mz„) = 0 
Taking the sum of the terms 


2y,- — nb — mSzi »= 0 ' (28)- 

Also 

SQ 

-- = — 2 zi(yi — b — mzi) — 2 z 2 (y 2 — b — 772x2) — • • ■ 

0771 

— 2 x„(y„ — b — mxn) 
or 


(xiyi — hxi - TTixf) 4- (X2y2 — bz2 — 7 ni|) H 


Taking the sum 


■f (a:«y« — bxn — TTix^) = 0 


2xiy{ bXxf — TTiSz? =s 0 . (29) 


The two equations (28) and (29) constitute the normal equations 
for the evaluation of the constants of a linear equation with the 
two constants b and 772 . 
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Without showing the details, we shall state that for a second- 
degree equation with three constants such as 

p ^ a + bx + cz^ ' (30) 

the normal equations are 


a2xf -f- hSi® -f- eSz* = Szfpi 
aXxi + bXxf -f eXxi = Xxt^i 
an -(- hXxi + eXxi = Xyi 


(31) 


Returning to the linear equation, the normal equations can be 
solved simultaneously to evaluate b and m. Rearranging equa- 
tions' (28) and (29) 

bXxi -h mXxi — XxiPi 


bn + tnXxi = Xyt 


By the method of determinants 
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Xxt-UiXxi — XpiXxi 

Zyj 

2i,| 

Sxv 

■24 

(Xxi)^ - nXxl 

n 

2i( 1 


Xxi 



- n 

Zy. 

XxiXyi — nXxipi 

Xxi 


(2j. 4 - nr4 

n 

2i( 



(32) - 


(33) 


We cannot go so far as to state that the method of least squares 
will give either the “most probable” values or the “best possible” 
values of the constants of an equation. But we shall state unre- 
servedly that this method does pvc the "best.fit” of all the methods 
we have considered. From the standpoint of time required for 
computation, the method of least squares is undoubtedly the most 
difficult of the commonly applied procedures. If the experimenter 
has taken great pains to refine the processes of measurement, a 
highly objective treatment of the results is not only indicated but 
completely justified, though the method be difficult. 

Before passing on we should note that when a function has 
been reduced to linear form through substitution the fitting of an 
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equation by least squares results in a best fit, not of the two vari- 
ables themselves, but of the substituted variables. Thus if by 
plotting log X against log y a straight line is obtained, indicating 
the function 

y = ix** 

the reduced linear form is 

y = B MX 

The curve resulting from the least squares evaluation gives. the 
best fit not in terms of x and y but in terms of log x and log y. 
Although the best fit of the substituted variables may not be best 
for the actual variables, the fit is as good as is readily obtainable 
by a practicable method. 

Example 6. Continuing the comparison we shall use the data of the 
three previous examples to obtain the constants of the linear equation by 
the method of least squares. The normal equations are 

fcSx -j- mSx* e Try 
hn + mSx “ Xy 

The computation of the required terms can be arranged in tabular form 


X 

V 

X* 

xy 

1 

3.0 

1 

30 

3 

4.0 

9 

12.0 

8 

6.0 

64 

48.0 

10 

7.0 

100 

70 0 

13 

8.0 

169 

101.0 

16 

9.0 

225 

135.0 

17 

10.0 

289 

170.0 

20 

11.0 

400 

220.0 

87 

68.0 

1257 ' 

762.0 


The normal equations can be solved when these values are substituted : 

2i * 87; Xy = 68.0; Sx* = 1,257; 'Sxy = 762.0; n = 8 
Expansion of the determinants from the two normal equations gives 

, „ XxyXx — Zy2x^ 

(2x)*-nSx* 

and 

_ XxXy — nXxy 
” “ (Zi)» - nZx» 
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cunvE mriNG 


Without showing the detaik, we shall state that for a second- 
degree equation with three constants such as 

y ^ a-^hx-{- a? “ (30) 


the normal equations arc 

aS4 -f 624.+ cSxf - Sxfyi 
aSxi ~f- b^i + cSxf = Sxt-yi 
an + b2xi *f cZx^ = 2y,- 


(31) 


Returning to the linear equation, the normal equations can be 
solved simultaneously to evaluate b and m. Rearranging equa- 
tions (28) and (29) 

b'Sxi -h mSxf = Xiipi 

bn 4- m2x{ = Sy; 


By the method of determinants 


Szi-y,* 

z4 


- 2y(2xf 

Sy; 

Xxi 


n 

24 

2r,- 

(Zx>)= 

— nZxi 


Szf 

7^1, m 



• n 

7yi 

7xiXyi 

- n'ZxxVi 

XXi 



- n2x? 

n 

Xxi 




(32) 


(33). 


We cannot go so far as to state that the method of least squares 
will give either the “most probable” values or the “best possible” 
values of the constants of an equation. But we shall state unre- 
servedly that this method does give the “best’fit” of all the methods 
we have considered. From the standpoint of time required for 
computation, the method of least squares is imdoubtedly the most 
difficult of the commonly applied procedures. If the experimenter 
has taken great pains to refine the processes of measurement, a 
highly objcctiv'e treatment of the results is not only indicated but 
completely justified, though the method M difficult. 

Before passing on wc should note that when a function has 
been reduc^ to linear form through substitution the fitting of an 
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equation by least squares results in a best fit, not of the two vari- 
ables themselves, but of the substituted variables. Thus if by 
plotting log X agmnst log y a straight line is obtained, indicating 
the function 

y *= fcx" 

the reduced linear form is 

Y = B + MX 

The curve resulting from the least squares evaluation gives the 
best fit not in terms of x and y but in terms of log x and log y. 
Although the best fit of the substituted variables may not be best 
for the actual variables, the fit is as good as is readily obtainable 
by a practicable method. 

Example 5. Continuing the comparison we shall use the data of the 
three previous examples to obtain the constants of the linear equation by 
the method of least squares. The normal equations are 

hXx + mSx* * Xxy 
bn + m2i = Sy 

The computation of the required terms can be arranged in tabular form 


X 

V 

X* 

xy 

1 

3.0 

1 

3.0 

3 

40 

■ 9 

12.0 

8 

60 

64 

48.0 

10 

7.0 

100 

70.0 

13 

8.0 

169 

104.0 

15 

9.0 

225 

135.0 

17 

10.0 

289 

170.0 

20 

11.0 

400 

220.0 

— • 



— • 

— 

87 

58.0 

1257 

762.0 


The normal equations can be solved when these values are substituted : 

Xi = 87; Xy = 58.0; Xx’ = 1,257; 'Xxy = 762.0; n = 8 
Expansion of the determnants from the two normal equations gives 

_ XiyXx — XyXx^ 

(Xx)* - nXx* 

XxXy — nXxy 
(Xx)* - nXx2 


and 
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Mating the indicated substitutions 

762-87 -58.0-1, 257 
- (87)* -8-1257 

^ 87-58.0 - 8-762 
. ” (87)* - 8-1257 ' ' 

from which 

6 = 2.66; m « 0.422 
.The least squares equation for the data is 

y = 2.66 + 0.422 z 

Goodness ** of Fit. We have spoken of rough, fair, good, 
‘ and best fits of a curve, but we should like fo know “how good.” 
Reasomng by the same analo^es from which the method of least 
squares was evoked from the principle, we shall make use of the 
probable error as a measure of goodness of fit. Tl^th the constants 
evaluated it will be possible to compute the values of y'i from cor- 
responding values of ar,-, and hence the values of the deviations may 
be obtained -by ' , , , 

The probable error of a single value of the dependent variable is 
given by Bessel's formula __ 

— ib 


r » +0.6745 1 


.(34) 


in which n is the number of pairs of values and k is the number of 
constants in the fitted equation. ' The argument for subtracting 
the number of constants from the number of points is as follows: 
The evaluation of k constants requires^the simidtaneous solution of 
k equations. ,Now, k pairs of corresponding values substituted in 
the k equations would give values for the constants such that the 
resulting curve would pass through those k points and only n — b 
points would deviate from the curve. Hence, the 'sum of the 
squares of the de\dations should be divided by the number of devi- 
ations. Generalized proofs * show that, for the methods of aver- 
ages and least squares, the same conclusion is reached. In graph- 
ical evaluation, where k « 2, the experimenter is likely to be 
prejudiced in favor of that straight line which passes through at 
least two points. Lacking more nearly complete information we 
assume, therefore, that Bessel's formula (34) gives the probable 
error of a single value of y by whatever method the constants have 
* Whittaker and Robinson, op. oV., pp. 2-13-6. 
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been evaluated.® We assume further that the probable error of a 
single value of y, when consistently employed, serves adequately 
as a measure of the goodness of fit. Inasmuch as the equation 
chosen is often only an empirical approximation, we would expect 
to find that a given set of ‘data can be represented by more than 
one t 3 T)e of equation. The proper choice when there are two pos- 
sible equations will be determined by the probable errors. The 
curve which gives the smaller probable error will be the one' 
chosen. 


Example 6. A summary of the results of detennining the constants of 
; the linear equation to represent a pven set of data is as follows: 


1/ = 2.73 + 0.418 X 
y = 2.72 + 0.428 X 
y = 2.70 + 0.420 X 
y = 2.66 + 0.422 X 


Graphical 

Simultaneous equations 

Averages 

Least squares 


Each of the equations has different constonts from the others; hence the 
deviations from the computed values will be different for each equation. 
To complete our comparison of the methods it will be necessary to compute 
y\ tot each value of x, by means of each equation. It will then be possible 
to obtain the demtions and the squares of the deviations for each method. 
These computations ate eummariied in the table following*. 




Graphical * 

SimuL Equa.. 

Averages 

Least Squares 

X 

y 

1/ 

±d 

cP 

v' 

±d 


1/' 

id 

d? 

s' 

dzd 


1 

3.0 

3.15 

0.15 

0.0225 

3.15 

0.15 

0.0225 

3.12 

0.12 

0.0144 

3.08 

0 08 


Z 

4.0 





0.00 



Qm 



BTih 


8 

iiir 

6.10 

O.K 


C.14 

0.14 


Boa 



e.O'i 

0.04 


iti 

7.C 

6.03 

0.07 



0.00 


6.90 

0.10 

.0100 

6.88 

0.12 

.0144 

U 

\m 

8.20 

0.2C 


8.2S 

0.28 

.0784 

8.16 

0.16 

.0256 

8.15 

0.15 

.0225 

15 

ifuK 

lESti) 

vm 

■IxSi 

9.14 

0.14 

KjJQ 

mill 



8.99 

0.01 

IkBiI 

17 

10.0 

9.85 

0.16 

.0225 

iTilTil 

0.00 

lro!i!i] 

Blm 

O.IC 


i!l»l 

0.17 

.0289 

20 

n.o 

11.00 



11.28 

0.28 

.07M 

11.10 

0.10 

m 

lUO 

0.10 



Sum O.IOSO 0.2185 0.090S 0.0888 


* For methods of evaluating the probable errors of the constants themselves, 
consult Bond: Probability and Random Brrora, Chapter VII, Arnold, London, 
1035. 

* For consistency, the values of y' in the graphical solution were read from - 
the graph, rather than calculated. 
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An examination of the table reveals that the sum of the squares of the 
demtions is the least for the method of least squares. 

The sums of the squares of the deviations having already been obtained, 
it will be a relatively simple matter to calculate the probable errors of the 
four methods of evaluation. Upon making the proper substitutions in the 
formula 

r 

there is obtained , 

r = 0.675 = ± 0.001 GrapUcal 



r = 0.675.^1^ -± 0.13 
r = 0.676 =± 0.0S3 


Simultaneous 

equations 

Averages 


r 



± 0.077 


Least squares 


In the light of our definition of the probable error as ngorously applied 
(see p. 169), we should anticipate that as here applied it would give the 
limit within wluch 50 per cent of the deviations would fall. By reference 
to the table of deviations we can test this postulate. 

Graphical 50% fall within =fc0.09 

** Simultaneous equations 37% “ “ iO.I3 

Averages 37% “ '* ±0.08 

Least squares 50% “ ±0.08 

Considering the small number of points involved, the agreement is very 
good. 

PROBLEM SET- XV 


1. The foUowiog data give the boHiog points of several members of an 
homologous scries of hydrocarbons: 


HmnocAitBON 

CiHjo 

C#Hi3 

C*Hu 

CtHu 

CsHu 

CjH« 

CioHa 


Boama Point (*C) 
0.6 
3G.2 
69.0 
04.8 

124.6 

150.6 
174.0 


(a) Prove that the data can be reprracnted by the equation’ 

r-aAf‘ 


’ Walker: J. Chm. Soe., 66, 103 (1804). 
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in which T — boiling point on absolute scale. 

'3/ *= molecular weight. 
a and 6 are empirical constants. 

(6) Evaluate the constants a and h graphically. 

2. Determine the degree of the polynomial required to represent the 
relationship between the atomic heat capacity of vanadium and the absolute 
temperature, as given by Anderson.* 


T°K 

Gv 

r“K 

Cp 

74 3 

2.181 

120.3 

3.851 

80.2 

2.441 

135.7 

4.248 

91.5 

2 871 

161.0 

4.596 

101.6 ' 

3.290 

185.2 

5.143 

110.2 

3.564 

206.7 

6.358 

3. Determine the functional relatfooshlp between x and y in these data. 

X 

V 

X 

y 

0.1 

l.OlOI 

0.9 

2.2479 

0.2 

1.0408 

1.3 

5.4194 

0.4 

1.1735 

1.5 

9.4877 

0.7 

1.6323 

1.9 

30.6966 


4. Moeller and Krauskopf* have determined the densities at 25" C of 
hydrous lanthanum oride sols of various concentrations. 

LajOj (g per 1), Densitt {g per co) 


4.04 

, 1,0005 

3.64 

1.0002 

3.23 

0.9998 

2.83 

0.9994 

2.42 

0.9991 

2.02 

0.9988 

1.62 

0 9984 

1.21 

0,9981 

0 81 

0.9977 

0.40 

0 9973 

0.00 

0.9970 


A linear equation can represent density as a function of concentration. Evalu- 
ate the constants graphically. 


6. The reaction 




has been studied by Starck and Bodenst«in.w The values of the equilibrium 
constants for this reaction at Various temperatures are: 


r»A 

K 

1,073 

0 0114 

1,173 

0.0474 

1,273 

0,165 


T’A K 

1,373 0.492 

1,473 1.23 


*J. Am. Chem. Soc , 63, 565 (1936). » J. Phys. Chem., 43, 363 (1939) 

Z. Elektrodienu, 16, 961 (1910). 
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An examination of the table'reveals that the sum of the squares of the 
deviations is the least for the method of least squares. 

The sums of the squares of the deviations having already been obtained, 
it Trill be a relatively simple matter to calculate the probable errors of the 
four methods of evaluation. Upon making the proper substitutions In the 
formula 

r = 0.675 a/ r ' 

Vn — k 

there is obtained - ' 

r = 0.675 = ± 0.0D1 Graphical 


r = 0.675 =± 0.13 


r = 0.675 .^1^ =± 0.083 


Simultaneous 

equations 

Averages 


f 




Least squares 


In the light of our definition of the probable error as rigorously applied 
(see p. 169), TTe should anticipate that as here applied it would give the 
limit within which 50 per cent of the deTiations would fall. By reference 
to the table of deviations we can test this postulate. 


Graphical 50% fall within st0.09 

Simultaneous equations 37% “ “ ±0.13 

Averages 37% “ “ ±0.08 

Least squares 50% " “ ±0.08 


Considering the small number of points involved, the agreement is very 
good. 


PBOBtEM SET' XV 

1. The following data give the boiling points of several members of an 
homologous series of hydrocarbons: 


Htdbocarson 


Bommo Point (®C) 


C^Hio 

CsHia 

CeHu 

C7H16 

CsHta 

CjHto 

CioHa 


0.6 

36.2 

69.0 

94.8 

124.6 

150.6 
174.0 


(o) Prove that the data can be represented by the equation^ 


» Walker: CAm. See., 65, 193 (1804). 
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in which T =» boiling point on absolute scale. 

■M = molecular weight, 
a and b are empirical constants. 

(ft) Evaluate the constants a and b graphically. 

2. Determine the degree of the polynomial required to represent the 
relationship between the atomic heat capacity of vanadium and the absolute 
temperature, as given by Anderson.* 


T’K 


TOR 


74.3 

2.181 

120.3 

3.851 

80.2 

2.441 

135.7 

4.248 

91.5 

2.871 

151.0 

4.596 

lOl.G ' 

3.290 

185.2 

5.143 

1102 

■ 3.564 

206.7 

5.358 

1. Determine the functional relationship between x and y in 

these data. 

X 

V 

X 

y 

0.1 

1.0101 

0.9 

2.2479 

0.2 

1.0408 

1.3 

5.4194 

0.4 

1.1735 

1.5 

9.4877 

0.7 

1.6323 

1.9 

30.6960 


4. Moeller and Krauskopf* have determined the densities at 25" C of 
hydrous lanthanum oxide sols of various concentrations. 


LajOi (g per I). 
4.04 
8.64 
3.23 
2.83 
.2.42 
2.02 
1.62 
1.21 
0.81 
0 40 
000 


Deksitt (g per cc) 
. 1.0005 
J.0002 
0.9998 
0.9994 
0.9991 
0.9988 
0.0984 
0.9981 
0.9977 
0.9973 
0.9970 


A linear equation can represent density as a function of concentration. Evalu- 
ate the constants graphically. 


6. The reaction 

1 * 0 ) ** 2 1 «) 

has been studied by Starck and Bodenst^.^* The values of the equilibrium 
constants for this reaction at various temperatures are: 


T“A 

K 

' r*A 

K 

1,073 

0.0114 

1,373 

0.492 

1,173 

0 0474 

1,473 

1.23 

1.273 

0.165 



» J. Am. Chem. Soe , 63, 565 (1936). • J. Phys. Chem., 43, 363 (1939) 

“ Z. Elektfochem., 16, 961 (1910). 
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(a) Detennine the form of the equation which can represent the data and 
(6) evaluate the constants by the method of averages. 

Hinii Try a plot of against log K. 

6. Repeat the solution of the example under '* Method of Averages,” 
page 216, changing the grouping of the eight equations as follows: (a) odd- 
numbered equations in one group and even-numbered in the second group; 
and (6) (1), (2), (5), (6) in one group and (3), (4), (7), (8) in the second group. 

Compare the constants so obtained with the summary on page 223. 

7. Measurements of light transmitted by aqueous solutions of CufNHs)!**^'^ 
Ions gave the following photocell responses expressed in microamperes. The 
data are from Yoe and Crumpler.** 


C (p.p.m.'Cu'^) 

: K(pa) 

C (p.p.m. Cu"^) 


0 

SO.O . 

20 

38.0 

5 

4G.8 

• 25 - 

35 3 

10 

43.7 

35 - 

■ 30.8 

15 

40.9 

60 

25.1 


(a) Determine the type of equation required to represent these data; 
(b) evaluate the constants by the method of least squares. 

. 8. In the following table are given the wave lengths of the first x-ray 
spectral line (I^a) emitted by the indicated elements. . The valu» of N give 
the order in which the elements are placed in the periodic table of Meodelycev. 


Element - 

N 

X (cm) ‘ 

A1 

23 

8.364 X 10- 

Si 

14 

7.142 ” 

Cl . 

17 

4.760 “ 

K 

19 

3.769 “ 

• Ca 

20 

• 3.368 “ 

Ti 

22 

2.768 " 

V 

23 

2.519 “ 

Cr 

. 24 

2.301 " 

Mn 

25 

2.111 " 

Fe ■ 

26 

1.946 " . 

CJo 

27 

1.79S » 

Ni 

28 

1.662 » 

Cu 

29- 

1.549 " 

Zn 

30 

1.445 ' “ 


A plot of N against a substituted variable, Y » f{\), results in a linear graph. 
Determine the functional relation expressed as an equation. For an interpre- 
tation of the result, the reader may consult Moseley, PhiU Mag., 26, 1024 
(1913); ibid.,-21 , 703 (1014), from which papers these data were t^en. 


** Ind. Eng. Chtm., Anal. Ed., 7, 281 (1936).' 
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arranged approximately in the order of treatment in the book. Under 
each topic are indicated several numbers which refer to the references 
listed alphabetically on the succeeding pages. Because some of the 
textbooks constitute excellent sources of reference on many topics, we 
have chosen this numerical scheme to eliminate needless duplication. 
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(a) Determine the form of the equation which can represent the data and 
(b) BT^uate the constants by the method of averages. ■ 

Hint: Try a plot of T”" against log K. 

6. Repeat the solution of the example imder “^lethod of Averages," 
page 216, changing the grouping of the eight equations as follows: (a) odd- 
numbered equations in one group and even-numbered in the second group; 
and (b) (1), (2), (6), (6) in one group and (3), (4), (7), (8) in the second group. 

Compare the constants so obtained with the summary 'on page 223. 

7. Measurements of light transmitted by aqueous solutions of Cu(NHs) 4 '^ 
ions gave the following photocell responses expressed in microamperes. The 
data are from Yoe and Crumpler.*^ 


C (p.p.m.'Cu"^) • B (Aca) 

0* ' 50.0 

■6 46.8 

10 43.7 

15 40.9 


C (p,p.m. Cu++) - R(^y 

20 38.0 

■ 26 ' 35.3 

35 - - ■ 30.8 

60 25.1 


(o) Determine the t 3 rpe of equation required to represent these data; 
(b) evaluate the constants by the method of least squares. 

. 8. In the following table are given the wave lengths of the first x-ray . 
spectral line (Ka) emitted by the indicated elements. . The valu» of N give 
the order in which the elements are placed in the periodic table of Mendelyeev. 


Element - 

N 

X (cm) 

A1 

13 

8.364 X 10“ 

Si 

14 

7.142 » 

• a 

17 

4.760 “ 

- K 

19 

3.769 " 

Ca 

20 

’ 3.368 " ' 

Ti 

22 

2.768 “ 

V 

23 

2.619 “ 

Cr 

. 24 

2 301 " 

Mn 

25 

2.111 » 

Fe ■ 

26 

1.946 “ 

Co 

27 

1.798 " 

Ni 

28 

1.662 *' 

Cu 

29' 

1.649 " 

Zn 

30 

1.445 ' " 


A plot of N against a substituted variable, Y « /(X), results in a linear graph. 
Determine the functional relation expressed as an equation. For an interpre- 
tation of the result, the reader may consult Moseley, Phil. Mag., 26, 1024 
(1913); ibid., ■27 , 703 (1914), from which papers these data were taken. 

■ «7ni. Eng. Chem., Anaf. Ed., 7, 281 (1936). 
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BIBLIOGRAPHY 

Classified References for Further Study 

The scope of this book has not permitted the fullness of treatment of 
each subject that many readers may desire. To serve as a guide for 
further study we have prepared the following list of principal topics, 
arranged approximately in the order of treatment in the book. Under 
each topic are indicated several numbers which refer to the references 
listed alphabetically on the succecdmg pages. Because some of the 
textbooks constitute excellent sources of reference on many topics, we 
have chosen this numerical scheme to eliminate needless duplication. 

Historical 2, 8, 9. 

Slide Rule 7, 9, 12, 35. 

General Algebra 3, 15, 36, 38, 40. 

Determinants 15, 29, 36, 38. 

Calculus 12,29,32,34,37,38,41,42. 

Interpolation and Extrapolation 1, 5, 29, 30, 34, 37, 39, 47. 
Theory of Measurement 10, 19, 26, 29, 33, 43, 47, 

Standards of Measurement 16,20,31. 

Physicochemical Measurements 24, 23, 24, 26, 28, 35, 46. 
Statistics 6, 18, 27. 

Probabmty 4, 12, 17, 18, 29, 38, 47, 48. 

Theory of Errors 4, 13, 18, 19, 20, 27, 33, 35, 37, 43, 46, 47, 48. 
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Curve Fitting 4, 12, 19, 27, 34, 37, 38, 43, 47. 

Tables 11, 16, 21, 22, 25, 44, 45. 
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3. Bocher: Introduction to Advanced Algebra, Macmillan, New York, 

1924. 

4. Bond: Probability and Random Errors, Arnold, London, 1935. 

6. Boole: A Treatise on theCalcxdua of Finite Differences, 'Ihxrd'Ediilon., 
Macmillan, London, 1880. 

6. Bowley; Elements of Statistics, Fifth Edition, King, London, 1926. 
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226 • - CURVE FITTING 


(a) Determine the form of the equation which can represent the data and 
Q)) evaluate' the constants by the method of averages. 

Bint: Try a plot of T~^ against log K. 

6. Repeat the solution of the example under ** Method of Averages," 
page 216, chan^ng the grouping of the eight equations as follows; (a) odd- 
numbered equations in one group and even-numbered in the second group; 
and (6) (1), (2), (5)> (6) in one group and (3), (4), (7), (8) in the second group. 

Compare the constants so obtained with the summary on page 2^. - 

7. Measurements of light transmitted by aqueous solutions of Cu(NH 3 )i++' 
ions gave the following photocell responses expressed in microamperes, *1156 
data aro from Yoe and Grumpier.*^ 


C (p.p.m.'Gu'*^) 


C (p.p.m. Cu"^) 

- RM 

0* 

so.o . 

20 

3S.0 

5 

40.8 

' 25 - 

35.3 

10 

43.7 

35 

■ 30.8 

15 

40.9 

60 

25.1 


(a) Determine the type of equation required to represent these data; 
(b) evaluate the constants by the method of least aqumts. 

8. In the following table are given the wave lengths of the first x-ray 
spectral line (ICa) emitted by the indicated elements. . The valu^ of B give 
the order in which the elements ore placed in the periodic table of MeodefTeev. 


EnEJTENT 

N 

X (cm) 

A1 

13 

8.364 X 10** 

Si 

14 

7.142 


Cl 

17 

4.750 

it 

K 

19 

3.759 

II 

Ca 

20 

3.368 


Ti 

22 

2.758 


V 

23 

2.619 


Cr 

. 24 

2 301 

<{ 

hin 

25 

2.111 

(C 

Fe 

26 

1.946 

41 

ci 

27 

1.798 

U 

Nj 

28 

1.662 


Cu 

29 

1.549 

II 

Zn 

30 

1.445 



A plot of N against a substituted variable, Y /(\), results in a linear graph. 
Determine the functional relation expressed as an equation. For an interpre- 
tation of the result, the reader may consult Moseley, Phil. Mag., 26, 1024 
(1913); ibid., 27, 7{^ (1914), from which papers these data were taken. 


“ Ind. Eng. Chm., Anal Ed., 7, 281 (1935). 
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TABIiE I — {Continued) 
Fotm-I*i.ACB Logs 
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TABLE n 


Eimon iNTEoiuii • 



1 1 

0 

1 

2 

3 

4 

5 


7 

8 

9 ' 

00 


.01128 

.02258 

.03384 

.04511 

.05637 

.06762 

.07856 

,09008 

.10128 

1 

.11246 

.12363 

.13478 

.14587 

.15695 

.16800 

.17901 

.18999 

.20094 

.21184 

2 

.22270 1 

.23352 1 

.24430 

.25502 

.26570 

.27633 

.28690 

.29742 

.30788 

.31823 

3 

.32663 1 

33891 1 

.34913 

.35328 

.36936 

.37938 

.38933 

.39931 

.40901 . 

.41874 

■ 4 

.42830 

,43797 

.44747 

.45689 

.46623 

,47548 

.48466 

.49375 

.60275 

.51167 

6 , 

.52050 

.52924 

.53790 

.54646 

.55494' 

.56332 

.57162 

.57082 

.58792 

.59594 

e 

.60386 

.61168 

.61941 

.62705 

.63459 

.64203 

.64938 

.65663 

.66378 

.67084 

7 

.67780 

,08487 , 

60143 

.69310 

.70468 , 

,71116 

.71754 

.72382 , 

.73001 , 

.73610 

8 

.74210 

.74800 

.75381 

,75952 

.76514 

.77067 

.77610 

.78144^ 

.78609 

.79181 

0' 

.79691 

.8018$ 

80677 

.81156 1 

.81627 j 

.82089 1 

.82542 1 

.82087 

.83423 

.83851 

10 

.84270 

1 .84681 

.8S0S4 

.85478 , 

.85865 

.86244 

.86614 

.86077 

.87333 

,87680 

1 

.88031 

.83353 

.88679 

.88997 1 

.89308 

.89612 

.89910 

.90200 

.90484 

.90761 

2 

.01031 

1 .01296 

.91553 

.01805 

.02051 

.92290 

,92524 

92761 

.92073 

.93190 

S’ 

.93401 

! .93600 

.93807 

.94002 

.94191 

.94376 

,94556 

.94731 

.04002 

.95067 

4 

05229 

1 .95385 

1 .95533 

.95686 

.95830 

.95070 

.96105 

.96237 

' .06305 

1 96490 

6 

.96611 

1 .96728 

1 .96841 

.96952 

.97059 

.97162 

.97263 

.97360 

1 .07455 

1.97516 

9 

.97635 

1 .97721 

.97804 

.97884 

.97962 

.98038 

.03110 

.98181 

.08240 

.98315 

7 

.98379 

1 .98441 

.08500 

1 .93558 

.98613 

.98667 

1 .98710 

.98769 

.08817 

.9SS64 

8 

.98909 

.08952 

.08994 

.99035 

99074 

,99111 

.09147 

.09183 

.09216 

.99248 

g 

.99279 

.09309 

.09338 

.99366 

99392 

.99418 

.99443 

.09466 

.09480 

.90511 

2.0 

' .99532 

.99553 

.99572 

.99591 

.99609 

.99626 

.99642 

.09658 

.99673 

99688 

1 

,99702 

1 .99715 

' .99728 

1 .99741 

.99753 

1 .99764 

.99775 

' .09785 

.99795 

.99805 

2 

.99814 

.99822 

.09831 

.99839 

.99846 

.99854 

.99861 

.09867 

.09874 

.99880 

3 

.99886 

^ .99891 

! .09897 

1 .99902 

1 .99906 

.99911 

.99915 

.00920 

.09924 

.99923 












5 

.99959 

! .99961 

1 .99963 







' 

6 

.99978 

.99978 

.09970 








7 

.99987 

.99987 

.99988 








8 

,99992 

' .99993 

' .09993 1 

.09994 j 

.99994 1 

.99994 1 

.09995 1 

.09995 1 

.99995 1 

99996 

0 

.99996 

.99996 

.99996 

.99997 

.99997 ( 

.99097 J 

.99007 1 

.09097 1 

.90997 

.09993 


3 .999 9S 

4 .999 999 OSi 

5 .999 999 999 9984 


*Burxew, Trant. Soe. iBdinhtrth), 39 . 257 (1900), 
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TABLE III 

INTERNATIONAL ATOMIC WEIGHTS 
' 1939 


Published bt tee Jodhnal op the American Chemical Societt 



Sym* Atomie 
bol Kumber 

Atomlo 

Weight 


Sym- 

bol 

Atomio 

Number 

Atomio 

Weight 

Aluminum 

Al' 

13 

26.97 

Molybdenum 

Mo 

42' 

95.95 J 

Antimony 

Sb 

51 

121.76 

Neodymium 

Nd 

60 

144.27 

Argon 

A 

18 

39.944 

Neon 

• Ne 

10 

20.183 

Arsenic 

As 

33 

74.91 

Nickel 

Ni 

28 

68 69 

Barium 

Ba 

56 

137.36 

Nitrogen 

N 

7 

14.003 

Beryllium 

Be 

4 

9.02 - 

Osmium ' 

Os 

76 

190.2 

Bismuth 

Bi 

83 

209.00 

Oxygen 

0 

8 

16.0000 

Boron 

■ B 

6 

10.82 

Palladium 

Pd 

46 

106.7 

Bromine 

Br 

35 

79.916 

Phosphorus 

P 

15 

30.98 

Cadmium 

Cd 

48 

112.41 

Platinum 

Pt 

78 

195.23 

Calcium' 

Ca 

20 

40.03 

Potassium 

K 

'19* 

39.096 

Carbon 

C 

6 

■12.010 

Praseodymium Pr 

59 

140 92 

Cerium ' 

Ce 

58 

140.13 

Protactinium 

Pa 

91 

231 

Cesiuifi 

Cs 

55 

132.01 

Radium 

Ra 

83 

226.05 

Chlorine 

a 

17 

35.457 

Radon 

Rn 

86 

222 

Chromium 

Cr 

24 

52.01 

Rhenium 

Re 

75 

186.31 

Cobalt 

Co 

27 

68.94 

Rhodium 

Rh 

45 

102.91 

Columbium 

Cb 

41 

92.91 

Rubidium 

Rb 

37 

86.48 

Copper 

Cu 

29 

' 03.67 

Ruthenium 

. Ru 

44 

101.7 

Dysprosium 

Dy 

CO 

162.46 

Samarium * 

Sm 

62 

150.43 

Erbium 

Er 

68 

167.2 

Scandium 

So 

21 

45.10 

Europium 

Eu 

63 

152.0 

Selenium 

Se 

34 

78.96 

Fluorine 

F 

9 

19.00 

Silicon 

Si 

14 

28.06 

Gadolinium 

Gd 

64 

156.9 . 

Silver 

Ag 

47 

107.880 , 

Gallium 

Ga 

31 ■ 

$9.72 

Sodium 

Na 

IL 

22.997 

Germanium 

Ge 

32 

72.60 

Strontium 

Sr 

38 

87.63 

Gold 

Au 

79 

197.2 

Sulfur 

S 

16 

32.06 

Hafnium 

Hf 

72 

1786 

Tantalum 

Ta 

73 

180.88 

Helium 

He 

2 

4.003 

Tellurium 

Te 

52 

127.61 

Holmium 

Ho 

67- 

163.5 

Terbium 

Tb 

65 

159.2 

Hydrogen 

H 

1 

1.0081 

Thallium 

T1 

81 

204.39 

Indium 

In 

49 

114.76 

Tborium 

Th 

90 

232.12 

Iodine 

I 

53 

*126.92 

Thulium 

Tm 

69 

169.4 

Iridium 

Ir 

77 

193.1 

Tin 

Sn 

SO 

118.70 

Iron 

Fe 

26 

65.84 

Titanium 

Ti 

22 

47.90 

Ivryplon ' 

IZx 

36 

83.7 

Tungsten 

W 

74 

183.92 

lanthanum 

La 

67 

138.92 

Uranium 

U 

92 

238 07 

Lead 

Pb 

82 

20751 

Vanadium 

V 

23 

50.95 

Lithium 

li 

3 

G.940 

Xenon - ' 

Xe 

54 

131.3 

Lutecium 

Lu 

71 

175.0 

Ytterbium 

Yb 

70 

173.04 

Magnesium 

Ms 

12 

2452 

Yttrium 

Y 

39 

8S.92 

Manganese 

Mn 

25 

54.93 

Zinc 

Zn 

30 

65 38 

ilcrcury 

Hg 

SO 

200.61 

Zirconium 

Zr 

40 

91.22 



TABLE IV 


AMSWERS TO PROBLEMS 


1. (a) 6.15 X 10' 

(5) 3.41 X 10' 

(c) 9.65217 X 10“ 

(d) r X 10-“ 

(e) 3.026 X lO-* 

' (J) 2.01 X 10-' 

3. (a) 2.30 X 10-» 

(5) 7.052 X 10' 

(0 8.03 X 10" 

(d) 7.4 X 10’ 

(e) 1.001 X 10-* 
(fl 6 X 10-' 


1. (a) 0.99 X 10-’ 
(5) 2.05 X 10“ 

(c) 8.4 X 10'«, 

(d) 3.875 X 10-“ 
(c) 0.46 ' 

(/) 8.00 X 10“ 

3. (a) 1.02 X 10" 

(5) 2.102 X 10-‘ 

(c) 3.113 X 10” 

(d) 4.2 X 10-' 

(0 1.0 X 10* 

(fl 2.0 X 10“ 


Pbobusm Set I 

2. (a) 40,000,000,000,000 

(b) 0,000 003 07 

(c) 0.4028 

(4) 140,000 
(e) 3,9 

(fl 7314.6 
4. (a) 0.000 128 

(5) 0.040 

(c) 65,031,000 

(d) 0.000 000 000 2 

(e) 0.0312 
(fl 1.03 

PnoDLEU Set II 

2. (o) 3.0 X I0-" 

(5) 6.0 X 10’ • 

(c) 1.10 X 10-“ 

(d) 9.0 X 10' ' 

(«) 3.0 X 10“ 

(fl 1.36 X 10-“ 

4. (o) 4 2 X 10’ 

(5) 4.1 X 10-' 

(c) 3.6 X lO* 


I. (o) 3.0 X I0-’ 
(1) 1.728 X 10“' 
(c) 1.0 X 10« 

(4) ■ “ 

3. M 
(15 

k 



- 

ANSWERS TO PROBLEMS 

■ Problem Set IV 

2. ( 0 ) 3.49 

3. (a) 4 X 10-} 

(b) 11.10 

(b) 2.5 X 10-« 

(c) 5.365 

(c) 2 X 10“* 

4. (0) 35.96 

6. (a) 0.790 

(b) 7.17 

a») 3.04 X 10*2 

(c) 9.2 

PaoBUiM Set V 

1. ( 0 ) 209 

2. ( 0 ) 0.0845 

(6) 93.8 

(b) 1.47 

(c) 104 

(c) 7.45 

(d) 0.916 

(d) 27.6 

(e) 164 


8. (a) 5.19 

4. ( 0 ) 11.66 

(6) 2.09 

(b) 104.0 

(c) 2.90 

(c) 1.19 X 10*« 

(d) 2.04 

<d) 4.07 


Pbobucm Set VI 


1. (a) 276 kg 
(6) 271 mm 
(c) 2 cents 
W) 6.4 ml ' 

(e) 17 g 
3. 8.69 X lO*** 
Slide Rule 

6. 13 9 

7. 4.1 X 10““ 

9. (o) 5.07 

(6) ±1 X 10“** 


2. (<j) 1.08 
(6) 0.862 
(c) 27.1 

(<0 8.97 X 10“*« 
(e) 3.14 
4. (o) 18.6 
(b) 1.70 
-6. 0.0766 
8 . 

10. 8.6 


1* (a) 6.603 - 
(6) 3.832 


S. 0.00746 g NH 4 CI 
005617 gKCl 


6. * Bs 2 

y-6 
* - 1 


Problem Set VH 

. 2. {o)-0.782 
(b) 0.6012 
(e) 0.89 
• (d) 2.356 
4. a; = 0.5 
V-3 

61 46.1% CaCOs 
63.8% MgCOa 
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ANSWERS TO PROBLEMS 

7. 0.0332 g HNOa 
0.0703 g HNO 2 

10. 2.1 

9. (a) IJ^; -H ' ■ 

(6) 3; -2.5 

(c) 8.639 X 10-2; 1.32 X 10-* 


Problem Set VIH' ' 

1. 7.0 X 10-* 

2. 0.0022 

3. 0.125 

4. 473.0 

6. 1.40 

. 6. 476.89 - 


Problem Set IX 

2. 0.2427 

0.2482 

3. 13.5581 

13.5409 

4. 04.7 

98.0 

6. 38.2 

6. 0.0183 

' 7. 0.98934 

8. 0.98623 

9. 35.65 

10.,1.33497 

11. 7.77 

13. 0.4769 

Problem 8st X 

1. 22.4 

2. 10.764 

3. >-459.63 

4. -40 

6. 252.00 

6. 62.371 


Problem Set XI 

1. 9S.22 

2. 76.64 

3. ( 0 ) 72 38 
(6) -0.08 

4. 749.35 

5. ( 0 ) 0.999891 
(6) 26.4853 

6. 26.4853 

7. 12.3865 

8. 19.5370 

9. 249.434 

10. 0.05076 


Problem Set XII 

1. (a) 12.0100 
(6) 12.0102 
(c) 12.01038 
(<1) O.OOlO 

^ 2. (o) 0.0084 

• ^ (6) 0.00180 
(e) 0.00235 
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3. (o) 0.0043 

4. 12.01021 

(W 0 00185 

0.000226 

(c) 0.00191 

Linhart’s 

B. 0.9G65 

6. 35.45626 

0.000613 

7. 0.0000127 

8. 12.01052 

0.00103 

Problem Set XlII 

2. Hi 

3. Ms 

i. 'Ks 

6. (o) Ms 
'Ms 

6. W 

7. 84 

W iU 

W Hd 

8. (a) 0.205 

9. 0.0420 

(5) 0.828 

10. 0.11246 

11. (a) 0.000686 
(6) 0.000163 
(c) 0.000445 
id) 0.0000089 

Problem Set XIV 

1. C0.0O4 ± 0.000) X 10-* 

2. (1-6622 ±0.0017) X IQ-' 

3. (a) 12.01038 ± 0.00013 

4. 12.01024 ± 0.000043 

(6) 12.01021 ± 0.000058 


B. (o) 35.45620 ± 0 00016 

6. 126.91669 ± 0.00076 

(6) 1.038070 ± 0.0000022 


7. Yea. 

8. 4.6176 ± 0.0020 

9. (6.5465 ± 0 0018) X10~” 

10. No 

Ratio ■» 0.39 

11. (a) 7.6 X 1Q-* 

12. (a) 54.94 ± O.Il 

(b) 5 X 10“« 

(6) 38.30 ± 0.11 

(c) 1.6 X 10-« 

(c) 4.804 ±0023 

Problem 

Set XV 

1. r - 20 49.1/” 

2. Third-degree 

3. V - 

4. d «* 0.0970 -f O.OOOS6C 

. , 8,050 

B. loR A •» 5.65 — 

6. (a) y « 2.42 + 0 444t 


p>) y - 2.52 + 0.4351 

7. log fl » 1.700 - O.OOCOIC 

8. vTa --201 +2S0A' 
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7. 0.0332 g HNCb 
' 0.0703 gHNOa 

10. 2.1 

9. (a) IH; -H 
ib) 3; -2.5 

(c) 8.639 X 10*^; 1.32 X lO"* 


• Problem Set VIII 

1. 7.0 X 10-* 

2. 0.0022 

3. 0.125 

4. 473.0 

6. 1.40 

6. 476.89 - 


Problem Set IX 

2. 0.2427 

0.2482 

3. 13.5581 

13.5409 

4. 64.7 

08.0 

6. 38.2 

e. 0.0183 

7. 0.98934 

8. O.0S023 

9. 35.65 

10..1.33497 

11. 7.77 

13. 0.4769 

Problem Set X 

1. 22.4 

2. 10.764 

3. -459.63 

4. -40 

6. 252.00 

6. 62.371 


Problem Set XI 

1. 93.22 

2. 76.04 

3. (o) 72.38 
(6) -O.OS 

4. 749.35 

6. (a) 0.990801 
(6) 26.4853 

6. 26.4853 

7. 12.3865 

8. 19.5370 

9. 249.434 

10. 0.05076 


pROSLEM Set XII 

1. (a) 12.0100 

(b) 12.0102 

(c) 12.01038 
(8) 0 0010 

2. (o) 0.00S4 

(b) 0.00180 

(c) 0.00235 
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3. (o) 0.0043 

4. 12.01021 

(6) 0-00185 

0.000226 

(c) 0.00191 

Linhart’s 


6. 0.9665 

6. 35!45626 

0.000613 

7. 0.0000127 

8. 12.01052 

0 00103 

Set XIII 

2. Hz 

3. K. 

i. 

6. (o) Ha 
m 'M. 

6. W He 

7. 84 

W Kb 

W H« ' 

8. (a) 0,205 

9. 0.0420 

(5) 0,828 

10. 0.11240 

ll. (a) 0.00068$ 

(6) 0.000163 
(c) 0 000445 
(<i) 0.0000089 

Problem Set XIV 

1. (6.064 ± 0.006) X 10*3 

2. (1.6622 ± 0.0017) X 10'** 

3. (a) 12.01038 * 0,00013 

4. 12.01024 ± 0.000043 

(6) 12.01021 * 0.000058 


6. ^a) 35.45020 *0.00010 

6. 126.91569 ±0.00076 

(6) 1.638076 * 0.0000022, 


7. Yes. 

8. 4.6176 ± 0.0020 

9. (6.5465 * 0.0018) X 10'” 

10. No 

Ratio = 0 39 

11. (a) 7.6 X 10“* 

12. (a) 54.94 * 0 11 

(15 5 X 10-5 

(5) 38 30 * 0.11 

(c) I 6 X 10-“ 

(e) 4 894 * 0 023 

Problem Set XV 

1. T = 29.49il/® 

2. Third-degree 

3. y = e** 

4. d « 0.9970 + 0.00086(7 

. , „ ^ „ S,050 

6. log K * 5.55 — — 

6. (o) y « 2.42 + 0.444x 


_(&) y « 2.52 + 0.435* 

7. log R = 1.700 - 0.00601C 

8. = - 261 4- 286V 
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Answers, table of, 234 
Antilogs, 19 
Approximations, 198 
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tracted quantities, 53 
graphical, 55 
Newton's method, 58 
successive, 54 
Arabic mathematicians, 1 
Area, fundamental standard of,' 86 
Arithmetic mean, 126 
short-cut method for, 128 
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table of, 233 - 

Average deviation, 131 ' ' 

Averages, 93, 125 
statistically weighted, 191 
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Barometer, lOl 

Bessel’s formula, 170, 183, 199, 222 
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Binomial expansion, 152 
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Calculus of finite differences, 67 
Calibration, of thermometer, 98 
of volumetric ware. 111 
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Calorie, 87 
Characteristic, 10 


Class interval, 136 
Coin tossing, 150 
frequency distribution in, '154* 
Combinations, 148 
Commutative law, 69 . 
Computation, methods, 1 
rules for, 31 
stoichiometrical, 36 
Congruity in measurement, 180 
Constant errors, 94 
Constant increment, 71 
Constants, evaluation of, 210 
graphical method, 211 
interpolation formulas for, 211 
method of averages for, 215 
method of least squares for, 217 
simultaneous equations for, 214 
Coprecipitation, 110 
Corrigible errors, 96, 97, ‘122 
Cubic centimeter, 86 ^ 

Cubic equation, 50 
Curve fitting, 203 
Curve of error, 169 
properties of, 162 
Curves, distribution, 142 

D 

Density, 86 
Determinants, 41 
higher order, 43 

solving simultaneous equations by, 
43. 46 

Deviation, 93, 127 
average, 131 
standard, 131 

. Aort-cut method for, 132 
Differences, 67 
finite, 203 

statistically reliable, 184 
Digit factor, 2 
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Digits, 30 » 
significant, 30 
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coefiicient of, 130 
in a binomial distribution, 155 
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binomial, 163 

. average and dispersion in,* 155 
curves, 142 

frequency in coin tossing,' 154 - 
of errors, Hi 
Distributive law, 69 
Double salt. 111 
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Electrode potential, 88 
Elimination, 39 
general method, 40 
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Equations, algebraic solution of, 36 
approximate methods of solnog, 
63 

choice of, 203 
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higher degree, 50 
linear, 36 
simultaneous, 38 
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simultaneous, 47 
Error function, 167 
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Errors, 93 
classification of, 96 
constant, 94 
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distribution of, 141 
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of estimation.-llO 
personal, lig 
.random, 96, 118, 122 
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theory of, 141 

verification of “Jaw” of, 171 
Etymology, 1 , 9 


Evaluation of constants, 210 
' graphical method, 211 
interpolation formulas for, 211 
method of averages for, 215 
method of least squares for, 217 
simultaneous equations for, 214 
Events, complex, 146 
equally likely, 144 
independent, 146 
mutually exclusive, 146 
related, 146 
Evolution, 6 
Expansion, binomial, 152 
Exponent summation law, 69 
Exponential factor, 2 
Exponential numbers, 2 
addition of, 7 
division of, 4 
multiplication of, 4 
powers of, 6 
roots of, 6 
subtraction of, 7 
Exponents, ID 
fractional, 10 

law of algebraic summation of, 4, 
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Extrapolation, 77 
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Finite differences, 203 
Fractional exponents, ID 
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Gas Jaw, 90 
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Glass fatigue, 100 
Graphical method, 205, 211 
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Gravimetric analysis, 107 
errors in, 107-111 
Gunter's rule, 21 


• H 

Heat quantity, 87 


I 

Increment, constant, 71 
^■ariable, 73 
Interpolation, 13 
formulas, 211 
inverse non-linear, 77 
linear, 64 
non-lmear, 66 
Involution, 6 

K 

Kilogram, 84 

h 

Lagrange’s interpolation formula, 75 
"Law” of errors, verification of, 171 
Least squares, principle of, 166 
Length, fundamental standard of, 83 
Linear equations, 36 
Liter, 80 

Logs (Logarithms), 8 
common (Briggsian), 20 
division by use of, 14 
extracting the root of a number by 
use of, 16 
invention of, 8 

mulliplicatiou and division by u*c 
of, 15 

multiplication by use of, 12 
natural (Napierian), 19 
negative, 10 

raising a number to a power by 
of, 15 

slide rule, 20 
table of, 230-231 
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Mantissa, 10 

Mass, fundamental standard of, 84 
Mean, arithmetic, 126 
weighted, 127 

Measurements, congruity in, 116 
general discussion of, 89 
obtaining congruity in, 180 
statistical interpretation of, 174 
theory of, 82 
Median, 126 
Meter, 83 

Method, of averages, 215 
of least squares, 217 
Milliliter, 86 
Mued crystals, 110 
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N 

Napierian logs, 19 
Napier’s "radix”, 9 
Negative logs, 16 

Newton’s approximation method, 58 
Newton’s difference formula, 70 
Newton’s divided difference formula. 
73 

0 

Observations, 01 
limited number of, 101 
rejection of suspected, 188 
Occlurion, 110 
Operators, 69 
Oughtred’s slide rule, 20 
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I'cf'om! errors, 119, 122 
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Specific gravity, 87 
Standard deviation, 131 
short-cut method for, 132 
. Standards, 82 
derived, 86 
density, 86 
energy, 87 
heat quantity, 87 
pressure, 87 
specific gravity, 87 
fundamental, S3 
area, 86 . . ' 

length, 83 
mass, 84 - 
primary, 83 
secondary, 85 
temperature, 84 
time, 84 , 
volume, 86 
relative, 87 

Statistical interpretation of measure* 
ments, 174 

Statistical methods; 125 
Statistically reliable difference, 184 
interpretation of, 186 
Statistically weighted averages, 191 
Stoichiometrical computations, 36 
Substituted variables, 78, 209 
Subtraction of exponential numbers, 
7 

Surface adsorption, 110 
T 

Table, of answers, 234 
of atomic- weights, 233 
of error integral, 232 
of logs, 230-231 


Taylor's theorem, 168 
Temperature, fundamental standard 
of, 81 

measurement of, 97 
electrical, 100 

Thermometer, Beckmann, 101, 182 
calibration of, 98 
emergent stem correction, 99 
' gaa, 97 

glass fatigue of, 100 
raercury-in-glass, 97 
Time, fundamental standard of, 84 
Tossing, coin, 150 

frequency distribution in, 154 


V 

van der Waals’ equation, 56, 91 
Variable increment, 73 
Variables', substituted, 78, 209 
Volume, fundamental standard of, 86 
measurement of, 111 ‘ 
temperature corrections of, 115 


TV 

Weber’s law, 120, 122 
Weighing, 103 
corrections in, 105, 106 
Weighted average, 191 
Weights, calibration of, 103 


Y 

Young’s equation, 61 



